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PEEFACE. 

These  two  volumes,  now  published  as  Part  IV  of 
the  present  work,  are  my  final  contribution  towards  the 
fulfihiient  of  a  promise  made  twenty-one  years  ago.  They 
are  devoted  to  the  theory  of  partial  differential  equations. 

Though  the  work  thus  is  completed,  no  claim  is  made 
that  every  topic  of  importance  has  been  discussed.  In 
the  earlier  volumes,  indications  of  omissions  from  other 
portions  of  the  whole  subject  were  given  and  need  not 
now  be  repeated:  here  also,  there  have  been  definite 
omissions.  Nothing,  for  instance,  is  said  concerning  the 
researches  of  Picard  and  Dini  on  the  method  of  successive 
approximations  for  the  construction  of  an  integral  which 
obeys  assigned  conditions  ;  these  investigations  limit  the 
variables  to  real  values,  and  throughout  the  treatise  I 
have  dealt  with  variables  having  complex  values.  Formal 
questions,  such  as  those  wdiich  arise  out  of  the  appli- 
cation of  the  theory  of  groups,  are  hardly  mentioned ; 
here,  as  in  the  preceding  volumes,  I  have  concerned 
myself  with  organic  properties,  given  by  applications 
of  the  theory  of  functions,  rather  than  with  formal 
properties.  Again,  the  subject  of  boundary  problems 
is  not  dealt  with ;  it  appears  to  me  to  belong  to  the 
theory  of  functions  in  its  applications  to  mathematical 
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physics  rather  than  to  tlie  theory  of  difterential  equa- 
tions. Ill  the  hianches  of  the  subject  that  are  discussed, 
I  have  tried  to  deal  as  completely  as  possible  with  what 
seems  to  me  to  be  essential :  and  I  have  omitted  what 
are  purely  formal  extensions,  to  equations  of  general 
order,  of  the  properties  of  equations  of  the  second  order 
when  such  extensions  contain  no  intrinsic  novelty. 

In  tiie  preparation  of  the  volumes,  I  have  consulted 
the  works  of  many  writers ;  and  references  are  freely 
given.  My  aim  has  been  to  make  these  references  relate 
to  the  main  issues ;  not  a  lew  results,  extracted  from 
memoirs,  have  been  used  to  construct  examples  ;  and  the 
name  of  the  author  is  (I  hope)  given  in  every  such  case. 
But  I  have  not  attempted  to  select  and  arrange  the 
references,  so  that  they  might  make  the  framework  of  a 
history  of  the  subject ;  had  the  latter  been  my  purpose, 
names  such  as  Lagrange,  Cauchy,  Jacobi,  whose  work 
is  now  the  common  possession  of  all  writers,  would  have 
received  more  frequent  specific  references  in  my  pages.  It 
will  be  seen  that  Darboux's  treatise,  Thcorie  generale  des 
surfaces,  and  Goursat's  three  volumes,  Leqoiis  sur  Vin- 
tf'yrrttion  des  equations  mix  derk'ee^  j^artieUes,  have  been 
frecjuently  quoted  :  1  wish  to  make  also  a  conq)iehensive 
acknowledgement  of  ni}-  indebtedness  to  those  works. 

The  earlier  of  the  two  volumes  is  devoted  mainly 
to  equations  of  the  first  order.  The  theciry  of  these 
equations  may  be  regarded  as  almost  comj)lete,  l>ecause 
tiie  actual  integration  of  the  equations  is  made  to  depend 
solely  upon  the  solution  of  difficulties  which  occur  in 
connection  with  a  system  of  ordinary  equations  of  the 
first  order. 
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An    introduction    to    the    subject    is    provided    by 
Cauchy's  existence-theorem  ;    it  is  discussed  in  the  first 
two  chcapters.     The  next  chapter  is  specially  concerned 
with  linear  equations  and  linear  systems;    these  admit 
of  a  separate  and  special  mode  of  treatment.     The  fourth 
chapter  gives   an   exposition   of  what,   on  the  whole,   I 
regard  as  the  most  effective  method  of  integration  for 
non-linear  equations  :   it  contahis  what  is  usually  called 
Jacobi's  second  method,  with  Mayer's  developments.     In 
the  succeeding  chapter  will  be  found  Lagrange's  classifi- 
cation of  integrals,  based  upon  the  process  of  variation 
of  parameters  :  but  something  still  remains  to  be  done  m 
this  branch  of  the  subject,  because  even  simple  examples 
shew  that  the  customary  classes  may  fail  to  be  entn-ely 
comprehensive.     The  next  three  chapters  are  devoted  to 
Cauchy's   method  of  characteristics,   alike  for  two   and 
for  any  number  of  independent   variables,   and  to  the 
geometrical  associations  in  the  case  of  two  independent 
variables.     Then    follows   a    chapter  dealing  with   Lie's 
methods,  based  upon  contact-transformations  and  upon 
the   properties   of  groups  of  functions  :    it  was   possible 
to  abbreviate  this  chapter,  because  Pfaff"s  problem  had 
already  been  discussed  in  the  first  volume  of  this  work. 
A  chapter  has  been   added  dealing  with  the  equations 
of  theoi-etical  dynamics,  partly  because  of  their  intrinsic 
connection  with   partial  equations,  yet  mainly  in   order 
to   shew  the  origin   of  what   is  usually  called  Jacobi's 
first   method   of  integration   of  partial   equations.     The 
concluding  chapter  of  this  volume  discusses  those  simul- 
taneous equations  of  the  first  order,  involving  more  than 
one   dependent    variable,    which    can    be    integrated    by 
operations    of  the    same    class    as  those    in   any   of  the 
methods  mentioned. 
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'J'lie  later  of  these  two  volumes  is  devoted  to  the 
consideration  of  partial  etjuations  of  the  second  order 
and  of  hit^^her  orders,  mainly  (though  not  entirely)  in- 
volving two  independent  variables.  A  perusal  of  the 
volume  will  shew  that,  outside  the  limits  of  Cauchv's 
existence-theorem,  knowledge  is  fragmentary :  the  in- 
version of  operations  of  the  second  order  has  not  yet 
been  discovered  and,  accordingly,  any  effective  process 
consists  of  a  succession  of  operations  of  the  first  order. 

After  a  chapter  devoted  to  the  di.scussion  of  questions 
connected  with  the  existence  of  integrals  and,  in  parti- 
cular, to  the  discussion  of  the  constitution  of  a  general 
integral,  two  chapters  are  occupied  with  Laplace's  method 
(and  with  its  developments,  due  to  Darboux)  for  the 
integration  of  the  homogeneous  linear  equations  of  the 
second  order  :  the  effective  success  of  the  method  de- 
pends upon  the  vanishing  of  some  invariant,  in  one  or 
other  of  two  progressively  constructed  sets  of  functions 
involving  the  coefficients  of  the  original  equation.  The 
result  raises  the  question  of  the  form  of  equations,  the 
primitive  of  which  can  be  expressed  in  finite  terms  :  and, 
to  this  matter,  one  chapter  is  assigned. 

In  the  attempt  to  integrate  any  ecjuation  of  the  second 
order,  it  is  natural  to  enquire  whether  an  equation  of  the 
tiret  order  exists  which  is  its  complete  equivalent :  and 
e<juations,  characterised  by  this  property,  will  obviously 
constitute  a  distinct  cla.ss.  Such,  indeed,  were  the  equa- 
tions of  the  second  order  for  which  integrals  (now  ciilled 
intermediate)  were  first  obtjiined  ;  and  one  method  of 
their  construction  is  due  to  Monge.  Later,  another  (and 
a  more  direct)  method  for  their  construction  was  given 
by  Boole :   but  both  methods  assume  that  a  special  form 
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attaches  to  the  intermediate  integral,  and  the  assumption 
demands  that  a  very  restricted  form  shall  be  possessed 
by  the  original  equation.  Basing  his  argument  entirely 
upon  an  assumed  type  of  integral,  Ampere  devised  an- 
other process  of  integration :  his  method  makes  no 
demand  for  the  existence  of  an  intermediate  integral : 
and  the  result  is  often  effective  when  no  such  integral 
exists.  All  these  three  methods,  (and  another  method 
of  some  generality,  as  given),  require  the  construction 
of  integrable  combinations  of  one  (and  ultimately  the 
same)  set  of  subsidiary  equations,  when  they  are  applied 
to  the  same  original  equation.  But  Ampere's  method  is 
applicable  also  to  equations  of  less  restricted  form. 

It  may,  however,  happen  that  an  equation  of  the 
second  order  is  not  of  the  restricted  form  or,  being  of 
that  form,  does  not  possess  an  intermediate  integral,  or 
is  not  amenable  to  Ampere's  method.  In  that  case,  a 
method  due  to  Darboux  may  be  applicable,  whereby  a 
compatible  equation  of  the  second  order  (or  of  some 
higher  order)  can  be  constructed ;  provided  only  that 
a  compatible  equation  of  finite  order  can  be  obtained,  a 
primitive  of  the  original  equation  can  be  derived.  To 
these  matters,  three  chapters  are  given  :  tliey  explain 
the  working  processes  that  are  effective  for  the  deter- 
mination of  an  integral  in  finite  terms,  whether  by  a 
single  equation  or  a  set  of  equations. 

One    chapter   is    devoted    to    the    generalisation    of 

integrals  which  involve  some  arbitrary  parameters,  and 

another  to  the  discussion  of  characteristics  of  equations 

of  the  second  order.     The  investigations  in  both  of  these 

chapters  are  clearly  incomplete  :  they  could  be  continued 

along   lines  that  lead  to   the   complete   classification   of 

integrals  of  equations  of  the  first  order. 

a  5 
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In  the  theory  of  equations  of  the  first  order,  much 
information  is  given  by  Lie's  general  theory  of  contact- 
transformations  :  and  an  obvious  investigation  is  thereby 
suggested  as  to  whether  there  is  a  corresponding  theory 
for  e(|uation8  of  order  higher  than  the  first.  The  question 
hjis  been  considered,  and  partly  solved,  by  Biicklund  and 
others :  one  chapter  gives  an  outhne  of  their  work : 
it  is  clear  that  much  yet  remains  to  be  done  in  this 
subject. 

Tn  the  last  three  chapters  of  the  volume,  some  of 
the  preceding  methods  and  theories  are  extended  to 
equations,  which  are  of  order  liigher  than  the  second 
or  which  involve  more  than  two  independent  variables. 
Only  the  simplest  extensions  are  discussed  :  they  could 
be  amplified  to  any  extent :  but  the  result  would  be 
merely  an  accumulation  of  formal  theorems  possessing 
neither  individuality  nor  intrinsic  value. 


From  this  brief  sketch  of  the  contents  of  these 
two  volumes,  it  will  be  manifest  that,  in  the  theory 
of  ecpiations  of  order  higher  than  the  first,  there  are 
many  ga})S  and  that  the  theory  is  fiir  from  com})lete : 
and  even  a  summary  perusal  of  the  volumes  will  give 
some  indication  of  these  gaps.  It  is  my  intention  to 
point  out,  in  a  presidential  address  which  will  be 
delivered  to  the  London  Mathematical  Society  next 
month,  some  of  the  more  obvious  and  practicable 
questions  which  are  waiting  for  solution.  <  >f  these, 
there  is  no  lack  :  it  is  only  the  workers  who  are 
wanted. 
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On  not  a  lew  occasions,  it  has  been  my  privilege  to 
acknowledge  the  help  which  has  been  given  to  me  by 
the  Staff  of  the  University  Press.  Once  more,  an  oppor- 
tunity comes  to  me :  and  I  gladly  seize  it,  to  express 
my  indebtedness  to  them  all  for  the  care,  the  attention, 
and  the  consideration,  by  which  they  have  lightened 
what  to  me  is  never  an  easy  or  a  simple  duty. 


So  I  pass  from  a  task,  which  has  tilled  the  greater 
part  of  many  years  of  my  life,  which  has  broadened  in 
my  view  as  they  passed,  and  which  has  suffered  inter- 
ruptions that  threatened  to  end  it  before  its  completion. 
Many  of  its  defects  are  known  to  me  :  after  it  has  gone 
from  me,  others  will  become  apparent.  Nevertheless,  my 
hope  is  that  my  work  will  ease  the  labour  of  those  who, 
coming  after  me,  may  desire  to  possess  a  systematic 
account  of  this  branch  of  pure  mathematics. 

A.  K  FORSYTH. 


Trinity  College,  Cambridge. 
October,  1906. 
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CHAPTER   I. 

Introduction  :  two  Existence-theorems. 

1.  The  investigations,  which  constitute  this  Part  of  the  present 
woi-k,  are  devoted  to  the  consideration  of  properties  of  partial 
differential  equations.  In  text-books  which  deal  with  the  modes 
of  constructing  the  integrals  of  such  equations,  several  processes 
are  given,  often  with  the  main  purpose  of  obtaining  the  integrals 
in  finite  terms ;  but  the  processes  are  limited  in  the  scope  of  their 
application,  because  the  equations  which  prove  amenable  to  their 
action  are  few  in  character  and  not  infrequently  have  been  arti- 
ficially constructed.  When  these  processes  either  are  not  applicable 
or  cannot  conveniently  be  completed,  no  information  concerning 
the  solution  of  the  equation  would  then  be  obtained ;  indeed,  they 
offer  no  guarantee  that  an  integral  even  exists. 

Accordingly,  it  is  desirable  to  discuss  the  whole  theory  of 
partial  differential  equations  from  the  foundations  and,  in  the 
course  of  that  discussion,  not  only  to  revise  known  results  but 
also,  so  far  as  may  be  possible,  to  place  them  in  their  fitting 
positions  in  the  ordered  body  of  doctrine.  Such  a  discussion  was 
found  to  be  necessary  for  the  proper  establishment  of  results 
relating  to  ordinary  ditferential  equations.  It  is  even  more 
necessary  in  the  case  of  partial  differential  equations,  partly  be- 
cause the  inversion  of  simultaneous  partial  differential  operations  is 
more  difficult  than  the  inversion  of  ordinary  differential  operations, 
partly  because  the  suggestions  as  to  the  character  of  an  integral, 
as  offered  by  processes  of  inversion,  are  less  significant  for  partial 
equations  than  for  ordinary  equations. 
"^    F.  v.  1 


2  GENERAL  [2. 

2.  I  \vt»  kinds  of  illustration  should  suffice  for  a  justifiuition  of 
this  la-st  statement. 

One  mode  ot"  atlempting  to  discover  the  character  of  the  most 
complete  integnil  of  a  partial  equation  would  be  by  generalisjition 
from  the  case  of  an  ordinaiy  e<jUiition. 

For  an  ordinary  equation,  which  has  y  for  its  dependent  variable 
and  X  for  its  independent  variable,  the  integral  is  made  complete 
by  the  sissignment  of  initial  values  to  the  variables ;  that  is,  y  is 
some  function  of  a;  and  so,  when  a  constant  value  is  jissigned  to  x, 
the  function  y  and  all  its  derivatives  become  constants.  As  the 
i'quation  is  to  be  satisfied  and  yet  the  integral  is  to  be  as  com- 
plrte  as  possible,  these  constants  will  be  as  unrestricted  as  possible  : 
and  therefore  it  is  to  be  expected  that  some  at  lesist  of  them  will 
be  arbitrary  constants.  There  thus  arises  a  suggestion  that  thi- 
most  complete  integral  will  be  such  that,  whi-n  some  constant 
value  is  assigned  to  x,  the  function  i/  and  .some  of  its  derivatives 
ac(piire  arbitrary  constant  values.  The  suggested  projK'rty  has 
been  established  under  appropriate  limitations  and  conditions. 

To  extend  these  results,  if  possible,  to  partial  difiirential 
equations,  consider  a  single  partial  i-quation  of  the  fii-st  onler, 
having  z  for  its  dependent  variable  and  /\ a„  for  its  inde- 
pendent variables.  If  an  integial  exists,  that  integral  must 
determine  z  as  a  function  of  a?,,  ...,a7„;  and  so,  when  an  initial 
value  a„  is  assigned  to  ic„,  the  finst  derivatives  of  z  with  resj)ect 
to  a;,,  ,..,Xn-i  can  be  deduced  from  an  assigned  expression  f«)r  z, 
and  then  (save  in  special  circumstances)  the  partial  equation 
determines  the  fii"st  derivative  with  n-ganl  t«>  j'„.  hy  using 
the  equation  in  combination  with  the  expressions  for  the  first 
derivatives,  the  derivatives  of  higher  ord«'r  can  be  obtained  for 
the  value  «„  of.r„;  and  thus  no  limitation  apj)ears  to  be  impo.sed 
on  the  value  of  z  as  an  assigned  functi«)n  of  a-,,  ,..,  a:„_, .  wh«'n 
J^M  =  "ri  Tf  'he  integral  is  to  be  as  geneml  as  possil)le,  it  is 
reasonal)le  ti)  ex])ect  that  the  assigned  function  shall  be  as  general 
as  ]M»ssible.  But  at  this  stage,  (piestions  arise  as  to  what  is  the 
most  general  function  admissible  ;•  Is  it  to  l)e  made  genenvl  by 
jh>ssessing  the  greatest  possible  numbej-  of  arbitraiy  constants? 
Can  the  assigned  function  be  an  arbitrary  function,  subject  ptssibly 
t<i  limitations  imposed  by  the  partial  equation  ?  and,  if  so,  must  it 


2,]  CONSIDERATIONS  3 

be  explicit  or  may  it  be  given  implicitly,  for  example,  by  means  of 
quach-atures  which  cannot  be  effected  in  finite  terms?  Or  are  all 
the  modes  indicated  for  securing  the  generality  of  the  integi'al 
admissible,  so  that  there  are  different  kinds  of  general  integrals  ? 
and  if  so,  are  there  any  relations  among  the  various  integrals  ? 
To  such  questions  the  argument  offers  no  hint  of  an  answer. 

Similarly,   when    a   partial   equation    of  the    second   order   is 

propounded  in  the  same  variables  z,  oc-^,  ...,0Cn,  the  extension  of 

d2 
the  results  obtained  for  ordinary  equations  suggests  that  z  and  = — 

should  acquire  assigned  values  as  functions  of  Xi,  ...,  Xn-i,  when 

ccn  =  a,i.     For  the  values  of  ^— ,  ...,  x-^ — ,  when  Xn  =  an,  could  be 

d-z 
deduced  from  the  value  of  z ;  and  then  the  values  of  - — ;;— - ,  for 

OXrOXg 

r  =  1 ,  . . . ,  n  —  1 ,  and  s  =  l,  ...,  n,  could  be  deduced  from  the  values 

7)'^  uz 

of  ^  ,  . . . ,  t:, —  already  knowTi ;    and  the  partial   equation  would 

d-z 
(save  in  special  circumstances)  determine  the  value  of  ^ — :, .     As 

before,  the  values  thus  obtained,  when  combined  with  the  use  of 
the  partial  equation,  lead  to  the  values  of  all  the  derivatives. 
Thus  all  the  quantities  associated  with  z  are  known:  at  the 
utmost,  only  special  limitations  appear  to  be  imposed  upon  the 
assigned  functions  by  the  process  adopted;  and  therefore  it  is 
reasonable  to  expect  that  the  integral  will  become  the  most 
general  possible  when  the  two  assigned  functions  are  as  general 
as  possible.  Again,  at  this  stage,  questions  arise  as  to  the  con- 
stitution of  the  generality  of  these  assigned  functions.  Is  the 
generality  to  be  secured,  by  arranging  that  they  shall  involve 
the  gi'eatest  possible  number  of  arbitrary  constants  ?  or  by  making 
them  independent  arbitrary  functions  oi  x^,  ...,  ir,i_i  ?  or  by 
associating  them  with  a  possibly  even  more  general  function  of 
aji ,  . . . ,  Xn  for  the  particular  value  a„  of  x^  ?  If  the  functions  are 
arbitrary,  must  they  be  given  explicitly  or  may  they  be  given 
implicitly  as,  for  example,  by  uncompleted  quadi-atures  ?  Again, 
are  all  the  modes  admissible  as  alternatives,  so  that  they  lead  to 
different  kinds  of  general  integrals  ?  and  if  so,  what  relations  (if 
any)  subsist  among  the  integrals  ?  As  in  the  former  case,  the 
argument  offers  no  hint  of  answer  to  the  questions. 

1—2 
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3.  Ill  both  the  instances  that  have  been  briefly  considered, 
the  arg^uinent  otfers  suggestions  and  even  stirs  expectiitions :  that 
this  is  the  limit  of  the  attention  to  be  paid  to  it,  can  perhaps  be 
most  simply  seen  by  a  particular  case.  Applied  to  a  couple  of 
simultaneous  partial  equations  determining  a  couple  of  dependent 
variables,  it  would  lead  to  a  suggestion  that  the  most  general 
integral  would  involve  at  least  two  sets  of  general  elements,  what- 
ever be  their  form  ;  yet  the  integral  of  the  simultaneous  equations 
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a  being  a  constant ;  manifestly  it  contains  no  arbitrary'  element. 
In  fact,  the  utmost  to  be  inferred  from  the  argument  is  that 
some  kinds  of  equations  may  possess  integi-als  involving  arbitrary 
elements  in  their  most  general  fonns,  and  that  there  may  be 
different  kinds  of  general  integi-als. 

Whether  these  general  integrals  inchule  all  the  integrals  of  an 
(•(juation  is  a  matter  that  demands  separate  considerati<»n,  to  be 
undtrtaken  later  in  another  line  of  inijuiiy:  and,  naturally,  a 
detailed  consideration  of  the  generality  "f  integrals  nnist  alst) 
be  undertaken  later. 

4.  Another  nu>de  of  attt'mpting  to  discover  the  character  of 
the  most  complete  integral  of  a  ])artial  equation  consists  in  com- 
paring diffi-rential  e(juations,  constructed  from  initial  integral 
e(|uations,  with  those  integial  e<juations:  but  it  is  ea^sily  .seen  to 
b«-  untrustworthy. 

Thus  if  an  integral  equation 

oz  +  h       ,  . 
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where  ad  —  be  =  1,  he  propounded,  the  result  of  eliminating  the 
constants  between  the  equation  and  its  derivatives  leads  to  the  set 
of  partial  equations 

}^^  _}_^  _       _190 

2h  9^1       p2  9^2  '       Pn  9^n ' 

where 

_  a£ 

for  r=l,  ...,  V.  The  process  cannot  be  reversed,  so  as  to  lead  to 
an  inference  that  the  most  general  integral  of  the  set  of  partial 
equations  contains  three  arbitraiy  essential  constants :  the  infer- 
ence would  be  incorrect,  for  the  set  of  equations  is  satisfied  by 

where  f(z)  is  any  function  of  ^  containing  any  number  of  arbitrary 
constants. 

Again,  if  there  is  given  an  integTal  equation 

J  \^l>   •">    '^ii>    ^1    *^\i   •"1    (f'ln)^^^} 

it  is  possible  to  construct  a  set  of  partial  equations  with  which  the 
integi-al  equation  is  consistent,  by  forming  the  n  derived  equations 

which  give  the  values  of  ^-,  •••,5 — ,  and  then  eliminating  the 

m  constants  a^,  ...,  a^.  For  the  present  purpose,  the  m  constants 
may  be  assumed  to  be  not  reducible  to  a  smaller  number,  and  m 
may  be  assumed  not  greater  than  n ;  also,  when  elimination  takes 
place,  the  number  of  resulting  equations  will  be  not  less  than 
n+  1  —  m.  It  will  be  assumed  that  the  number  of  such  equations 
in  the  set  is  actually  n+1  —  m ;  each  of  them  is  partial,  and  of  the 
first  order. 

If  m  is  equal  to  n,  there  is  a  single  partial  equation :  and  the 
argument  suggests  that  a  single  partial  equation  of  the  first  order 
may  possess  an  integral  involving  n  arbitrary  constants :  it  does  not 
prove  this  result,  for  there  is  nothing  to  shew  that  the  partial 
equation  is  not  of  a  special  form,  arising  from  the  limitation  that 
it  has  been  deduced  from  an  integral  equation  of  specified  form. 
The  argument  offers  no  contribution  to  the  question  as  to  whether, 
if  the  integi-al  is  possessed  by  the  partial  equation,  it  is  the  most 
general  integral. 

If  711  is  less  than  n,  there  is  a  set  of  simultaneous  partial 
equations  of  the  first  order:    and    the  argument  might  be   held 
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to  suggest  that  n  +  l—m  simultaneous  partial  equations  of  the 
first  ortler,  involving  one  dependent  variable  and  h  independent 
variables,  may  jxtssess  a  connnon  integiiil  invoKing  in  constants. 
The  result  is,  of  course,  not  proved  and  it  is  not  true  in  general 
fact :  for,  indi-pendently  of  the  impossibility  of  reversing  the  pnx-ess 
of  elimination,  the  »  +  1  —  in  e(|uations  are  affected  by  the  f»»nn  of 
the  (triginal  integral  and  therefore  will  have  relations  with  one 
another,  while  such  a  set  of  partial  equations  postulated  initially 
need  not  have  any  relations  with  one  another.  Thus  the  existence 
of  a  common  integral  is  even  more  doubtful  than  in  the  ca.se  of  a 
single  equation:  if  it  exists,  nn  inference  as  to  its  generality  can 
be  drawn. 

5.  After  these  ex})lanati(»ns  and  criticisms,  it  is  manifest  that 
attempts  to  obtain  information  us  to  the  solution  of  partial  equations 
by  vague  extensions  of  the  knowledge  of  the  s<jluti<jn  of  ordinary 
equations  must  be  abandoned.  The  constructive  process,  that  will 
be  adopted  instead  of  them,  consists  in  the  giadual  establishment 
of  results,  beginning  witli  the  proof  of  the  existence  of  integrals 
possessing  definite  assigned  characters.  The  actual  constructit>n  of 
the  integials  when  their  existence  has  once  been  estjiblished,  the 
discussion  of  the  range  of  their  generality,  and  the  possi])ility  of 
using  them  in  the  derivation  of  integrals  of  other  kinds,  all  are 
matters  for  subsequent  investigation. 

It  will  be  assumed  that,  save  in  special  e.xamples,  the  number 
of  independent  variables  is  n  ;  and  they  will  usually  be  denoted  by 
.r,,  ...,  .r„.  The  number  of  deju-ndent  variables  may  be  taken  as 
7n,  the  simj)lest  Ciuse  arising  when  ni  =  1 ;  they  will  be  denoted  by 
Zi,  ...,  Zf„;  and  when  there  is  only  one  variable,  it  will  be  denoted 
by  z.  Ft>r  the  present  ]iur])ose,  these  depi'udent  variabK'S  are  to 
be  determined  by  partial  differential  e(]uations;  let  the  number  of 
such  e(juati<^ns  in  a  given  set  be  n,  and  suppose  that  the  highest 
derivatives  that  occur  in  them  are  of  oi-der  fi. 

Let  derivatives  of  each  of  the  equations  be  constructed,  of  all 
ortlers  up  U>  those  of  order  k  inclusive.  Then  the  totiU  number  of 
equations  in  the  amplified  set  is 

«  {1  +  «  4-  ^/J  ("  +  1)  +  •  •  •  to  (k  +  1 )  terms} 

(n  +  l)(«-|-2)  ...(n  +  K) 
^  s  — 

=  sN, 
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say;  and  the  total  number  of  dependent  quantities,  being  the 
dependent  variables  and  their  derivatives  of  all  orders  up  to  fi+  k 
inclusive,  is  (or  can  be,  for  some  of  the  dependent  quantities  may 
not  occur  explicitly) 

m  {1  +  n  +  ^71  (n  +  1)  +  . . .  to  {k  +  fi  +  1 )  terms} 

(n  +  1)(m  +  2)  ...  {n  +  K  +  fi) 


=  m 


where 


1.2.. ..(«  +  /.) 
=  mNK, 

_(n  +  K+1)  ...{n  +  K  +  /x) 

(K  +  l)  ...{k  +  fl) 


The  factor  K  is  obviously  always  greater  than  unity;  and 
therefore  if  s  <  m,  or  if  s  =  ni,  the  number  sN  is  less  than  mNK. 
The  number  of  equations  in  the  amplified  set  is  less  than  the 
number  of  dependent  quantities  in  the  amplified  aggi'egate ;  and 
therefore  it  will  generally  be  impossible  to  eliminate  the  dependent 
quantities  from  among  the  equations.  Were  such  elimination  pos- 
sible, the  results  would  take  the  form  of  relations  between  the 
independent  variables :  and  these,  of  course,  do  not  occur.  There 
is  therefore  nothing  incompatible  with  the  analytical  nature  of  the 
case,  if  5  <  m,  or  \i  s  =  m. 

Next,  consider  the  possible  hypothesis  that  s  >  in.  The  factor 
K  is  gi-eater  than  unity ;  but  its  value  decreases  as  k  increases, 
and  it  tends  towards  unity  with  large  increase  of  k.  Let  k^  be  the 
earliest  value  of  k  for  which 

K<     ; 

m 

then  for  the  value  k^,  and  for  every  value  of  k  which  is  greater 

than  Ki,  we  have 

s  >  mK, 
and  therefore 

siV  >  mNK. 

For  such  values  of  k,  the  number  of  equations  in  the  amplified 
system  is  greater  than  the  number  of  dependent  quantities  in  the 
amplified  aggregate.  The  dependent  quantities  could  then,  in 
general,  be  eliminated  from  the  amplified  system  of  equations  ; 
the  results  would  take  the  form  of  relations  among  the  inde- 
pendent variables  alone,  and  such  relations  cannot  occur.  Such  a 
conclusion  is,  in  general,  not  compatible  with  the  nature  of  the 
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cast' :  iiud  therefore,  in  general,  s  cannot  be  grtaur  than  m.  If 
however  the  elimination  could  he  prrfonned  for  any  given  set 
of  efjiiations,  aiiipHHed  in  the  manner  in(licat«*(l,  the  Hnal  relations 
would  be  evanescent,  and  the  incompatibility  would  not  apjx'ar. 
This  hust  event  could  occur  only  if  such  conditions  were  s<itisfied 
by  the  original  system  and  consequent  conditions  were  satisfied  by 
the  amplified  system,  as  would  reduce  the  number  of  independent 
equations  in  the  aiiipiiHtd  system  so  that,  at  the  utmost,  it 
should  not  be  larger  than  the  number  of  dependent  quantities  in 
the  amplififd  aggregate. 

Hence,  in  general,  the  number  of  etjuations  in  a  given  system 
must  not  be  greater  than  the  number  of  dependent  variables 
involved ;  but  the  number  of  equations  may  be  the  greater  in 
particular  systems,  and  the  investigation  of  the  necessary  and 
sufficient  conditions  will  be  a  matter  for  subsequent  discussion. 

It  is  clear  without  detailed  argument  that,  when  s  is  less 
than  m  and  when  the  equations  are  general,  then  m  —  s  of  the 
dependent  variables  can  have  values  assigned  (either  quite  arbi- 
trarily or  aibitrarily  within  proper  limits),  still  leaving  as  many 
equations  as  undetermined  dep«'ndent  variables. 

Accordingly,  the  most  general  cjise  to  be  considered  for  the 
present  is  that  in  which  the  number  of  equations  is  the  same 
as  the  number  of  dependent  variables. 

6.  Two  properties  of  such  a  system  of  equations  may  be 
iiHiitioned  ;  their  importance  is  mainly  formal,  and  only  a  brief 
consideration  is  needed. 

The  first  of  the  properties  can  be  stated  ;is  follows:  if  a  system 
of  m  partial  etjuations  in  in  dependent  variables  involves  derivatives 
of  onler  higher  than  the  first,  it  can  be  replaced  by  an  equivalent 
system  of  equations  containing  only  derivatives  of  the  fii-st  order, 
the  number  of  independent  e(piations  in  the  new  system  being 
the  s;ime  Jis  the  number  of  dependent  variables  which  it  involves. 

The  pro]»erty  is  ])iactically  obvious  and  so  hanlly  ncpiires 
proof:  it  can  be  seen  in  connection  with  any  ])articular  example. 
Let  there  be  a  single  equation,  involving  derivatives  of  the  second 
order  JUS  the  highest:  when  /}  new  dependent  variables  are  intro- 
duced by  the  equations 
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the  given  equation  can  be  expressed  in  a  form 


f{oc., 


dpi  dpn\  _  . 


which  involves  only  derivatives  of  the  first  order;  and  the  new 
system  now  contains  ?i  + 1  equations,  involving  n  +  1  dependent 
variables  with  derivatives  of  the  first  order. 

It  may  be  added  that  the  main  use  of  the  property  lies  in 
deducing  existence-theorems  for  equations  of  order  higher  than 
the  first  fi'om  the  existence-theorems  which  soon  will  be  established 
for  systems  of  equations  of  the  first  order. 

An  extended  form  of  the  property  enables  us,  not  merely  to 
replace  any  given  system  by  a  system  containing  only  derivatives 
of  the  first  order,  but  also  to  secure  that  each  equation,  which 
in  the  new  system  involves  derivatives  of  the  first  order,  is  linear 
in  those  derivatives.  Thus,  in  the  preceding  example,  additional 
dependent  variables  would  be  introduced  by  the  equations 

for  fx  and  s  =  1,  ...,  n:  the  original  equation  takes  the  form  of  a 
relation 

J  \Xi,  ... ,   X^i ,    Z,  2^1,   ••• ,  Pn )    5ii J   •  •  • )    fjnn)  ^^  " 

among  the  variables  free  from  derivatives;  and  the  derived 
equations 

are  formed  for  5  =  1,  ...,  n.  All  the  equations  are  linear  in  the 
derivatives  which  are  of  the  first  order;  but  it  should  be  noted 
that  the  number  of  equations  in  the  modified  system  is  larger 
than  the  number  of  dependent  variables,  though  the  conditions 
for  coexistence  are  satisfied. 

When  the  number  of  variables  is  other  than  very  few,  the 
extended  form  of  the  property  tends  to  be  cumbrous.  It  is, 
however,  of  definite  use,  as  will  be  seen  later  (Chap,  xviii),  as  part 
of  a  method  for  obtaining  integrals  of  equations  of  order  higher 
than  the  first  when  the}^  possess  integrals  that  are  expressible 
in  finite  terms. 
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7.  The  other  of  the  two  jjioperties  indicated  in  §  6  bases  the 
.solution  of  a  system  of  m  partial  equations  in  m  (le])endent  variables 
\i]Hm  the  solution  of  one  equation  (or  of  more  than  one  e(juation) 
in  a  single  (k'])en(lent  variable  in  association  with  algebraic  pro- 
cesses: the  substituted  equation  or  equations  usually  (but  n«)t 
univei-sally)  involve  derivatives  of  order  higher  than  those  which 
occurred  in  the  original  system. 

Reverting  to  the  method  adopted  in  §  5,  and  ap])lying  it  for 
the  purpose  of  eliminating  ^j.  •••>  ^m  ^md  all  their  derivatives,  we 
should  have  tiiN  equations  in  the  amplified  set,  while  the  number 
of  dependent  quantities  to  be  eliminated  is  (m  —  1)  XK.  Accord- 
ingly, let  /Cj  be  the  least  value  of  ^  for  which 


m  -  1  ' 
and  therefore 

(in--[)XK<mN. 

The  dependent  quantities,  composed  of  z.^,  ...,  z,„  and  their 
derivatives,  can  be  eliminated  from  the  amplified  set  of  equations : 
the  results  of  the  elimination  will  take  the  form  of  one  equation 
or  more  than  one  equation  involving  Zy  and  its  derivatives,  the 
latter  being  of  order  higher  than  those  which  occur  in  the  original 
system.  Moreover,  by  the  algebraic  processes,  all  the  dependent 
qu.intities  that  are  eliminated  are  expressible  in  terms  of  those 
that  survive.  Accordingly,  when  the  solution  of  the  equation  or 
equati(»ns  in  Zi  is  known,  the  other  dependent  quantities  can  be 
regarded  as  known :  and  then  the  solution  of  the  original  system 
will   have  been  obtained. 

It  should  be  added  that  this  property  is  not  of  importance 
in  the  general  theory:  its  chief  value  lies  in  the  fact  that  it 
provides  a  method  which  sometimes  is  effective  in  leading  to  the 

solution  of  ]iartif'ular  classes  of  e(|uations. 


Preparation  i(ti{  CAurnvs  Theorem:   the  first  of  the 

SUH.S1I»I  A  ItV    HXI.STENCE-THEORFMS. 

8.  We  priK'iH'd  now  t«>  the  establishment  of  some  positive 
results,  in  particular,  to  the  establishment  of  Cauchy's  theorem 
attinning  the  existence  of  integi'als  of  a  system  of  partial  equations. 
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The  system  of  equations  contains  the  same  number  of  dependent 
variables  as  of  equations ;  in  form,  it  does  not  include  all  possible 
systems  of  such  a  character,  but  it  will  be  found  to  include  a 
large  selection  of  important  and  representative  systems ;  and  the 
integrals  will  be  proved  to  exist,  subject  to  an  aggregate  of 
assigned  conditions.  For  the  purpose  in  view,  the  method  devised 
by  Madame  Kowalevsky*  will  be  adopted,  whereby  the  main 
theorem  is  approached  through  two  existence-theorems  belonging 
to  partial  equations  of  comparatively  simple  type. 

The  fii'st  of  these  theorems  can  be  stated  as  follows : — 

Let  a  set  of  partial  equations  be  given  in  the  form 

7)^-         '"      "  f)2:- 

lH  =  V    V    n..  izl 

da^      ,Ci  ,.=2     ^'''^  dxr' 

for  values  i=l,  ...,7Ji,  being  m  equations  in  m  dependent  variables  ; 
the  coefficients  Gfjr  are  functions  of  jz^,  ...,  z^  alone.  Let  Cj ,  . . . ,  Cm 
be  a  set  of  values  of  z^,  ...,  z„i  respectively,  in  the  vicinity  of  which 
each  of  the  functions  Gy>  is  regular ;  and  let  0, ,  . . . ,  (f>m  be  a  set  of 
functions  of  ^r.,,  ...,  .r„,  which  acquire  the  values  Ci,  ...,  c,„  respec- 
tively when  X2  =  a2,  ...,  Xn  =  an,  which  are  regular  in  the  vicinity 
of  these  values  of  Xo,  ...,  x^,  and  which  otherwise  are  arbitrary. 
Then  a  system  of  integrals  of  the  equations  ctin  he  determined, 
which  are  regular  functions  of  Xj,  ...,  Xn  in  the  vicinity  of  the  values 
Xi  =  a^,  Xo  =  a2,  ...,  Xn  =  ttn,  and  which  acquire  the  values  <pi,  ...,  <^,„ 
when  Xi  =  ai;  moreover,  the  system  of  integrals,  determined  in  accord- 
ance with  these  conditions,  is  the  only  system  of  integrals  that  can  he 
so  determined  as  regular  functions. 

9.  It  is  convenient,  for  the  sake  of  conciseness  in  the  fomiulse, 
to  write 

for  s  =  l,  ...,  n,  and  r=\,  ...,  m:  and  then  we  have  to  deal  with 
quantities  in  the  vicinity  of  zero  values  of  y  and  ^. 

As  the  ftinctions  G  are  regular  within  this  vicinity  over  some 
finite  region,  we  select  a  portion  of  the  region  defined  by  the 
ranges 

*  Crelle,  t.  lxxx  (1875),  pp.  1—32. 
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and  we  (U'liotc  by  M  the  ^eatest  value  among  the  quantities    (?,;,> 
within  this  jwrtion  of  the  region  selected,  M  being  finite.     The 
functions  0  can  be  expressed  as  power-series;  and  if  we  take 

where  the  multiple  summation  i.s  for  all  integer  values  of  s,,  s.^,  ... 
from  zero  upwards,  situultaneous  zeros  being  included,  then* 

I     0>      I  ^        ^ 

o  fortioH.  Similarly,  within  a  selected  region  of  existence  of  the 
functi<»ns  -v^,  defined  by  the  ranges 

we  have 

A/r^  =  :£ ^ . . .  c^^^^, . . .  y.r^ iir^ ..., 

where  the  multiple  summation  is  for  all  integer  values  of /i,,  fij, ... 
from  zero  upwards,  simultaneous  zeros  being  excluded ;  and  then, 
if  iV  denote  the  greatest  value  among  the  (piantities  -v/r^  within 
this  region,  we  have 


a  fortiori. 


If  functions  ^  exist  possessing  the  chanicter  required  in  the 
theorem,  they  can  be  expanded  as  series  of  powers  of  y,  in  the 
vicinity  of  the  origin  ;  having  regard  to  the  value  they  must 
acquire  when  //i  =  0,  we  can  take  them  in  the  form 

^^  =  y{r^  +  .ViV^Mi  +  .Vi'*''f  M2  +  •  •  • . 
where  (as  the  functit»ns  ^  are  to  be  regular  in  all  their  variables) 
the  coefficients  -v/r^,,  >^^5,  ...  must  be  regular  functions  of  y,,  y,,  ... 
within  the  selected  region  of  existence,  and  they  do  not  involve  y,. 
The.se  functions  ^,  if  they  exist,  are  to  satisfy  the  differential 
equations :  we  substitute  them  therein,  and  compare  the  coefficients 
of  the  varioiis  powers  of  y,  and,  frt»m  the  fact  that  the  derivatives 

•  See  my  Theory  of  Functinm,  (Second  edition),  hereafter  quoted  as  T.  F., 
§  22. 
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with  regard  to  a\  (and  consequently  of  y^)  occur  on  the  left-hand 
sides  of  the  equations  only,  we  find  relations  of  the  form 

where  the  number  of  terms  in  the  summation  on  the  right-hand 
side  is  finite.     Each  term  Z  is  the  product  of  four  factors : 

(i)      a  coefficient  a  from  the  expansion  of  the  functions  G : 

(ii)     a  product   of  the   functions  -v/r^x>   the    second    subscript 
index  X  being  less  than  p : 

(iii)     a  first  derivative  of  one  of  the  functions  i/r^x,  the  second 
subscript  index  X  being  less  than  p  : 

(iv)     a  positive  integer. 

Now  all  the  functions  -vir^;^  having  their  second  subscript  index 
zero,  are  the  functions  yjr^,  ...,  y}r„^ ;  and  their  expressions  as 
regular  functions  of  i/o,  ...,  yn  a^re  knoA\Ti.     Hence  the  relations 

give  a  formal  determination  of  the  functions  i/r^p  in  succession  : 
they  appear  as  power-series  in  i/^,  •••,  l/n,  the  coefficients  in  which 
involve  the  constants  a  fi'om  the  expansion  of  the  functions  0,  the 
constants  c  from  the  expansion  of  the  functions  yp-^,  ...,  -\^,„,  and 
positive  numerical  factors. 

When  these  values  are  substituted  in  the  yj-expansions  of 
^1,  ■■■,  ^m,  expressions  result  which  formally  satisfy  the  differential 
equations.  In  order  that  they  may  possess  functional  significance, 
these  multiple  series  must  converge ;  this  necessary  convergence 
can  be  proved  as  follows. 

10.  We  consider  variation  in  a  more  restricted  range  for  the 
quantities  ^,  given  by 

so  that 

and  we  construct  a  dominant  function*  G  in  the  form 


* 
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where  thf  nmltiiilc  summation  is  for  all  integer  values  of  *,,  «o,  ... 
from  zero  upwards,  simultaneous  zeros  being  included.  Then  the 
modulus  of  any  term  in  G  is  at  least  as  great  as  the  nKxlulus  of 
the  corresponding  term  in  Gijr  having  the  same  combination  of  the 
variables.  More(^ver,  in  the  region  of  variation  considered,  G  can 
be  ex])ressed  in  finite  terms:  we  have 

M 


G  = 


i-;^(r.+r.+  ...  +  r«.) 


We  also  consider  variation  in  a  more  restricted  range  for  the 
quantities  y^,  ...,  yn,  given  by 

so  that 

\y2  +  ■■'  +  yn  <p\ 

and  we  construct  another  dominant  function  i/r  in  the  form 
vr  =  i,i.  -—  1/  f^i  II  f^i 

^    fi,:fi,i...     ^M,+M,+...  ^••'  ^='  •••• 

where  the  multiple  summation  is  for  all  integer  values  of  /i.^,  ^j,... 
from  zero  upwards,  simultaneous  zeros  being  excluded.  Then  the 
modulus  of  any  term  in  ^Jr  is  at  least  as  great  as  the  modulus 
of  the  corresponding  term  in  yjr^  having  the  same  combination 
of  the  variables.  Moreover,  in  the  region  of  variation  considered, 
yfr  can  be  expressed  in  finite  terms ;  \\Titing 


2/  =  y-..  +  ...+ 

Un, 

we 

have 

P     1- 

p-y' 

If 
P 

and 

the  r 

•ange 

for 

the 

variable  y  is 

given 

by 

11.     By  means  of  these  dominant  function.s,  a  dominant  svstem 
of  partial  equations 

9^1        j=l  r=2        (fyr 
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is  constructed;  and  we  assign,  as  conditions,  that  each  of  the 
quantities  Zi  shall  acquire  the  value  •\/r  when  yi=0.  Taking 
G  and  -^  in  their  expanded  forms  as  power-series,  and  applying  to 
these  equations  the  process  applied  to  the  original  system,  we 
obtain  equations  of  precisely  the  same  form  as  before,  to  determine 
the  successive  coefficients  in  the  expressions  for  the  variables  Z  as 
power-series  in  the  variables  3/1,  y^,  ...,  y^:  and  the  successive 
operations  for  the  construction  of  these  coefficients  are  the  same 
as  before.  In  these  new  operations,  all  the  terms  in  the  expression 
for  any  coefficient  are  positive ;  the  modulus  of  each  term  is  at 
least  as  great  as  was  the  modulus  of  the  corresponding  term 
in  the  former  operations ;  and  therefore,  if 

Z^  =  ylr  +  y/^^/rV^  +  ^I'-v/^Vi  +  •  •  • ' 


we  have 


Pf'f^P    i    >    i  i^^M"    ' 


that  is. 

Hence  the  series  for  ^^  will  certainly  converge  if  the  series  for  Z^ 
converges. 

The  values  of  Z^,  ...,  Z„i,  and  their  consequent  expressions  as 
converging  series,  can  be  otherwise  obtained.  Returning  to  the 
dominant  system  and  using  the  finite  forms  for  G  and  -yfr,  we  have 
to  determine  values  of  Zi,  ...,  Z^,,  satisfying  the  equations 

dZi  ^ M ^    ^  dZj^ 

^y^  i-.^(z,+...+^,.)-''^"'-=^'^'-' 

and  such  that 

Ny 


Z.= 


'    p-y 

when  2/1  =  0.     Thus  Z^,  a  function  of  all  the  variables,  is  a  function 
of  the  combination  of  them  represented  by  y,  say  a  function  of  y 

alone,  when  Vi  =  0 ;  and  therefore   ^r-^,  for  7-=2, ...,  n,  is  also  a 

function  of  y  alone  when  3/1  =  0.     The  differential  equations  then 

7)7 
shew   that    ^-^  is    a    function    of  y   alone    when   2/1  =0.     Again, 

differentiating  all  the  equations  with  regard  to  y-^,  noting  that  the 
quantities  Z  and  all  their  first  derivatives  are  functions  of  y  alone 

7)- 7 
when  2/1  =  0,  and  applying  a  similar  argiunent,  we  find  that  ^— ^ 


Iti 
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is   a    ftinction    of  y   alone    when    y,  =  0.     Similarly,    lor   all    the 
derivatives  in  succession.     Inserting  their  forms  in 


^=[^i--^#>^'[a 


+ 


we  sec  that  Z^,  if  it  exists,  is  expressible  sx-s  a  function  of  y,  and  y. 
Now  from  the  equations,  we  have 

dZx  _  dZ^  _       _  dZ,„ 

and  therefore,  taking  account  of  the  condititms  that 

7-7-    -7  -  ^y 

p-y 

when  ^j  =  0,  we  have 

Zi  =  z.,= ...  =  z,„ , 

in  general.  Denote  this  common  value  by  Z,  which  now  is  a 
function  of  y,  andy;  then  all  the  equations  in  the  dominant 
system  are  satisfied,  provided  Z  can  be  tletermined  to  satisfy  the 
equation 

dz 


1  —  m 


R 


and  is  such  that  it  acquires  the  value 


Ny 
o-y 


when  y,  =  0.     It  is 


easy  to  verify  that  the  equation  is  satisfied  by  a  relation 

whcie  /  is  any  function  whatov(T  of  Z:    and   therefoix-  all    the 
rc(juircments  will  Ik*  met  if  y"  can  be  chosen  so  as  to  allow  Z  to 


ac(] 


uire  the  value 


lit 

p-y 


equations 


p-y 

must  be  the  same.     The  latter  gives 


when  y,  =  0.     For  this  purpose,  the  two 

■     =u, 


pii 
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which,  substituted  in  the  former,  gives 

/(u)=(l-m|)^^^, 

being  the  appropriate  expression  of  the  function  /  Thus  all  the 
requirements  are  met  by  a  value  or  values  of  Z  determined  by 
the  integi'al  relation 


^1  -  m  -^^  y  +  Mm  {n  -l)y^  =  (^-  m  ^j 


N  +  Z- 


This  quadratic  equation   has  two  roots.     One  of  the  two   roots 

7? 

becomes  —  when  ?/i  =  0,  and  must  be  discarded  as  not  satisfying 
m 

the  imposed  condition  when  yi  =  0.     The  other  root  is  given  in 
the  form 

f  N  ) 

-  Ulm  (n  -l)y,\p-y+  m  -^  {2p  -  y) 

it  can  be  expanded  in  powers  of  y^  in  the  series 

Z  =  ^-+  Mm  (n  -  1)  y.  ^^ i-^ 

p-y         ^         •"  p-y 


p-y-'>i^y 

+  higher  powers  of  y^ . 

It  is  clear  from  this  expression  for  Z  obtained  in  finite  form  that 
Z  can  be  expanded  in  a  series  of  powers  of  y  and  3/1,  which  con- 
verges in  a  non-infinitesimal  range  round  y—0  and  y^  =  0.  When 
y  is  replaced  by  its  value  2/2  +  2/3  +  •  •  •  +  2/«  >  the  modified  power- 
series  in  2/1,  2/2,  •••>  y»  still  converges  in  a  non-evanescent  range 
round  2/1  =  0,  y,  =  0,  . .  • ,  yn=^\  consequently,  the  quantity  Z  of 
the  required  type  does  exist. 

It  therefore  follows  that  the  quantities  Z^,  ...,  Z„,  exist  as 
determined  by  the  equations  in  the  dominant  system ;  and  there- 
fore integrals  of  the  original  equations  exist  satisfpng  the  pre- 
scribed conditions. 

12.  The  preceding  investigation  establishes  the  existence  of 
integrals  which    are    regular   functions    of  the    variables    in    the 

F.  v.  2 
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selected  region ;  it  is  easy  to  see  that  they  are  the  only  set  of 
integrals  which,  satisfying  the  prescribed  conditions,  are  regular 
functions  of  the  variables.  If  any  other  set  existed,  being  regular 
functions  and  satisfying  the  prescribed  conditions,  they  would  be 
expressible  in  a  form 

when  these  are  substituted  in  the  differential  equations,  they  would 
lead  to  relations 

for  the  determination  of  the  coefficients,  similar  to  the  relations 

Pf.P  =  ^z. 

When  p  =  \,  no  double-suffix  function  occurs  in  Z',  which  then  is 
the  same  as  Z,  because  the  term  in  ^'^  independent  of  y,  is  the 
same  as  the  corresponding  term  in  ^^ :  hence 

When  p  =  'i,  the  only  double-suffix  functions  that  can  occur  in  Z' 
are  the  functions  -^'ki,  which  have  been  shewn  to  be  the  same 
as  y^xi ;  hence,  for  this  value,  Z'  =  Z,  and  therefore 

Similarly  for  all  the  coefficients  in  succession :  we  find 

for  all  the  values  of  /i ;  and  therefore  the  set  of  regular  integrals 
obtained,  subject  to  the  prescribed  conditions,  are  unique  regular 
integi-als. 

As  an  example  illustrating  the  general  theorem,  we  require  the  integrals  of 
the  simulUvneous  equations 

3tt_   ^du 
dx~     di/  * 

such  that,  when  a*=0, 

The  equations  are  amenable  to  the  ordinary  practical  methods.     The  most 
general  integral  of  the  first  equation  is  easily  found  to  be 

u-/{y  +  u^x), 
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where  /  is  arbitrary  so  far  as  the  equation  is  concerned.     Also 

dv     9m  _  ,         <  8« 
dx     dx  "by 

^,  _    .1S% 
v?  'bx'' 
and  therefore 

1 

v-u  =  e   ^giy), 

where  g  is  arbitrary  so  far  as  the  equation  is  concerned. 

To  determine  these  arbitrary  functions,  the  imposed  conditions  are  used. 
As 

and  as  ii=R  Q/)  when  x=0,  we  have 

Ri:y)=f{y), 

and  therefore,  generally, 

u  =  R  (?/  +  «%). 

Laplace's  theorem  in  expansion  can  be  used  to  give  the  ex2:>licit  expression  for 
u  in  terms  of  x  and  y :  this  is 

u=R(^)  +  xR^{y)R'(y)  +  -'^^{R*(j/)B'{y)}  +  '^^^{R<^{^)R'(7/)}  +  ... 

=  R(y){l+xR{y)T(x,y)}, 

where  T(x,  y)  is  a  series  of  powers  of  x,  the  coefficients  being  functions  of  y 
which  vanish  if  R  (y)  vanishes  identically. 

Again,  as  v=S{y)  when  x=0,  we  have 


S{y)-R{y)^e   Riy)g{y), 
so  that,  generally. 


^-«  =  e^(^)    ''{S{y)-R{2,)}. 

The  apparent  singularity  can  be  removed ;  for 

1         1  ooT{,x,  y) 

R{y)     u     l+xR{y)T(x,y)' 

where  the  function  on  the  right-hand  side  is  regular  in  the  vicinity  of  x=0, 
y=0.     Thus  the  required  integi-als  are 

u=R(y){l+xR(y)T{x,y)}, 

•rr(-r,  ?/) 

v-u  =  {S{y)-R{y)}e^+^-^^''^'^^'--'  ^>. 

Tn  particular,  if  the  imposed  conditions  should  be  that  u=0  and  v  =  S  (y) 
when  x  =  0,  then  as  R(i/)  vanishes  identically,  T{x,  y)  vanishes.  The  full 
expressions  for  the  integrals  are 

«  =  0,         v  =  S{y); 

these  are  easily  obtainable  directly  from  the  diflferential  equations  but  not 
from  the  integrals  which  involve  the  arbitrary  functions  /  and  g. 

2 2 


20  REGULAR    INTEGRALS  [13. 

13.  It  should  be  observed  that,  throughout  the  foregoing  proof, 
there  has  been  a  complete  restriction  to  regular  functions.  The 
possibility  of  non-regular  functions,  satisfying  the  equations  and 
obeying  the  prescribed  conditions,  has  nciwhere  been  taken  into 
account  and  the  proof  does  not  shew  that  it  .should  be  rejected  ius 
inadmissible ;  what  is  establi.shed  is  that  a  unique  set  of  regular 
integrals  exists.  In  the  statement  of  the  argument,  it  is  practically 
!i,ssume(l  that  the  integrals  are  regular.  Thus  z,  is  made  to  acquire 
the  value  of  a  regular  function  of  x^,  ...,  j„  when  .ri  =  a, ;  and  this 
could  be  .secured  when  z^  is  a  uniform  function  of  x^,  even  if  .r,  is 
an  essential  singularity,  provided  j-,  then  be  allowed  to  approach  «, 
by  an  appropriate  path*.  If  however  Zi  is  made  to  acquire  its 
value  when  Xi  =  a^,  quite  independently  of  the  path  by  which  x^ 
approaches  the  position  a-^,  and  so  also  for  the  other  dependent 
variables,  then  it  is  not  difficult  to  see  that  the  integrals  must 
be  regular  under  the  assigned    conditions.      For  the    dift'erential 

1  1         OZi  dz,n  1  ,•  •  /. 

equations  then  make  x — ,  ...,  -^ —  regular  junctions  or  a-j,  ...,ir„, 

OXl  OXy 

whatever  be  the  ^j-path  of  approach  to  a^ ;  when  derivatives  of  the 

equations  are  formed  and  suitably  combined,  it  could  be  inferred 

d'Z  h^z 

that  ^— ^ ,  .  • . ,  -^-"7 '  ^"  ^"^^  circumstances,  become  regular  functions 

OX-y  CXy 

of  Xj,  .,.,  Xni  and  so  on,  for  the  derivatives  in  succession.  The 
inference  that  z,,  .,.,  z,„  are  regular  functions  of  x^,  x.^,  ...,Xn  is 
then  immediate. 

The  assumption  made  by  ignoring  the  path  of  approach  of  j-j  lo 
o,  may  fairly  be  described  as  a  customary  jussumption :  it  does,  in 
ettect,  exclude  the  consideration  of  the  possibility  that  a,  is  an 
e.ssential  singularity  of  a  uniform  function,  and  it  may  exclude  the 
consideration  of  other  possibilities  of  deviation  from  regularity. 
Yet  it  is  not  inconceivable  that,  in  particular  instances,  such  a.s  the 
stability  of  a  sy.stem  in  a  critical  condition,  the  excluded  possibilities 
are  of  importance-f* :  in  such  an  instance,  it  might  be  actually  the 
fact  that  the  vsiriable  must  ap])roach  its  value  by  a  .specific  path 
and  is  not  permitted  an  unrestricted  approach  to  the  value. 

•  See  T.  /•'.,  p.  57  (second  edition),  Ex.  4. 

+  The  same  considerations  occur  in  connection  with  the  integrals  of  anordinar>- 
equation  of  the  first  order:  see  §§  28—34  in  volume  ii  of  this  work,  where  (§  34)  the 
condition  given  for  that  case  by  Fucbs  is  explained. 
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The  second  of  the  subsidiary  Existence-theorems. 

14.  In  the  preceding  theorem,  the  only  variables  which  occur 
explicitly  in  the  set  of  partial  equations  are  the  dependent  variables : 
it  can,  however,  be  extended  so  as  to  allow  the  explicit  occurrence 
of  all  the  variables.     The  extended  theorem  is  as  follows : — 

Let  a  set  of  partial  equations  be  given  in  the  form 

for  values  i  =  \,  ...,  ni,  being  m  equations  in  in  dependent  variables ; 
the  coefficients  Gy,.  and  the  quantities  Gi  are  functions  of  all  the 
variables, dependent  and  independent.  Let  Ci,  ...,  c,„,  a^,  ...,  cin  be 
a  set  of  values  of  z^,  ...,  Zjn,  Xi,  ...,  x^  respectively,  in  the  vicinity 
of  which  all  the  functions  Gijr  and  Gi  are  regular;  and  let  0i,  ..., 
^m  be  a  set  of  functions  of  x\,  ...,  Xn,  which  acquire  values  Cj,  ..., 
Cm  respectively  when  x.2  =  a^,  ...,  Xn  =  an,  which  are  regular  in  the 
vicinity  of  these  values  of  X2,  ...,  Xn,  and  which  otherwise  are 
arbitrary.  Then  a  system  of  integrals  of  the  equations  can  be  determ- 
ined, which  are  regular  functions  of  x^,  ...,  Xn  in  the  vicinity  of  the 
values  Xi  =  ai,  X2  =  a2,  ...,  Xn  =  cbn,  and  which  acquire  the  values 
4>i,  •••,  4*m  when  Xi  =  a^;  moreover,  the  system  of  integrals,  determined 
in  accordance  with  these  conditions,  is  the  only  system  of  integrals 
that  can  he  thus  determined  as  regidar  functions. 

The  establishment  of  this  theorem  can  be  derived  from  the 
former  theorem  in  a  simple  manner.  Let  n  new  dependent 
variables  t^,  ...,  tn  be  introduced,  defined  by  equations 

dti  _dt2         ^_o       — — 0  ^^*  =  0 

dxi      dxo '       dxi        '     dxi        '  ■••>    g^.^ 

and  by  the  conditions  that,  Avhen  x^  =  a^ , 

ti  =  H 1 ,      63  ^  X2  ,       .  .  .  ,      t;i  =  Xfi . 

From  the  last  n  —  1  of  these  equations,  combined  with  the  imposed 
conditions,  it  is  clear  that 

in  general.     Then 

dti  _  9^2  _  1 
dxi     dx»       ' 
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80  that 

^  =  a-,  -f-  function  of  x^,  . . . ,  «•„ 

on  applying  the  imposed  condition. 

We  replace  a-j,  ...,  x,^  in  Gijr  and  in  6r,  by  ^j,  ...,  /„,  and  denote 
the  functions  resulting  after  the  change  by  Hij^  and  Hf.     Also, 

noting  the  fjict  that  ^-  is  unity,  we  take  an  amplified  system  of 

equations 

^■  =  2    1  Hrr^'^  +  Hr^, 


dxi 

dx2 

dxj 

=  0, 

for  t  =  1,  ...,  VI,  and  /*  =  2,  ...,  ?? ;  and  the  imposed  conditions  are 
that,  when  Xi  =  a^ , 

t]  ^  CE^  ,      t.>  ^  t/ 2 ,      . . . ,      tfi^  ^n . 

The  coefficients  in  the  modified  .system  are  functions  of  the  de- 
pendent variables ;  the  properties  of  the  n\odified  system,  when 
account  is  taken  of  the  imposed  conditions,  are  the  properties  of 
the  systems  to  which  the  former  theorem  applies.  Hence,  by  that 
former  theorem,  a  set  of  integrals 

Zi=  -i/r.Or,,  .Tj Xn), 

t    =X 

for  ?  =  1 .  . . . ,  m  and  /z  =  1 //,  e.xists;  the  functions  >^,-  arc  regular 

functions  of  the  variables  .r,  and  when  x^  =a,,  the  functions  >/r,,  ..., 

^|r„^  reduce  to  «^, <^,„  respectively;  and  the.se  regidar  integrals 

are  the  only  set  of  regular  integr-als  which  .sjitisfy  the  imposed 
conditi<Mi.s. 

When  we  substitute  ^  =  .r,,  t^  =  x, f„  =  .r„  in  the  modified 

system,  we  return  to  the  original  system  :  the  results  just  obtained 
constitute  the  theorem  required. 

Note.     There  is  the  same  kind  of  limitation  as  in  the  former 
case  (§  13) :  it  is  possible  that,  for  reasons  connected  with  essential 
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singularities  such  as  particular  modes  of  the  approach  of  ajj  to  Oj, 
there  may  be  non-regular  integrals  of  the  equations  satisfying  the 
imposed  conditions. 

Ex.  1.     Obtain  the  integral  of  the  equations 

^'^  r.        .)     ^    .  /       r>        ON  ?"     3w 

ox  ^  '  cy      oz 


dv 

dx 


(u-'iv-x^)^-  +  o- 
cy      Cz 


subject  to  the  initial  conditions  that,  when  x=Q, 

(where  a  is  a  constant),  in  the  form 

■M  — 2i'  — .r^=ae~^, 

\ogv={x+y  +  Z  +  ae- '  {\-  e-'YY. 

Ex.  2.     Integrate  similarly  the  equations 

||  =  2^  +  0f-2i;-a;2)(l-2O  +  2«(M-2«;-a;2)^  +  ^ 


(Riquier.) 


dx' 

dx 

dio 

dx 


dy      dz 

(x^  +  2v-  u)  fi  +  2t  (u  -  2v -  x^)  ^  +  3- 

oy      cz 

2t(u-2v-x^)^  +  ^^ 
^  '  dy      dz 

(x^  +  2v-  u)  ^2  +  2t  (u  -  2v  -x^)^  +  ^ 

'  cy      oz 


V 


subject  to  the  initial  conditions  that,  when  .r  =  0,  the  variables  «,  v,  t,  w, 
respectively  acquire  the  values 

u=2(i/^  +  z'^)  +  ae~^,       v=y'^+z^,       t  =  l,       w  =  2z. 

(Riquier.) 

Ex.  3.     As  an  examjile  of  the  general  theorem,  let  it  be  required  to  obtain 
the  integral  of  the  equation 


dz 


yl. 


dz 


=0, 


dx     y^  —  y-\-x  dy 
which  acquires  the  value  y  when  x  =  \. 

After  the  explanations  that  have  been  given,  it  will  be  of  the  form 

2=y-(.r-l)_5/i  +  (.r-  1)2^2-...  ; 
in  order  that  this  may  satisfy  the  diflferential  equation,  the  coefficients  y^  ,yo,  ... 
are  determined  by  the  relation 


.y 


3y«- 


3y«-5 


«yn     y^-y+1       dy      +(y2_y+l)2       9^      +(^2_y  +  i)3      S^ 


r 


^!/n- 


r 


3yi 


+ 


r 


•••■^(y2_y  +  i)»-i  dy  ^(3/2_y  +  i)«' 
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as  may  be  verified  by  substituting  the  expression  for  z  and  comparing 
coeflScients  of  jKjwers  of  x— 1.     In  particular, 

_       y« 

and  so  on. 

The  equation  is  amenable  to  the  ordinary  practical  method.     The  most 
general  integral  is  found  to  be 

1 

{x-y)ey=f{z\ 

where  /  is  an  aibitrary  function,  to  be  rendered  definite  by  means  of  the 

assigned  condition,  which  is  that  z  must  acquire    the  value  y  when  x=l. 

Hence 

1 

{\-y)eV^f{y\ 

and  therefore 

1 

(1  -  z)  e'  =f(z\ 
so  that  the  required  integral  is  given  by  the  equation 

1  1 

{\-z)e''={x-y)ey. 

But  in  connection  with  this  equation,  it  must  be  specified  as  that  value 
of  z  which  acquires  the  value  y  when  x=  1 ;  it  is  not  enough  to  take  any  root 
of  the  equation  for  the  integral,  because  (when  x=\)  there  is  an  infinitude  of 
values  of  z  as  fimctions  of  y,  and  only  one  of  these  is  actually  equal  to  y.  In 
fact,  the  finite  form  of  the  equation,  though  it  includes  the  required  integral, 
does  not  give  a  unique  expression  for  z. 

Note.     It  sometimes  is  convenient*  to  associate  an  ordinary  equation 


witli  a  partial  difierential  equation 

3*        J.,  V   ?«       ^ 

It  is  known  tliat  integrals  of  the  respective  equations  exist.     Taking  the 
equation  just  discussed,  so  as  to  have 


the  only  regular  integral  of  the  ordinary  equation,  acquiring  a  value  zero  when 
x—\^  is  given  by 

y=o. 

•  Picard,  Traiti  d' Analyse,  t.  n,  ch.  xi,  §  15. 
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Now  taking  the  partial  equation  and  supposing  an  integral  of  the  ordinary 
equation,  assumed  to  exist  in  the  same  regular  field  of  variation,  to  be  substi- 
tuted in  z,  we  have 

"bx      dy  dx       ' 

that  is,  z=:A,!i  constant,  for  that  substitution :  and  the  constant  A  manifestly 
can  be  made  zero.     Conversely, 

z=0 

clearly  gives  the  regular  integral  of  the  ordinary  equation  in  the  form 

2/=0. 

We  can  also,  by  quadratures,  obtain  the  complete  primitive  of  the  ordinary 

equation  in  the  form 

1 

{x-y)ey  =  c, 

where  c  is  an  arbitrary  constant.  This  cannot  be  obtained  from  the  regidar 
integral  of  the  partial  equation,  by  taking 

z  =  A, 

for  any  value  of  J,  if  we  take  unlimited  variation  of  y ;  because  y=0  is  an 
essential  singularity  for  one  equation  and  an  ordinary  point  for  the  other. 
But  it  can  be  obtained  from  the  non-regular  integral 

1 

(x-y)ev=f{z), 

by  taking  z=xi  :  the  appropriate  value  of  c  is 


CHAPTEJi    Jl. 
Cauchy's  Theorem. 

The  main  results  in  this  chapter  are  associated  with  theorems  establishing 
the  existence,  under  assigned  conditions,  of  integrals  of  systems  of  partial 
eqviations,  the  number  of  equations  in  a  system  being  the  same  as  the  number 
of  dependent  variables:  they  are  conveniently  descril)ed  as  Cauchy's  Theorem, 
because  they  have  their  origin  in  Cauchy's  investigations*  on  the  subject. 
The  niethod  adopted  is  based  upon  the  memoir  of  Madame  Kowalevsky, 
quoted  in  the  preceding  chapter  (p.  11) ;  reference  may  also  be  made  to  the 
expositions  given  by  Jordan,  Court  cP Analyse,  t.  ill  (1896),  ch.  ni,  §  1,  and 
by  Goursat,  Lecons  sur  Fintegration  des  ^nations  aux  deriv^es  partielle*  du 
premier  ordre,  (1891),  ch.  I. 

15.  The  existence-theorems  established  in  the  preceding 
chapter  can  be  applied  to  equations,  and  to  systems  of  equations, 
of  representative  types ;  and  to  such  applications  we  now  proceed. 
But  some  passing  remarks  must  be  made  upon  the  limitations 
that  have  been  imposed.  All  the  equations  are  linear  in  the 
derivatives  of  the  dependent  variables:  this  character,  if  not 
initially  possessed,  frecpiently  (though  not  universally)  can  be 
secured  by  appropriate  transformations.  All  the  coefficients  of 
the  derivatives  in  the  equations  have  been  assumed  to  be  regular 
functions  of  the  indepi-ndiiit  variables  (and,  in  the  case  of  the 
earlier  theorem,  of  the  dependent  variables)  within  the  fields  of 
variation  considered:  no  nsult  as  to  the  character,  or  even  the 
existence,  of  integi-als  hivs  bi'en  obtained  when  there  is  any 
deviation  from  the  postulated  regularity.  The  imp<ised  initial 
conditions  are  of  a  similar  type,  because  they  require  the  assump- 
tion, .IS  values,  of  arbitrary  functions  of  a  regular  character  for  a 

•  Q-'.nrrr$  ile  Cauchy,  l'*S<?r.,  t.  vn,  p.  17,  and  elsewhere.  These  memoirs  were 
piiblishod  in  the  Comple$  Rrndu$  in  1842  ;  his  earliest  researches  on  the  subject  date 
back  to  1819. 
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chosen  value  of  a  particular  variable :  but  no  result  is  established 
if  these  assigned  arbitrary  functions  are  not  regular,  in  any  form 
of  deviation  from  regularity.  It  may  be  possible  (and  frequently 
it  is  possible)  to  transform  the  equations  in  such  a  manner  that 
another  particular  variable  may  be  selected  as  the  pivot  of  initial 
conditions,  with  the  appropriate  modification  as  to  the  arguments 
of  the  functions  in  the  assigned  initial  conditions ;  and  the 
existence-theorems  establish  no  relation  between  the  integi'als 
proved  to  exist  in  the  respective  cases.  Moreover,  the  integi'als 
considered  are  functions  which  are  regular  within  the  fields  of 
variation ;  the  limitation  to  uniformity,  instead  of  to  regularity 
so  as  to  exclude  essential  singularities,  is  (for  the  almost  complete 
part)  excluded  ft-om  discussion  in  the  present  state  of  knowledge. 

Even  within  these  restrictions,  the  existence-theorems  already 
proved  have  a  wide  range  of  important  applications ;  some  of 
these  applications  will  now  be  taken  in  succession. 


Cauchy's  Theorem  for  Equations  of  the  First  Order. 

16.  We  begin  with  the  simplest  case,  being  that  of  a  single 
equation  of  the  first  order  in  one  dependent  variable  and  two 
independent  variables;  taking  the  latter  to  be  cc  and  y,  and 
denoting  the  first  derivatives  of  z  with  regard  to  these  variables 
by  p  and  q  respectively,  we  may  consider  the  equation  in  the  form 

/{x,  y,  z,  p,  q)  =  0, 

where  /  will  be  taken  to  be  regular  in  its  arguments :  and  we 
shall  assume  that  the  equation  is  irreducible.  Let  x  =  a,  y  =  b, 
z  =  c,  p  =  X,  q  =  fi,  he  a.  set  of  values  satisfying  the  equation  /=  0 ; 

then  unless  the  quantity  ^  vanishes  for  these  values,  the  equation 

can  be  resolved  so  as  to  express  p  in  terms  of  the  remaining 
arguments  in  a  form 

p-X  =  g{a;-a,  y-b,  z-c,  q-  fi), 
say 

p=g(x,y,z,q), 

where  ^  is  a  regular  analytic  function  of  its  arguments.  Now,  as 
^  usually  involves  the  variables  that  occur  (or  some  of  them),  it 
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usually  is  possible   to  choose  initial  values  so  that  ^   does  not 

vanish :  and  tlien  the  analytic  resoluti»jn  ut'  the  original  equation 
is  possible.  But  it  may  happen  that  values  of  z  (if  any)  and  of  its 
derivatives  which  satisfy  the  original  equation  f=  0,  that  is,  which 
make  /'  vanish  consistently  with  a  relation  between  z,  x,  y  and 

7)f 
with  derivatives  from  that  integral  relation,  also  make  ~-  vanish 

op 

similarly:    the  suggested  resolution  of  the  original  equation  is 

then  impossible,  so  that  p  could  not  be  expressed  as  a  regular 

analytic  function  of  x,  y,  z,  q. 

17.      As   a   first  alternative,  we  assume  that  the  resolution 
with  regard  to  ^j  is  possible  in  the  fonn 

p  =  g(x,y,z,  q), 

where  g  is  regular  in  the  vicinity  of  .r  =  a,  y  =  h,  z  =  c,  q=  fi.  We 
can  apply  the  existence-theorems,  already  established,  to  prove 
that  an  integral  z  of  the  equation  exists,  having  the  propeHies : — 

(i)  it  is  a  regular  function  of  x  and  y  within  fields  of 
variation  round  x  =  a  and  y  =  b  given  by 

x  —  a\t.r,       y  —h    t.r, 

where  r  is  not  infinitesimal : 

(ii)  when  x  =  a,  the  integral  z  reduces  to  (t>(y),  ivhere  <f>{y)  is 
a  regular  function  of  y  ivithin  the  field  y  —  h\^r, 
acquinng  the  value  c  when  y  =  b,  and  othermse  arbi- 
trary ; 

(iii)     tlte  integral  z,  as  determined  by  these  conditions,  is  unique 
as  a  regular  infegral. 

In  order  to  deduce  this  result  from  the  former  theorems,  we 
consider  a  system 

dz 


dx 

=p 

\ 

dq_ 
dx  ~ 

_dp 

dp_ 

dx' 

ex      dz  ^ 

dq  dy  1 

regaidiTig   it  as  a  system   in   three  dejx'udent  variables  z,  p,  q. 
A]>plying  the  second  of  the  existence-theorems  (§  14),  we  infer 
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that  integrals  of  this  system  of  equations  exist  which  are  regular 
in  the  vicinity  of  x  =  a,  i/  =  b,  and,  when  x  =  a,  are  such  that 


'=    dy    ' 


p  =  g\a,  y,  <j)(y), 


dy 
where  ^(y)  is  the  foregoing  regular  function  of  y  acquiring  the 

value  c  when  y  =  b,  and     ^        is  therefore  also  regular,  acquiring 

the  value  fi  when  y  =  h ;  moreover,  this  set  of  regular  integrals  is 
unique.  Let  the  set  of  integi'als  of  the  system,  thus  known  to 
exist,  be  denoted  by 

z  =  Z  (x,  y),     i)  =  P  {x,  y),     q=Q  (x,  y) ; 

we  proceed  to  prove  that  z  =  Z{x,  y)  satisfies  the  original  equation 
so  that,  owing  to  its  other  properties,  it  is  the  announced  integi'al. 

As  these  quantities  Z,  P,  Q  satisfy  the  amplified  system  of 

equations,  we  have 

dZ^p 

dx 

fi:'om  the  first  of  those  equations,  so  that 

dz 

dx=i'- 

Again,  Ave  have 

dQ^dP 

dx      dy 
from  the  second  of  those  equations,  so  that 

?§  =  !  /az^ 

dx      dy  \dx 
and  therefore 

d  idZ 


M-^y- 


dx  \dy 

7)7 
Hence Q  is  a  function  of  y  only,  and  its  value  is  the  same 

whatever  value  be  assigned  to  x.     When  x  =  a,  we  have 
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from  the  assigned  valiK-  i>i  Z,  and 

^~     dy 
from  the  assigned  value  of  Q;    hence,  when  x  =  a,  the  value  of 

i.    —0  is  zero,   aiidlthorefore 

dy 

generally,  that  is, 

dz 

Again,  denoting  F-g(x,  y,  Z,  Q)  by  u,  we  have 

du_dP_dg_  dydZ_dg  dQ 
dx  ~  dx      dx     dZ  dx      dQ  dx 

~  dx     dx     dZ        dQ'dy 
=  0, 

by  the  third  equation  of  the  system.     Thus  u  is  independent  of  x ; 
when  x  =  a,  its  value  is 

on  inserting  the  values  acquired  by  Z,  Q,  P  when  x  =  a:   this  is 
zero,  and  therefore  u  =  0  generally,  that  is, 

P  =  g{x,  y,  Z,  Q), 
and   therefore 

We  thus  have 

dz  dz  ,  . 

in  association  with   z  =  Z  (.r,  y),  that  is,  z  =  Z  (./-,  y)  s;vtisfies  the 

equatitm 

dz         (  dz\ 


which  is  the  original  equation.  Owing  to  its  other  properties,  by 
which  it  obeys  the  assigned  conditions,  z  =  Z{x,  y)  is  the  integral 
required. 
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18.  Passing  now  to  the  other  alternative,  under  which  the 
equation  /  =  0  cannot  be  resolved  with  regard  to  p  because  the 

magnitude  ~-  vanishes  for  values   of  the  variables  that   make  / 

vanish,  we  consider  the  resolubility  of  the  equation  f=0  with 
regard  to  q.    This  resolution  will  be  possible  unless  the  magnitude 

^  vanishes  for  values  of  the  variables  that  make  /  vanish ;  when 

Cq  ^ 

it  is  possible,  the  resolved  form  will  be 

q=h  {j;  y,  z,  p), 

where  ^  is  a  regular  function  of  its  arguments,  in  the  vicinity  of 
values  (say)  x  =  a,  y  =  h,z  =  c.  An  integral  of  the  equation  exists 
having  the  properties: — 

(i)  it  is  a  regular  function  of  x  and  y  within  fields  of 
variation  round  x  =  a  and  y  =  b  given  by 

\x  —  a^  r,      y  —  h  <  '■, 
where  r  is  not  infinitesinial : 

(ii)  luhen  y  =  h,  the  integral  z  reduces  to  ^lr(x),  where  -^{x)  is 
a  regular  function  of  x  within  the  field  \x  —  a\-^r, 
acquiring  a  value  c  when  y  =  b,  and  otherwise  arbitrary : 

(iii)  the  integral  z,  a^  determined  by  these  conditions,  is  unique 
as  a  regular  integral. 

The  proof  of  this  proposition  is  similar  to  the  proof  of  the 
proposition  in  the  case  when  the  equation  f=0  was  resolved 
with  regard  to  jj;   it  will  not  be  set  out  in  detail. 

19.  Combining  these  results,  it  follows  that  an  irreducible 
equation  /=  0  possesses  a  regular  integral  with  assigned  condi- 
tions if  it  is  resoluble  with  regard  to  p,  that  it  possesses  another 
regular  integi'al  with  other  assigned  conditions  if  it  is  resoluble 
with  regard  to  q,  and  that  each  of  these  integi'als  is  unique  under 
its  conditions.    These  integrals  have  been  obtained  from  equations 

P=9(^>  y.  ^>  <])>     q  =  /'  {''->  l/>  z,  p), 
respectively,    which   arise    from    the    resolution    of    /'=  0    in    the 
respective  cases :    but  they  do  not  generally  represent  the  whole 
of  the  equation  /=  0,  for  if  /'  were  of  degree  ni  in  j)  and  n  in  q, 
there  would  generally  be  in  equations  of  the  former  type  and  n  of 
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the  lattor,  distinct  fn>m  one  another  in  their  respective  sets.  E^uh 
such  equation  determines  a  unique  reguhir  int^'gral  under  the 
jissi^ied  conditions,  which  may  be  made  the  same  for  each  equa- 
tion in  the  set.  If  for  the  m  equations,  the  respective  reguhir 
integrals  are 

^  =  ^i  (•^.  .'/).    z  =  0ii^.l/).    ■■■'   ^  =  ^m  (•'•.  yh 
then  clearly  the  equation 

[^  -  ^.  i-^,  y)\  [^  -  6. (^.  y)]-'{z-  ^m {-r,  y)]  =  0 

gives  the  integi'als  of  the  equation 

supposed  of  degree  m  in  p  tmd  resoluble  with  regard  to  p,  such 
that  when  x  =  a,  z  assumes  the  assigned  functional  value  ^(^). 
Similarly,  if 

f{x,  y,  z,  p,  q)  =  0 

be  of  degree  n  in  q  and  be  resoluble  with  regard  to  q,  an  equation 

[z-^^,  {X,  y)]  [z  -  %  (.r,  y)]...[z-  ^„  {x,  y)]=0 

gives  the  integrals  of  the  equation  such  that,  when  y  =  b,  z  assumes 
the  assigned  functional  value  -v/r  (x). 

But  it  may  happen  that  the  equation 

/(x,  y,  z,  p,  q)  =  0 

is  not  resoluble  with  regard  either  to  p  or  to  q,  that  is  to  say,  it 

may  happi-n  that  the  magnitudes  ^     and  ^   vanish  for  values  of 

the  variables  which  make /'vanish.  The  existence-theorem  wmnot 
then  be  applied,  and  so  it  provides  no  information  as  regaixis 
integrals  of  the  equation.  Wi'  must  then  investigate  independently 
the  character  of  those  integials  (if  any)  of  the  equation 

f{'^',y,z,p,q)  =  ^, 

\\hich  at  the  same  time  are  such  as  to  satisfy  the  eipiations 

dp        '     dq 
This  di.scussion  will  come  later. 

20.  The  initial  conditions  imposetl  upon  the  integrals,  in  the 
cjuses  where  existence  hivs  been  established,  are  associated  with 
piirticular  values  of  the  variable  x  or  of  the  variable  y:   a  more 
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general  form  can  be  given  to  the  theorems,  by  a  change  in  the 
independent  variables.  Let  these  be  changed  from  x  and  y  to 
X  and   F,  where 

X  =  X{x,y\     Y=Y{x,y\ 

and  denote  by  P  and  Q  the  derivatives  of  z  with  regard  to  X  and 
F  respectively.  Then  if  the  transformed  equation  is  resoluble 
with  regard  to  P,  it  i^ossesses  an  integral  z  (which  therefore  is  an 
integi-al  of  the  original  equation)  characterised  by  the  foUouniig 
properties : 

(i)  it  is  a  regular  function  of  x  and  y  within  domains  that 
are  not  infinitesimal: 

(ii)  when  X  (x,  y)  =  a,  the  integral  acquires  a  value  6  {x,  y), 
which  is  a  regular  function  luithin  the  domains  con- 
sidered, which  is  not  expressible  in  terms  of  X  alone, 
and  which  otheriuise  is  arbitrary: 

(iii)  the  regular  integral  thus  determined  is  unique  for  the 
branch  of  the  equation  given  by  the  resolution  with 
regard  to  P. 

Note  1.  When  the  equation  f{x,  y,  z,  p,  q)  =  0  is  resoluble 
with  regard  both  to  p  and  to  q,  regular  integrals  are  obtained 
each  of  which  is  unique  under  the  initial  conditions  imposed. 
Such  integrals  are,  in  general,  independent  of  one  another ;  if  an 
integral  possessed  by  the  equation  resolved  with  respect  to  p 
proved  to  be  the  same  as  the  integi-al  possessed  by  the  equation 
resolved  with  respect  to  q,  there  must  be  relations  between  the 
two  sets  of  initial  conditions. 

Note  2.  In  each  set  of  initial  conditions,  a  single  function 
occurs  which,  within  certain  very  broad  limitations,  is  arbitrary: 
subject  to  the  associated  conditions,  this  arbitrary  function  deter- 
mines a  regular  integral  uniquely.  We  may  therefore  expect 
that,  when  classes  of  integrals  of  partial  equations  of  the  first 
order  are  being  discussed,  one  class  will  emerge  characterised  by 
the  occurrence  of  a  single  arbitrary  function. 

This  result  will  be  found  to  be  a  special  case  of  a  more  general 
result. 

Note  3.     The  equation  y  (a;,  y,  z,  p,  q)  =  0  has  been  described  as 
irreducible;  the  property  has  been  tacitly  used,  though  explicit 
p.  V.  3 
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reference  to  the  irreducibility  has  not  been  made  after  the  first 
statement. 

The  reason  for  assuming  the  property  is  practically  obvious. 
If  /{x,  i/,z,p,q)  can  be  expressed  as  the  pnxluct  of  indt'jK'udent 
rt'gular  factors,  say  F  and  G,  and  if,  in  considering  integrals  of 
/=  0,  we  begin  with  the  integrals  of  F=0,  wo  have 

dp  dp  '     dq  dq  ' 

so  that,  as  G  is  not  zero,  the  critical  quantities  for  the  resolution 

dF  dF 

of  the  equation  are  tt-  and  r— .     We  thus,  in  effect,  do  consider 
^  dp  dq 

separately  the  integrals  of  F  =  0  and  G  =  0 ;   and  therefore  no 

generality  is  lost  by  assuming  the  equation  as  irri'ducible  in  this 

case. 

21.  We  shall  frequently  have  recourse  to  geometrical  illu.s- 
trations,  particularly  in  the  case  of  equations  involving  one  de- 
pendent variable  and  two  independent  variables.  Such  illustrations 
limit  the  range  of  variation  of  the  variables  to  real  quantities ; 
they  will,  however,  be  found  an  occasionally  convenient  method  of 
statement. 

Thus  consider  the  equation  f{x,  y,  z,  p,  q)  =  0:  an  integral  is 
a  relation  between  x,  y,  and  z,  and  this  can  conveniently  be  inter- 
])reted  as  the  equation  of  a  surface.  We  have  seen  that,  under 
conditions  which  do  not  need  restatement  for  the  present  puqwse, 
there  is  an  integral  such  that,  when  .<•=  a,  the  integral  jvcquires  a 
value  <^  (y).     But 

5-  =  a,     z  =  (}>{y), 

are  the  equations  of  a  plane  curve,  as  arbitrary  as  is  the  function 
<t>{y).  Hence  a  surface  can  be  drawn  that  will  .satisfy  the  j)artial 
equation  and  will  pass  through  a  plane  curve  which  (within 
certain  large  limitations)  can  be  taken  arbitrarily. 

Similarly,  as  regards  the  modified  result  of  §  20:  the  equations 

X(x,  y)  =  a,     z=e(x,  y), 

are  the  equations  of  a  skew  curve ;  and  therefore  a  surface  can  be 
dniwn  that  will  satisfy  the  partial  equation  and  will  pass  through 
a  .skew  curve  which  (within  certain  large  limitations)  can  be  taken 
arbitrarily. 
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22.  A  precisely  similar  application  of  the  general  existence- 
theorenas  in  the  last  chapter  can  be  made  when  the  differential 
equation  of  the  first  order  involves  ?«  independent  variables :  it 
will  therefore  be  sufficient  to  state  the  results. 

Denoting  the  independent  variables  hy  x^,  ...,  Xn,  and  the  first 
derivatives  of  2  hy  p^,  ...,  pn  as  usual,  we  take  the  equation 
in  the  form 

J  \^i >    •  •  • )    ^n>  ^>  Pi>   '••  >   Pn)  ^^  "> 

and  we  assume  it  to  be  irreducible :  and  we  have  the  following 
results. 

Except  for  such  values  of  the  variables  (if  any)  as  make  ^ 

vanish  at  the  same  time  as  /,  the  equation  can  be  resolved  with 
regard  to  p^ ;  and  if  a^i  =  aj,  ,..,  Xn  =  an,  z  =  c,  pi=\i,  ...,  Pn  =  >-n> 
be  an  ordinary  set  of  values  for  the  equation  /=  0,  so  that  /  is 
regular  in  their  vicinity,  then  the  resolved  expression  for  pr  is 
regular  in  the  vicinity  of  those  values.  Let  0^  denote  a  function 
of  a?!,  ...,  ^V-i,  ^r+i,  •••>  ^n,  which  is  regular  in  the  vicinity  of 
Xi  =  Ui,  ...,  x,i  =  ttn,  which  at  «!,  ...,  (/„  acquires  the  value  Cr,  and 
which  is  otherwise  arbitrary.  Then  an  integral  of  the  resolved 
equation  exists,  determined  by  the  conditions 

(i)     it  is  a  regular  function  of  the  variables  within  fields  of 
variation  given  by 

\xi-  ail^p,    ...,    \  Xn-an\<p, 

where  p  is  not  infinitesimal ; 

(ii)     when  ^,.  =  a^,  the  integral  acquires  the  value  0^. 

Moreover,  the  integral  of  the  resolved  equation,  as  determined  by 
these  conditions,  is  unique. 

If  the  original  equation  is  of  degree  /j,  in  p^,  there  are  fi  re- 
solved equations  equivalent  to/=  0  save  when  ~-  vanishes  with/; 

each  such  resolved  equation  determines  a  unique  integral,  subject 
to  the  imposed  conditions ;  if  these  be  ^1 ,  . . . ,  ^^ ,  then  the  equation 

(^-r.)-.-(^— w=o 

can  be  regarded  as  providing  the  integral  of  /=  0,  subject  to 
the  imposed  conditions. 

3—2 
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The  resolution  of  the  t'quiiti(»n  /'=  0  is  possible  with  regai*d  to 

each  of  the  n  quantities  p  in  turn,  except  only  when  ^  vanishes 

withy';  and  each  such  solution  lea^ls,  under  corresponding  imposed 
conditions  similar  to  those  used  for  the  resolution  with  regard 
to  2^r,  to  similar  integrals  of  the  resolved  equations  and  to  a  corre- 
sponding integral  of /'=0,  unique  under  the  imposed  conditions. 

Hence,  by  resolving  with  regard  to  one  or  other  of  the 
derivatives  ja,,  ...,  p„,  we  establish  the  existence  of  integrals  of 
the  equation,  uniquely  determined  by  imposed  conditions  which, 
within  certain  large  limitations,  involve  an  arbitrary  functional 
element. 

This  establishment  of  the  existence  of  integi-als  of  the  equation 
/=0  is  effective  except  in  the  single  conjunction  that  all  the 
quantities 

K       ¥_  ¥_ 

vanish  for  values  of  the  variables  which  make  /'=  0 :  in  that  con- 
junction, if  it  can  occur,  the  existence-theorems  cannot  be  applied. 
There  will  therefore  remain,  as  a  subject  for  separate  consideration, 
the  discussion  of  the  integrals  (if  any)  of  the  equation 

which  simultaneously  satisfy  the  equations 

dpi         '        '  dpn 

As  before,  we  can  deduce  the  existence  of  integrals  which  are 
such  that,  when  some  relation 

is  sjitisfied,  z  acquires  a  value  ^(.r,,  ...,  a-n),  where  ;*  and  <f>  are 
regular  functions,  and  0  is  not  expressible  in  terms  of  ^i  alone : 
the  general  condition,  necessjiry  for  the  existence  of  the  integral,  is 
that  the  quantity 

dpi  9;r,      dp^  d.T^      '"      dpn  dx^ 
shall  not  vanish  in  virtue  of/=0. 
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Cauchy's  Theorem  for  Equations  of  the  Second  Order. 

23.  The  equation,  next  in  simplicity,  to  which  the  existence- 
theorems  can  be  applied,  is  an  irreducible  equation  of  the  second 
order  in  one  dependent  variable  and  two  independent  variables. 
Denoting  the  second  derivatives  of  z  with  regard  to  x  and  y 
by  r,  s,  t,  as  usual,  we  may  take  the  equation  in  the  form 

/(^>  y,  z,  p,  q,  r,  s,  t)  =  0, 

where  /  will  be  assumed  to  be  a  regular  function  of  its  arguments. 
Let  a,  b,  c,  \,  /m,  ot,  /3,  7  be  a  set  of  values  of  the  arguments  of  f  in 

the  vicinity  of  which  /  is  regular;    then,  unless  ^  vanishes  for 

those  values,  the  equation  can  be   resolved  so  as   to   express  r 
in  terms  of  the  remaining  quantities  by  an  equation 

r-a.  =  g{x-a,  y-h,  z-c,  p-\,  q  -  fj,,  8-/3,  t-y), 
say 

r  =  9  (a^,  y,  z,  p,  q,  s,  t), 

where  (jr  is  a  regular  analytic  function.     Now,  as  ^^  usually  in- 
volves at  least  some  of  the  variables,  it  usually  is  possible  to  choose 

7)f 
initial  values  so  that  ;?-  does  not  vanish ;  and  then  the  resolution 

dr 

of  the  original  equation  can  be  effected.     But  it  might  happen 

that  values  of  z  (if  any)  and  of  its  derivatives,  which  make  /  vanish, 

also  make  ~  vanish :  the  resolution  of  the  original  equation  with 

regard  to  r  could  not  be  effected,  and  we  should  have  to  proceed 
otherwise. 

When  the  resolution  is  possible,  the  general  theorems  can  be 
applied  to  establish  the  existence  of  an  integral  z  having  the 
properties : 

(i)     it  is  a  regular  function  of  x  and  y  within  fields  of  variation 
round  a  and  h,  given  by 

\x-a\^p,     \y-b\^p, 

luhere  p  is  not  infinitesimal; 
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dz 
(ii)     when  x  =  a,  then  z  reduces  to  <^o  (?/)  cL^d  r-  reduces  to  <f>i  (j/), 

where  </>o(y)  and  </>,  (y)  are  regular  functions  of  y  within 
the  domain  \y  —  b\^  p,  acquinng  the  values  c  and  \ 
respectively  when  y=b,  and  are  otherwise  arbitrary ; 

(iii)     the  integral  z  as  determined  by  these  conditions  is  unique. 

The  niotle  of  establishment  is  similar  to  that  in  the  case  of  the 
equation  of  the  first  order,  and  so  the  exposition  will  be  brief. 
We  consider  a  system  of  equations 

dz 


dx 

--P  > 

dp_ 

dx 

--r  , 

dq__ 

dp 

dx 

"W 

ds 

dr 

dx 

"^r 

8< 

ds 

dx 

^9y' 

dx     dx     dz         dp        dq  dy     ds  dy      dt  dy' 

of  the  same  character  as  in  the  general  existence-theorems;  and 
we  regard  the  system  as  involving  six  dependent  variables 
^>  P,  q>  f,  s,  t.  When  the  former  results  are  applied,  we  infer 
the  existence  of  integials  of  this  system  of  equations,  characterised 
by  the  properties : 

(i)     they  are  regul.ar  functions  of  x  and  y  within  the  fields  of 
variation 

\x-a\^p,    ly-bl'^p, 

(ii)     when  x  =  a,  then 

2  =<t>o(y), 

p  =  </>!  (y\ 
d<i>o  (y) 


7  = 


dy 
d4>x  (y) 


dy 
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_  d^<t>o  (y) 

*-  df  ' 

where  <^o  iy)  and  4>i{y)  are  the  foregoing  regular  functions: 

(iii)     the  set  of  integrals  determined  by  these  conditions  is 
unique. 

Let  the  set  of  integrals  thus  determined  be 

z  =  Z  {x,  y),    p  =  P  (x,  y),     q  =  Q  {x,  y), 

r  =  R {x,  y),     s  =S  (x,  y),      t=T{x,  y); 

then  z  =  Z{x,  y)  is  the  announced  integral  of  the  original  resolved 
equation. 

The  proof  is  simple,  on  the  same  lines  as  before.     From  the 
first  of  the  equations,  we  have 


dZ 

dx         ' 

and  therefore 

dz 

dx^P- 

Similarly 

^_dp  _  d'z 

dx      daf ' 

Again,  the  third 

equation  gives 

dQ     dP 

dx      dy 

d-Z 

so  that 

~  dxdy  ' 

dx  \dy        J 

7\7 
Thus  ^ Q  is  independent  of  x :  inserting  the  values  of  Z  and  Q 

*J 

when  x  =  a,  we  find  the  value  to  be  zero,  so  that 

ay    ^' 

and  therefore 

dz 

3^  =  ^- 
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The  fourth  equation  gives 

dx      dy 

dy  \dxj ' 

r)P 

and  therefore  S  — -^  is  independent  of  x:  its  value  is  zero  when 
x  =  a,  and  so 

dy' 
that  is, 

dp 

dy 

dxdy' 
Similarly  from   the  'fifth  equati<jn,  we  have  T—^  independent 
of  x:  its  value  is  zero  when  x  =  a,  so  that 

that  is, 

Lastly,  writing 

v  =  R-g{x,  y,  Z,  P.  Q,  S,  T), 

the  sixth  equation  shews  that  v  is  independent  of  ar:  its  value  is 
zero  when  x  =  a,  and  so  u  =  0  generally.     Thus 

R-g{x,y,Z,P,Q,S,T)  =  0, 
that  is, 

r-(j{o',  y.  2,p,  q.  s,  0  =  0, 

,  dz  dz  d^z  d'z       ^     d'z     . 

where    w  =  _- ,   Q  =  ;c   ,    '' =  ^— , ,   8  =  ^-:^,   *  =  ^"i .  in  association 
ox     ^     dy  oj^  oxoy  oy^ 

with  z  =  Z{x,  y). 

Owing  to  the  other  properties,  by  which  it  obeys  the  assigned 
conditions,  z  =  Z(x,  y)  is  the  integral  of  the  original  differential 
equation,  having  the  prescribed  character. 

Thus  the  existence  of  an  integral  of  the  equation 
/(x,y,  z,  p.  7.  r.  *•.  0  =  0 
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is  established,  save  in  the  case  when  ^  vanishes  for  values  (if  any) 

of  the  variables  simultaneously  with  f.     When  ~-  does  not  thus 

vanish,  the  original  equation  is  analytically  resoluble :  there  is  one 
such  integral,  subject  to  the  imposed  conditions,  for  each  resolved 
branch  of  the  equation:  and  if  ^i,  ^o,  ...  be  these  integrals,  then 

provides  an  integral  of  the  original  equation. 

Similarly,  if  the  equation  is  resolved  with  regard  to  t — and  this 
will  be  possible  except  for  such  values  (if  any)  of  the  variables  as 

make  ~  vanish  simultaneously  withy — and  if  the  resolved  form  is 

t  =  h  {x,  y,  z,  p,  q,  r,  s), 

where  Ji  is  a  regular  function  of  its  arguments,  then  an  integral  z 
exists,  characterised  by  the  properties : 

(i)     it  is  a  regular  function  of  x  and  y  within  fields  of  variation 
round  a  and  b,  given  by 

\x-a\^p,   \y-b\^p, 

where  p  is  not  infinitesimal ; 

dz 
(ii)     when  y  =  b,  then  z  reduces  to  yfr^  (x)  and  ^  reduces  to 

ylri{x),  where  '^o(^)  awe?  '«/^i  (ip)  are  regular  functions  of 
X  within  the  domain  \x—  a\^  p,  acquiring  the  values 
c  and  fjb  when  x  =  a,  and  are  otherwise  arbitrary ; 

(iii)     the  integral  z,  determined  by  these  conditions,  is  unique. 

The  proof  is  similar  to  that  of  the  earlier  proposition  and  so  need 
not  be  expounded. 

24.     It  may  hap])en  that  there  are  values  of  the  variables  for 
which  the  equation  is  not  resoluble  with  regard  either  to  r  or  to  t, 

SO  that  ^ ,  ^ ,  f  vanish  simultaneously  for  such  values :  yet  for 

these  values  the  equation  /  =  0  may  be  resoluble  with  regard  to  s. 
In  that  case,  we  change  the  independent  variables  from  x  and  y  to 
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X  and  ij' ;  (kiKJting  the  derivatives  with  ngard  to  the  new  variables 
by  />',  7',  r ,  s,  t',  we  have 

/  dx  dx 
dx  dy 


-'■'(ST^ 

When  these  are  substituted,  the  new  equation  will  be  resoluble 
with  regard  to  r'  except  for  values  (if  any)  of  the  variables  which 

make  --,  vanish,  that  is,  which  make 
or 

df  /ac'y    dfdx'  d^    df  /a^'y 

dr  \dxj      ds  dx  dij      di  \dyj 
vanish.     In  the  present  case,  we  can  choose  x   so  that  it  shall 

r^f  7)/" 

involve  x  and  _y;  and  therefore,  even  though  •-  and  <-  vanish,  the 

°    or  dt 

foregoing  quantity  will  not  vanish  unless  ^  vanishes.      When  — 

OS  ds 

does  not  vanish,  the  equation  can  be  resolved  with  respect  to  r': 

and  an  integral  of  the  equation  exists,  uniquely  determined  by 

conditions  similar  to  those  in  former  cases. 

This  transformation,  moreover,  shews  that  the  initial  conditions 
can  be  modified  in  all  the  preceding  cases:  they  can  be  associated 
with  an  initial  value  x  =a',  of  course  with  the  appropriate  modi- 
fic<itions,  that  is,  they  can  be  associated  with  an  initial  relation 

e{x,y)  =  a', 

where  6  is  a  regular  function. 

The  existence  of  an  integral  of  the  equation 

f(x,  y,  z,  p,  q,  r,  s,t)  =  0 

is  thus  established  except  for  such  values  (if  any)  of  the  variables 
as  make  the  equations 

F=«.  ¥-^-  l"=o 

or  ds  ?t 

satisfied  simultaneou.sly  with  /"=  0.     If  this  be  possible,  the  exist- 
ence-theorem does  not  apply :  and  there  must  be  an  independent 
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discussion  of  these  integrals,  if  any.  This  discussion  will  be 
deferred. 

In  the  case  of  equations  of  the  first  order,  say  in  two  independent  variables 

only,  we  are  accustomed  to  the  existence  of  integrals  such  that  />  ^  >   ^ 

vanish  simultaneously.  Without  anticipating  the  discussion  of  the  corre- 
sponding question  for  equations  of  the  second  order,  it  is  to  be  remarked 
that  the  four  equations 

may  coexist  without  rendering  the  elimination  of  r,  s,  t  possible.  An  example 
is  furnished  by  the  equation 

{rx^  +  2sxy  +  ty^  -  2px  -  2qy  +  22)2  _  «« (r^  +  2s^  + 1^) 
4a* 


'a*-{x'^+ff 


,(px+qi/-zf. 


Cauchy's  Theorem  in  general. 

25.  We  now  proceed  to  apply  the  existence-theorems,  in  order 
to  establish  the  existence  of  integrals  of  the  system  of  equations 

where  the  quantities  Z^,  Z^,  ...,  Z^  are  regular  functions  of  the 
independent  variables  a\,  ...,  a'n,  of  the  dependent  variables  Zi,  ..., 
Zm,  and  of  the  derivatives  of  the  latter  of  all  orders  up  to  (and 
including)  r'l,  ...,  ?•,„  respectively,  except  only  those  derivatives 
which  appear  on  the  left-hand  sides  of  the  equations. 

Let  ctj,  ...,  a,i  be  values  of  iPj,  ...,  a'n  within  the  field  of  regular 
existence  of  the  quantities  Z^,  ... ,  Z,n  ;  and  let  a  number  of  functions 
of  a^a,  ...,  oTn  be  chosen,  which  are  regular  in  the  vicinity  of  «.,,  ..., 
ttn,  and  (subject  to  certain  limitations  upon  their  coefficients  about 
to  be  stated)  which  are  otherwise  arbitrary.  These  functions  will 
be  denoted  by  (j)\^,  for 

/V=l,   /J.  =  0,1,    ...,   ?'i  —  1 ; 
X  =  2,  ,M  =  0,  1,    ...,   n-l; 

\  =  in,   /A  =  0,  1,    ...,    r,n  —  1. 
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Then    a   system  of  integrals  z^,    ...,  z,n   of  the   equations   exists, 
charactensed  by  the  pru^jerties : 

(i)     they   are    regular  functions   of  Xi,    ...,   x^   in    fields  of 
variation  given  by 

I  ^1  -  a,  I  <  p,    \xt-a,'^p '  ^n-On't-p. 

where  p  is  not  infinitesimal ; 

(ii)     when  x^  =  a^,  the  values  acquired  by  the  integrals  and  by 
their  derivatives  are  given  by  the  relations 

for  the  vanous  values  (f  X  and  fi,  it  being  assumed  that 
the  values  of  the  functions  <^am.  when  x.^  =  a^,  ...,  Xn  =  a^, 
are  values  of  the  derivatives  of  Zi,  ...,  Zm  witliin  the  field 
of  regidar  existence  of  the  functions  Z,,  ...,  Z^i 

(iii)     tlie  system  of  integrals,  thus  determined,  is  unique. 

In  order  to  establish  this  result,  we  merely  generalise  the 
method  applied  in  the  preceding  special  cases  of  the  theorem.  We 
introduce  a  number  of  auxiliary  variables 

assigning  as  initial  conditions  that,  when  ^r,  =  ai,  the  values  they 
shall  assume  are  given  by  the  relations 

Pktw...  =  Y\r, 

when  r  <  7\,  and  [Zx]  is  the  value  of  Za  when  .r,  =  a, ;  and  we  con- 
struct the  system  of  equations 

dxi  dxi      gZ\  9^1     '""' 

0_         '     /'a,   r+l,  0,  0 

^Pkrtt...  _  dpK,  r+i,  «-i.  t- 


9ar,  BiTj 

these  holding  for  r  <rx,  r  +  s  +  t  +  ...  <  r^,  s  >  0,  and  for  all  values 
of  \ ;   the  right-hand  side  of  the  first  equation  is  the  complete 
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derivative  of  Z^  with  respect  to  x^,  the  derivatives  of  the  inchided 
arguments  being  modified  by  the  rest  of  the  equations  in  this 
amplified  system. 

The  substituted  system  of  equations  conforms  to  the  type 
specified  in  the  general  existence-theorems,  which  accordingly 
apply.  The  system  possesses  a  set  of  integrals  having  the  pro- 
perties : 

(i)     they  are   regular   functions  of  the  variables  ^,,  ...,  x^ 
within  the  specified  fields  of  variation : 

(ii)     when  x^^Oi,  the  various  dependent  variables  acquire  the 
respective  assigned  values : 

(iii)     the  integrals,  thus  determined,  are  unique. 

Let  the  values  oi  z,  which  occur  in  this  set  of  integrals,  be 

for  r  =  1,  . . . ,  hi :  these  values  constitute  the  announced  set  of  integrals 
of  the  original  system  of  equations. 

The  method  of  proceeding  is  the  same  as  for  the  simple  cases. 
Thus  we  have 

dzK  _ 

direct  from  equations  of  the  substituted  system.     Again,  we  have 

^Paqioo...  _  dp\ioQ,„ 

dxi  dx^ 


Thus  p\om...  —  ^ —  is  independent  ofx^ ;  its  value  is  zero  when  Xi=  a^, 

0X2 

and  therefore  is  zero  generally,  that  is, 

dZK_ 
g^^-pAoiOO.... 

And  so  on,  step  by  step :  the  last  step  gives 

_a_ 

dxj 

so  that  p\ri^oo...  —  Zk  is  independent  of  x^ :  its  value  is  zero  when 
a;i  =  tti ,  owing  to  the  assigned  conditions ;  and  therefore  the  value 
is  zero  generally,  that  is, 

i^Ar^co...  =  Zk, 


5:7  {Pkr^OO...  -  Zk)  =  0, 
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and  therefore  we  have 

equations  which,  for  all  the  values  of  \,  constitute  the  original 
system.     These  are  equations  satisfied  by 

^A  =  -»|^A  (-'-i ,  . . . ,  ./•„),  (X.  =  1 7/0, 

which  accordingly  are  the  integrals  of  that  original  system.  The 
properties,  which  they  possess  as  integrals  of  the  substituted 
system,  both  as  regards  regular  character,  values  acquired  when 
A-j  =  a,,  and  uniqueness,  shew  that  they  obey  the  conditions  imposed 
in  connection  with  the  original  system. 

A  simple  illustration  is  provided  by  the  differential  equation  of  a  vibrating 
plane  membrane,  which  is 

where  h^  is  a  constant :  an  integral  of  this  equation  is  imiquely  determined  by 
the  condition  of  being  a  regular  function  of  j:,  y,  t,  and  by  the  conditions  that, 
when  t=0, 

By  the  nature  uf  the  aise,  the  boundary  of  the  membrane  is  fixed  ;  hence, 

along  the  boundary,  z  and  ^  are  always  zero,  so  that  the  regular  functions 

f(x,  y)  and  g{x,  y)  have  their  otherwise  arbitrary  character  restricted  by 
this  general  condition  atbvchcd  to  the  particular  problem.  But  it  follows 
from  tlic  general  theorem  that,  if  an  integral  can  be  obtained,  in  any  manner, 
satisfying  the  imposed  conditions,  it  is  the  unique  integral,  subject  to  those 
conditions. 

For  example,  let  the  membrane  be  rectangular  in  form,  having  ita  sides 
equal  to  a  and  h:  let  the  equations  of  the  sides  be  _y  =  0,  y  =  6,  x=0,  x  =  a, 
BO  that  /  and  7  must  vanish  for  any  one  of  thc-sc  four  relations.  Now  an 
integral  of  the  equation  i.s  given  by 

z  =  {a  cos  ct  +  /3  sin  ct)  sin  X.i-  sin  ^y, 
provided 

and  this  integral  will  vanish  on  the  rectiingular  boundary  if 

sinXa=0,        8in;i6  =  0. 
The  latter  will  be  satisfied  by  taking 

-      /rr  mn 
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where  I  and  m  are  integers  ;  then 

and  the  integral  is 

„    .       ^.    .     IrrX    .    mny 
z=(a  cosct  +  B  sin cO sin  —  sin— 7-=^ . 
^  a  0 

Clearly,  the  sum  of  any  number  of  such  integrals  is  also  an  integral :  so  that 
we  have  an  integral  given  by 

„«:<»,  „       .  ,    .    Iitx   .    m-rty 

Z=  2    2   (aj,„coscj^<  +  ^z™sincj„Osin— -sin— v^. 

J=lm=l  ^  " 

This  quantity  Z  vanishes  on  the  boundary  :   if,  then,  the  coefficients  ai^,  Pim 

can  be  determined  so  as  to  satisfy  the  imposed  conditions,  we  shall  have  the 

required  integral.     Now,  when  t  =  0, 

.    Inx    .     miry 

Z=   2     2    a;,„  Sin sin  -^  , 

l=\  m=l  «  0 

"hZ  ^       .     Inx    .    miry 

^=22   cir^ir,,  Sin  -—  sin  -—-  ; 

Ct       1=1  m=\  «  0 

and  these  should  be  equal  to  f{x,  y),  g  {x,  y),  which  accordingly  impose 
limitations  upon  the  character  of  the  regular  functions.  The  conditions  will 
be  satisfied  if 

^""=«fe^.  J 0  j 0^  ^'^'  ^^  ''''  "^  ''"  ~b-  ^-^ ^^- 
The  required  integral  is  uniquely  given  by  the  expression 

xi   cc  .  Iitx   .    mny 

with  the  foregoing  values  for  the  coefficients  a  and  ^. 

Note.     It  will  be  noticed  that  the  existence-theorem  provides 

for  the  introduction  of  a  number  of  functions  which,  within  certain 

very  wide  limitations,  are  arbitrary  functions  of  all  the  variables 

but  one,  or  are  arbitrary  functions  of  all  the  variables  subject  to  an 

assigned  relation  among  the  variables.     In  the  case  of  the  system 

of  equations   considered   in   this   section,   the   number   of  these 

functions  is 

ri  +  r.  +  . . .  +  r,„ , 

being  the  sum  of  the  orders  of  the  highest  derivatives  that  occur. 

In  particular,  if  there  be  only  a  single  dependent  variable  and 
a  single  equation  of  order  r,  the  number  of  arbitrary  functions 
provided  by  the  theorem  for  the  precise  determination  of  the 
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integral  is  r,  the  same  us  the  order  of  the  e<juatioii.  Special 
illustrations  have  been  furnished  by  an  <'quation  of  the  first 
order  and  by  an  equation  of  the  second  order. 

26.     In  the  establishment  of  the  theorem  as  to  the  existence 
of  integrals  of  the  equations 

d^'Zl  _   y  9''"'^m  _    y 

it  was  assumed  that  no  derivatives  of  z,  of  oixler  higher  than  r, 
occur,  and  similarly  for  the  derivatives  of  the  other  dependent 
variables.  This  limitation  is  important:  it  is  actually  necessary 
in  order  that  the  convergence  of  the  series  (and  therefore  the 
functional  significance  of  the  integrals)  may  be  esUiblished. 

The  importance  of  the  conditiou  may  be  illustrated  by  a  single  example*. 

Consider  the  equation 

^  =  !! 
By"     8x ' 

which  belongs  to  the  system  when  associated  with  imposed  conditions  to  be 
satisfied  for  an  assigned  value  of  y ;  but  the  limitation  is  not  obeyed  when  the 
imposed  conditions  are  to  be  sjitisfied  for  an  assigned  value  of  .r.  To  see  the 
effect  of  the  limitation,  let  it  be  rccjuircd  to  obtain  an  integral  of  the  equation 
which  shall  acquire  a  value  P  {jj)  when  .r=0,  /'(y)  being  an  analytic  function 
of  y,  regular  in  the  vicinity  of  y=0.     A  formal  solution  is  manifestly  given  by 

The  convergence  of  the  series  cannot  be  establishe*!  :  indeed,  the  series  in 
general  is  not  a  converging  series.     To  make  the  series  more  precise,  let 

which  sjitisfies  all  the  conditions  :  then 

a*        2n! 


,=o(i-y)*-*'«! 

1  2n! 


l-j/„tou!(l-y)»-- 

>iow  It  is  known t  that  p,  the  radius  of  convergence  of  a  converging  series 

2<7,„.r"»,  is  given  by 

1  1 

-  =  Lim|a„'»l; 
9      m=«o 

•  Kowalevsky,  CrflU,  t.  lxxx  (1875),  p.  22. 
t  T.  F.,  §  26. 
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hence,  if  p  be  the  radius  of  convergence  of  the  series  for  z  regarded  as  a  power- 
series  in  X,  we  have 

|2  m=oo  \m\  J 


p    |i-.y 


1 
Lim  —  2     , 


j  1-y  1"  m=a>    e 

approximately,  by  the  use  of  Stirling's  theorem ;  thus  p  is  zero,  whatever 
finite  value  be  possessed  by  y.  In  other  words,  there  is  no  region  of  con- 
vergence for  z  in  the  case  of  the  assumed  form  of  P  {y). 

The  question  thus  suggests  itself:  what  are  the  limitations  upon  P{i/)  that 
the  series  for  z  should  converge  ?  To  answer  it,  we  take  the  equation  as 
an  instance  of  the  equations  in  §  23  :  the  theorem  shews  that  a  regular 
integral  exists  determined  uniquely  by  the  conditions  that,  when  y—0, 

z=Q{x)=  2  c„a,'", 

n=0 
dz 
<j!/  71=0 

where  Q  {x)  and  R  (x)  are  regular  functions.  The  formal  expression  of  this 
integral  is  easily  found  to  be 

_        y2'«  cV"Q{x)  y2m  +  i     d'^jtix) 

^  %  Jo  2»r!     dx"'     ^,„io  (2  »t  + 1 ) !      dx"'     ' 
Hence,  when  x  =  0,  the  value  of  s  is  given  by 


if  the  integral  is  to  be  given  by  the  former  process,  this  must  be  the  value  of 
P  (y)  in  the  assigned  initial  conditions. 

Let  ?•  denote  the  radius  of  convergence  of  the  power-series  Q{x)  and 
R  (x)  simultaneously :  then,  because  2  c„.i'"  and  2  knX''  are  converging  series 

n=0  ?i=0 

when  \x\<r,  a  finite  quantity  G  exists  such  that 

|c„l<-,         \K\<^, 

so  that  we  may  take 

_Gu  ,.  _^ 

where  |  ?{ |  <  1,  U'  1  <  1,  while  u  and  v  are  not  zero.     If  p  denote  the  radius  of 
convergence  of  the  series  of  powers  of  y,  then 


-  =  Lim 


m: 


Gi 


2tn\  r"* 


2 
m 


=0, 

or  the  power-series  must  converge  over  the  whole  plane.     Consequently,  tlie 
only  functions  admissible  as  values  of  P  (y)  in  the  earlier  investigation  are 

F.  V.  4 
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those  which  are  regular  over  the  whole  plane  and,  when  expressed  as  power- 
Herics,  converge  over  the  whole  plane  in  a  manner  comparable  with  the  series 

„.=o2m!-^       m=o(2m+l):"5' 
Thus  possible  values  of  P(j/)  are  given  by 

P(j/)  =  e^, 

when  (in  the  last  example)  the  real  part  of  ?t  is  iwsitive. 

27.  The  equations,  in  §  25,  though  not  of  a  complott'ly  geneml 
character,  constitute  a  very  extensive  class ;  and  they  are  even 
more  exten.sive  than  their  explicit  form  indicates,  Ixc-ausc  of  the 
possibilities  of  transformation. 

Suppose  that,  in  a  given  system  of  rn  equations,  the  order  of 
the  highest  derivative  of  ^a  is  7'a,  ft>r  ^'=  1,  •■•,  »"  ;  then,  by  tran.s- 
formation  of  the  independent  variables,  it  is  usually  possible  to 
secure  the  explicit  occunvnce  of  the  derivatives 


nn 


that  is,  of  the  highest  derivatives  with  regard  to  one  and  the 
same  variable.  If  all  these  occur,  no  change  is  needed  :  if  any  are 
absent,  we  change  the  variables  by  ix'lations 

for  6'  =  1,  ...,  ?j,  the  constant  coefficients  a  being  at  our  dispo.sjjl 
provided  their  determinant  is  kept  different  from  zero.  .Suppo.se 
that  the  required  derivative  of  z,  hjis  not  occurred  in  the  original 

equations,   but   that   there   is   a    derivative   ^-;^ — T^~\t — '   ^^J^'-^''*? 

(7.'j  C/^Tj  Crj  . . , 

fi  +  /  +  »  4- ...  =7', ;    then,  after  the  tratisfonnation,  the  derivative 

^—i^   will    occur   unless   a^^'a^^ai^...   vanishes.     We   Ciin   always 

secure  that  tliis  negative  provi.sion  is  sJitisfied ;  hence  the  m 
equations  can  be  transformed  so  that  the  required  derivatives 
occur  explicitly. 

But  this  result  is  not  sufficient  tt»  secure  the  f«irm  of  the 
equations  adopted  for  the  existence-theorem  ;  it  must  further  be 
possible  to  resolve  the  m  equations  with  respect  to  the  vi  selected 
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derivatives.     When  the  resohition  is  possible,  the  resolved  equa- 
tions are  of  the  form 


When  the  resolution  with  regard  to  the  selected  derivatives  is  not 
possible,  and  is  equally  not  possible  with  regard  to  every  set  of 
similarly  selected  derivatives,  the  equations  do  not  belong  to  the 
class  considered. 

As  an  instance  shewing  that  the  form  cannot  be  regarded  as 
one  to  which  all  equations  of  the  t3rpe  considered  are  reducible, 
take  the  equations 

^duci         ^diXi        ^dxi 

0X3  dcCs  oxs 

when  the  transformation 

(for  s  =  1,  2,  3)  is  effected,  they  have  the  form 


«13  (  Rl  o-A  +  -R2  ^,  +  R3  ^'  )  + 

V     Od\  di\  di(\  J 


=  ^3. 


gz        02        OZ 

The  equations  can  be  resolved  for  ^-4,  ;rA,  ^,  (and  therefore 

oxi     d^i     d^i 

would  be  reducible  to  the  selected  general  form)  if 

j  Qi,     Q-2,     Qs 

itj  y       -jflio J       -Jtl'3 

is  not  zero.  But  it  might  very  well  happen  that  the  determinant 
of  the  coefficients  P,  Q,  R  should  vanish  identically ;  the  resolution 
would  then  be  impossible.     In  that  case,  it  is  equally  impossible 

4—2 
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to  resolve  the  equations  with  ret^ard  to  ;r-A ,  :r^,,  ^, ,  «ind  also 

oxj     dx,     oxj 

with    regard    to    the   remaining   three   derivatives,   and   so   the 

existence-theorem  cannot  be  applied  ;  but  then  it  is  also  necessary 

that  the  relations 


P       I'       I'      7 

Qi.   Q2.    Qs.  Aj 

12,,       ^,       i?3,        Z3 


=  0 


be  satisfied. 


Hence  the  form  of  equations  retained  in  §  25  is  not  a  com- 
pletely inclusive  normal  form ;  but,  as  already  stated,  it  includes  a 
very  extensive  class  of  equations*. 

Ex.     Consider  the  equations 

"bx       ex      "bx 

hj       'bij'by] 

where  a's  and  6's  are  constants,  X  is  a  function  of  x  alone,  }'  is  a  function  of 
II  alone. 

Effecting  the  transformations,  we  easily  find  that  the  system  can  be 
changed  «o  as  to  have  the  normal  form  selected,  provided  ah'  -db  is  not 
zero.  As.s»iniing  this  proviso  satisfied,  tlie  exi.stencc-theorem  applies  ami 
the  integrals  ccrtiiinly  exist :  they  are  most  easily  obtainable  by  quadrature 
from  the  original  equations  in  the  form 

au-^bv  =  X+f{y)  | 

a'u-it-b'v=Y"-k-g{x)  )  ' 

where/ and  g  arc  arbitrary  functions.  To  determine  /  and  g  in  connection 
with  assigned  initial  conditions,  we  take  the  existence-theorem  for  the 
transformed  equations:  it  would  a.ssign  values  (f){yx  +  8i/)  and  ^(y-r-f-^^)  to 
w  and  V  resiXHitively  when  ax+ffy  is  consttint,  say  X,  where  ad  —  fiy  is  not 
zero.     Thus 

which  determine  /  and  g. 

•  For  a  fuller  discussion  of  this  mattor,  soo  Bourlct.  Ann.  de  /'/•>.  .Vorm.  Sup., 
S""*  S6t.,  t.  VIII  (iHiH),  sTippl.nuent.  The  exaniplo  that  follows  is  takrn  from  tlus 
memoir. 
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But   if  ab'  —  a'b  —  0,   the  resolution  is  not  possible:    and  the   existence- 
theorem  does  not  fipi>ly.     The  quadrature  is  still  possible  ;  and  we  find 

a  u  +  b  v= X  +f  (y), 
a'n  +  b'v=Y+ff{x), 

where  /(?/)  is  arbitrary  so  far  as  the  first  equation  is  concerned,  and  ff  (x)  is 
arl>itrary  so  far  as  the  second  equation  is  concerned.  Assuming  for  pur^joses 
of  illustration  that  no  one  of  the  constants  a,  b,  a',  b'  vanishes,  we  have 

b'{X+f{i,)}  =  b{r+g{x)}; 

hence,  as  there  is  no  relation  between  the  variables  x  and  y,  we  must  have 

g{x)J^X-b'c, 

/(y)=|r-6c, 

where  c  is  a  constant.  The  two  integral  equations  are  now  equivalent  to  one 
only  ;  hence  they  do  not  precisely  determine  the  two  quantities  u  and  v. 
One  of  these  can  be  taken  at  will,  say 

v  =  e{x,  y); 
and  then 

6  ^ ,        ^     X      Y     be 

u=  —  d{x,  y)H h- , 

a  "^       a       a       a 

which  accordingly  are  integral  equations  in  the  case  when  ab'  —  a'b  =  0. 


Other  classes  of  Equations. 

28.  The  preceding  forms  of  equations  are  thus  not  universally 
inchisive ;  and,  in  recent  years,  investigations  have  been  made  on 
general  differential  systems,  so  as  to  establish  the  existence  of 
integrals  under  assigned  conditions  associated  with  wider  classes 
of  equations.  These  investigations  are  mainly  due  to  Meray, 
Riquier,  Bourlet,  Tresse,  and  Delassus*  :  their  formal  complication 
is  elaborate.  There  are  two  main  issues  in  this  development  of 
the  theory ;  one  is  the  construction  of  canonical  forms,  the  other 
is  the  establishment  of  the  existence  of  integi-als  of  the  systems  of 
equations,  the  expression  of  which  involves  arbitrary  constants  or 
arbitrary  functions.     And  we  have  seen,  by  a  particular  example, 

*  Many  references  will  be  found  in  vou  Weber's  article  on  partial  differential 
equations  in  the  Encyclopadie  der  matJiematischen  Wissenschaften ,  vol.  ii,  pp.  299, 
300.  In  addition  to  these,  four  memoirs  by  Riquier  may  be  meutioned;  they  are 
to  be  found  in  the  Acta  Math.,  t.  xxm  (1900),  pp.  203—332,  il.,  t.  xxv  (1902), 
pp.  297—358,  Ann.  de  VEc.  Norm.  Sup.,  3™"'  S6r.,  t.  xvm  (1901),  pp.  421—472, 
ih.,  t.  XX  (1903),  pp.  27—73. 
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(§  3),  that  Ciises  may  occur  in  which  integrals  certainly  exist  and 
cannot  contain  any  arbitrary  element  whatever. 

For  such  investigations,  we  refer  to  the  memoirs  of  the  authors 
quoted ;  and  we  shall  therefore  enter  into  no  further  detail  as  to 
the  existence  of  integrals  of  systems  of  equations  in  number  e<jual 
to  the  number  of  dependent  variables.  There  still  remain,  for  our 
consideration,  the  discussion  of  the  integrals  (if  any)  of  an  equation 
or  a  system  of  equations  in  the  vicinity  of  values  of  the  variables 
where  the  functions  concerned  are  not  regidar,  and  the  discussion 
of  the  integi'als  (if  any)  of  systems  of  equations  in  which  the 
number  of  dependent  variables  is  less  than  the  number  of  equa- 
tions. To  the  former,  very  little  space  will  be  devoted  as  the 
subject  is  hardly  begun :  it  certainly  seems  to  have  claimed  no 
attention  from  investigatoi^s.  The  latter  is  of  the  utmost  import- 
ance, particularly  in  the  case  when  there  is  only  one  dependent 
variable ;    it  will  be  undertaken  in  a  succeeding  chapter. 


CHAPTER  III. 

Linear  Equations  and  Complete  Linear  Systems. 

For  the  materials  of  this  chapter,  reference  may  be  made  to  the  authorities 
quoted  in  Part  i,  ch.  ii,  of  this  work,  in  particular,  to  Mayer's  memoir.  Math. 
Ann.  t.  V  (1872),  pp.  448 — 470,  and  also  to  chapter  li  of  Goxirsat's  Lemons  sur 
V integration  des  equations  avx  derive'es  partielles  du  premier  ordre.  The  chap- 
ter is  devoted  to  hnear  equations,  either  single  or  in  simultaneous  systems. 

Single  equations  and  systems  of  simultaneous  equations,  which  are 
homogeneous  and  linear  in  the  differential  elements  of  the  variables,  have 
already  been  discussed.  The  discussion  of  exact  equations  and  exact  systems 
of  this  type  is  given  in  the  first  two  chajjters  of  volume  i  of  this  work :  the 
remainder  of  that  volume  is  devoted  to  the  discussion  of  inexact  equations 
(Pfaff's  problem)  and  of  inexact  systems. 

n 

The  linear  equation   2  Xipi  =  0. 

29.  We  proceed  to  a  more  detailed  consideration  of  equations 
of  the  first  order.  Cauchy's  theorem  establishes  the  existence  of 
integrals  having  a  considerable  degree  of  generality :  but  it  does 
not  prove  that  the  integi-als  have  the  widest  degree  of  generality 
possible  or  that  they  include  all  integrals  by  the  appropriate 
specification  of  the  arbitrary  elements ;  and  the  only  method  which 
it  provides  for  the  actual  construction  of  the  integrals  leads  to 
expressions  in  power-series.  It  should  be  added,  however,  that 
(save  for  special  classes  of  equations)  the  method  provided  in  the 
proof  of  the  existence-theorem  is  the  only  universal  mode  of  con- 
structing the  integi-al :  but  for  those  special  classes  of  equations 
simpler  methods  can  be  devised  for  the  construction  of  the  integrals, 
while  further  information  can  be  obtained  as  to  their  relative 
generality  and  their   classification.      In   all  that  follows,  we  are 
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conccnied  rather  with  the  theory  in  general  than  with  the  practical 
solution  of  particular  equations  as  expounded  in  text-books*. 

The  simplest  equations  of  all  are  those  which  are  linear  in  the 
derivatives;  among  them,  the  simplest  is  the  equation 

X^Pi  +  X.p.,  +  ...  +  XnPn  =  0, 

when  the  coefficients  X^,  ...,  A'„  are  functions  of  the  variables 
cci,  ...,Xn  but  do  not  involve  the  dependent  variable  z.  It  will 
be  seen  later  that  every  linear  equation  can  be  expressed  in  this 
form. 

As  usual,  we  associate  with  the  partial  equation  the  system  of 
ordinary  equations 

dx^  _  dx^  _  dxn 

Xi      X2  A  „ 

by  the  theory  of  such  equations,  their  integi'al  equivalent  consists 
of  w  —  1  independent  equations  in  a  form 

Ur{Xi,  ...,  X„)  =  Cr,  (r=l,   ...,  71-  1). 

Taking  any  one  of  these  integi'al  equations,  we  have 

X —  dd'i  +  .  .  .  +  ,r —  dd'n  =  0, 

concuiTently  with  the  ordinary  differential  equations ;  hence 

again  an  integral  equation.  Now  there  cannot  be  an  integral 
equation  independent  of  the  set 

80  that  the  new  equation  is  not  independent  of  this  set.  But  it 
does  not  involve  any  of  the  quantities  c ;  hence,  though  the  equation 
holds,  it  does  not  hold  in  virtue  of  the  integral  set.  It  therefore 
can  only  be  an  identity ;  so  that  the  equation 

Y  ^"^  +       4.  V   ^"''  -  0 

OXi  OXn 

is  satisfied  identically.     Consequently,  when  we  put 

z  =  Ur 

*  For  iDstance,  much  of  cliaptcr  ix  in  my  Trtatise  on  Differential  Equations, 
(3d.  edn.  1903),  will  be  taken  for  granted. 
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in  the  original  partial  equation,  the  latter  is  satisfied  identically: 
and  therefore  z  =  v.r  is  an  integral  of  the  partial  equation. 

Moreover,  this  holds  for  all  values  of  r ;  and  therefore  there  are 
n  —  1  functionally  distinct  integi'als  of  the  equation.  But  there 
are  not  more  than  n  —  1  distinct  integrals ;  that  is,  every  integral 
can  be  expressed  in  terms  of  these.    Let  any  integi-al  be  denoted  by 

Z  =J  \Xi,    .  . . ,  Xfi)  j 

then  the  equation 

is  identically  satisfied.     The  equations 

for  r  =  1,   ...,  ?(  —  1,  are  identically  satisfied:  and  the  quantities 
Xj ,   . . . ,  Xn  do  not  all  vanish :    hence 


\  Xi ,  Xo ,   ■ .  •  ,  Xn  / 

The  quantities  u  are  functionally  distinct,  so  that  J  does  not  vanish 
through  an  aggregate  of  vanishing  fii'st  minors.  It  cannot  vanish 
in  virtue  of  z  =f,  for  it  does  not  involve  z.  It  must  therefore 
vanish  identically ;  and  therefore  some  relation  must  exist  among 
the  quantities  /,  u^,  ...,w,j_i,  the  relation  involving /"  because 
?/i,  ...,   (/„_i  are  functionally  distinct:    let  it  be 

Hence  the  equation  jMssesses  exactly  n  —\  functionally  independent 
integrals. 

If  f  denote  the  most  general  integral  of  the  equation,  then 
^  must  be  the  most  general  function  possible :  the  requirement 
is  satisfied  by  making  0  a  completely  arbitrary  function  of  its 
arguuients.  Hence  if  ih,  ...,  i(n-i  ^^  f*  set  of  functionally  inde- 
pendent integrals,  the  most  general  integral  of  the  equation  is 
given  by 

ivhere  <f>  is  a  completely  arbitrary  function  of  its  arguments. 

The  arbitrary  function  <^,  and  the  functionally  distinct  integrals, 
can  be  determined  so  as  to  satisfy  assigned  initial  conditions 
and  therefore  so  as  to  yield  the  integi-al  established  by  Cauchy's 
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theorem.  Let  a,,  ...,  a„  be  values  of  ar,,  ...,  o'n  in  the  vicinity  of 
which  all  the  quantities  A',,  ...,  X„  are  regular;  and  su])p<)se  that 
some  one  of  these  quantities,  say  A',,  does  not  vanish  for  those 
values,  an  assumption  that  cjin  always  be  justified  by  an  a|)pro])riate 
choice  of  «,,  ...,a„.  The  general  initial  conditions  will  be  that  the 
integral  z  is  to  acujuire  a  value  /(.r.^,  ...,  j-„),  when  ir,  =  a,,the 
function /being  regular  in  the  fields  of  variation  considered. 

The  appropriate  arguments  can  easily  be  constructed.  Li't  an 
integral  fv_j  be  obtained  to  satisfy  the  partial  differential  equation, 
subject  to  the  condition  that  it  shall  acquire  a  value  x^,  when 
.r,  =  a, ;    its  value  is 

Vr-i  =  ./v  +  (.'•,  -  «, )  Pr  (^r,  -  «, ,  .?-j  -  «., ,  . . . ,  J-,,  -  a,X 

where  P^  is  a  regular  function  of  a;,,  ...,  a*,,  in  the  vicinity  of  the 

initial  values.     Taking  this  result  for  r=  2,  ...,  ?j,  we  have  r, 

I'n-i  as  ;?  —  1  functionally  distinct  integi-als ;  and  then 

is  clearly  the  integral  of  the  equation  which  acquires  the  assigned 
value  /*( Jo,  •••,  ^n)»  when  a:,  =  «,. 

The  appropriate  arguments  can  also  be  constructed  from  the 
associated  ordinary  equations. 

Corollary.  After  the  preceding  analysis,  we  can  state  the 
existence-theorem,  in  a  different  but  equivalent  form,  as  follows. 

//'(/,,  ...,  (In  (ire  values  of  a\,  ...,  x„,  in  the  vicinity  of  which  all 
the  coefficients  X'  in  the  equation 

])i-\-  X./p.i  +  X3'  P3+  ...  4-  A'„'  pn  =  0 

are  re(jular,  the  equation  possesses  n  —  \  fnnctionallt/  distinct  inte- 
grals, ivhich  are  regular  in  the  selected  region  and  which  reduce  to 
ii\,  .,.,  .r„  respectively,  when  ./•,  =a, ;  and  if  these  integrals  he  r, ,  ..., 
r„_,,  any  integral  of  the  eqUation  can  be  expressed  in  the  form 
z=  /(Zi,  ...,  Zn-i)  by  appntpriate  choice  of  f. 

Ex.  1 .     Acquired  an  integral  of  the  equation 

•J^i  P\ + ^iPi  +  r^Pi  =  0) 
which  shall  acquire  the  value  6  (x-i,  X3),  when  Xi  =(7,. 

To  obtain  an  integral  r,  which  shall  acquire  the  value  j.j,  when  .r,  =  U|,  we 
take 

v,=j-2  +  (x,-a,)0,  +  (x,-a,)«0j  +  ...  ; 
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and  we  find 


so  that 

V 


--{^-^H'^'y-j 


~  .ri 
We  proceed  similarly  to  obtain  an  integral  v-i  which  shall  acquire  the  value 

x-i,  when  Xi  =  ai;  we  find 

aiXz 

Xi 

The  required  integral  is  clearly 


■■6 


f2      <H^\ 
•1         -^1  / 


Xl 

If  we   proceed   from   the  associated  ordinary   equations,   we   need    two 

integrals  of  the  equations 

dxi  _  <r/.r2  _  dx^ 

X\  Xo  X^ 

these  can  be  taken  in  the  form 

Xg  X3 

Xi  Xi 

We  then  require  the  form  of  cj)  such  that  0  (mi,  u-j)  becomes  6  {xo,  x^),  when 
0^1 =«!  :  hence 

and  therefore 

that  is,  the  integral  is 

as  before. 

£x.  2.     Three  given  functions  u,  r,  ?r  of  x,  y,  z  are  such  that 

cu     cv      cw     „ 
co;     cy      cz 

and  three  other  functions  ^,  »;,  f  of  the  same  variables  are  defined  by  the 
relations 

cy      cz '  cz      ex''  ex     dy ' 

Prove  that  the  most  general  values  of  ^,  t],  (  are 

vF        dff  cF       cH  '^F        'cH 

OX       cx  fy       f^y  cz       cz 

where  G  and  H  are  integrals  of  the  equation 

c6        cd        cd    ^ 
ex        cy        cz 

and  Z'  is  an  arbitrary  function  of  .r,  y,  z. 
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M 

The  linear  equation    i!  Xipi  =  Z. 

1=1 

30.     Next,  we  consider  the  linear  equation 

A",  JO,  +  ...  +  XnPn  =  Z, 

whcro  A',,  ...,  A„,  Z  are  tunction.s  <>t  the  variables  ar,,  ...,  Xn,  z. 
We  shall  {xssinne  that  any  factor,  which  is  common  to  X,, ...,  A„,  Z, 
has  been  removed  ;  it  will  therefore  be  unnecessary  to  take  account 
of  a  value  of  ^  which  simultaneously  satisfies  the  equations 

X,  =  0,  ...,  A„  =  0,     Z  =  0, 

the  differential  equation  being  then  satisfied  without  regard  to  the 
derivatives  of  z. 

With   the   linear  equation,  we  associate  the  set  of  ordinary 

equations 

dx^     dx2  _  dxn  _  dz 

Ji.  ]       A  .J  Ji  ,1       Zi 

Now  whether  X,,  ...,  A'„,  Z  be  uniform  or  not,  we  shall  assume 
that  there  are  values  of  the  variables  in  the  vicinity  of  which 
A'l,  ...,  A'',,,  Z  behave  regularly;  and  then,  from  the  theoiy  of 
ordinary  equations,  we  know  that  the  foregoing  set  possesses  n 
functionally  distinct  integi-als.     Let  these  be 

<Pi  \Xi ,   . . . ,  Xn ,  Z)  '=  Ci,   . . .  ,  <pn  \X^ ,  ■ . . ,  Xjn ,  Z)^  Cnt 

where  Cj,  ...,  c„  are  arbitrary  constants. 
In  the  first  place,  any  equation 

4>r  =  Cr 

ffives  an  integral  of  the  anginal  equation  if  it  involves  z  e,rplicitly. 
As  it  is  an  ititfgi'al  of  the  ordinary  equations,  the  relation 

^pdx,  +  ...+pdx,,  +  '^dz^O 
ox-i  p.r„  oz 

i.s  consistent  with  those  i'(|uations ;  and  therefore 

cxi  p.r„  cz 

Now  this  is  a  relation  between  the  variables:  it  clearly  is  not 
satisfied  in  virtue  of  <f>r  =  Cr',  and  therefore  it  is  sjitisfied  identically. 
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Taking  (f>r  =  Cr  as  an  equation  giving  a  value  (or  values)  of  2,  the 
derivatives  are  given  by 

When  these  values  of  :~^ ,  for  //;  =  1 ,  . . . ,  n,  are  substituted  in  the 
foregoing  equation  that  is  identically  satisfied,  it  becomes 

Now  (br  contains  z,  so  that  -^  is  not  identically  zero :  and  -^ 

^  Oz  -^  oz 

does  not  vanish  because  of  the  equation  (^,.  =  c,.,  for  it  does  not 

contain  c, :    hence  -^  is  different  fi'om  zero.     Accordingly,  the 

az  ° '' 

equation 

Z  -  X^l\  -  ...  -  Xnpn  =  0 

is  satisfied:  or  the  equation  (j)r  —  Cr,  when  ^,.  involves  z  explicitly, 
provides  an  integi^al  of  the  partial  equation. 

The  same  is  true  for  each  of  the  equations  </>  =  c,  provided  each 
particular  function  (j>  involves  z.  Now  some  of  the  quantities  (f> 
must  involve  z,  even  though  each  of  them  may  not :  for  otherwise 

-^  would  vanish  for  each  value  of  r,  and  the  equations 

Ai 1-  ...  +  A,i U 

would  be  satisfied  identically,  for  r  =  1 ,  . . . ,  n:  we  should  then  have 

satisfied,  but  not  in  virtue  of  ^1  =  Cj ,  . . . ,  ^n  =  Cn'-  it  must  be 
satisfied  identically  and  therefore,  as  the  functions  ^1 ,  . . . ,  cpn  do 
not  (under  the  present  hypothesis)  involve  z,  there  would  be  a 
functional  relation  between  them,  contrary  to  the  fact  that  they 
are  functionally  independent.  Hence,  through  the  integi-al  system 
of  the  ordinary  equations,  we  find  an  integral  or  integrals  of  the 
partial  equation. 

In  the  second  place,  let  f(4>i,  ...,  ^„)  denote  any  arbitrary 
function  of  the  quantities  (fy,  and  suppose  that  the  equation 

f(<f>„   ...,(f>n)  =  0 
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deterinines  a  value  or  values  of  z:  then  /  =  0  provides  an  integral 
of  the  differential  equation.     For  the  equations 

for  /•  =  1,  ...,  n,  are  satisfied  identically;  as  f  is  arbitrary,  not  all 
the  quantities  xrr  ,  ...,  :r^  vanish:  and  therefore,  on  niultiplving 

by  ^  and  adding  for  all  the  values  of  r,  the  equation 

r=lO<pr  V-fi  r=\(J<PrO-X'n  r  =  \C<PrOZ 

is  satisfied  identically.    Now  the  derivatives  of  z,  as  determined  by 
f=0,  are  given  by 

rTi  90r  ^-^m  '"  r-1  90r    9^ 

for  all  the  values  of  m  :  when  these  are  used,  the  identical  equation 
becomes 

U-A,,,,-..,-A„,>,.)S_j^^P^  =  0. 
Now  as  /'  contains  z,  the  quantity 

r=l  d(f>r    dz 

does  not  vanish  identically;   and  it  dtus  not  vanish  in  virtue  of 
y=0,  when  /  is  perfectly  arbitrary:    htiico 

or  the  equation  is  satisfied.     Wlun  the  values  of  p^ pn  of  z 

are  determined  by /=  0,  the  equation  is  seen  above  to  be  identically 
satisfied  :  hence  /=  0  provides  an  integral  of  the  equation. 

Of  course,   there   may   be   special    forms   of  /'  such   that    the 

equation /=0  does  not  determine  z:    and  there  may  be  special 

"     df  dd) 
tonus  ot  /",  such  that    !£  ^ -^  vanishes  in  virtue  of/=0.     In 

what  precedes,  we  are  concerned  with  quite  arbitrary  forms  of  yi 
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31.  The  integi-al  thus  obtained  is  clearly  of  a  very  general 
character.  A  question  arises  as  to  whether  it  is  completely  inclusive 
of  all  integi-als :  that  is,  can  the  functional  form  /  be  so  chosen  as 
to  provide  any  integral  that  the  partial  equation  possesses  ?  Let 
such  an  integral  be  knoAvn  to  occur  in  a  form 

-^{2,  X„   ...,  0Cn)  =  O; 

and  let  z  =  c,  Xi  =  ai,  ...,  a„  =  a„  be  a  simultaneous  set  of  values  of 
the  variables,  in  the  vicinity  of  which  ^fr  is  a  regular  function. 
Also  suppose  that  these  values  are  such  that,  in  their  vicinity,  the 
functions  ^i,  ...,  ^n  are  regular,  these  providing  integi-als  of  the 
partial  equation  as  before  explained.  Now  the  n  quantities  ^i,  ..., 
(f>n  are  functionally  independent  of  one  another ;  and  therefore  not 
all  the  determinants 

9</)i     d(f)i  d(f>i 

dz  '    dx-i^ '     "'   dxn 


d4>n       d(f)r, 


dcjjr, 


dz  '     dxi'    '"'    dxn 

vanish  identically.     Two  typical  cases  will  suffice  for  the  general 
discussion:   for  the  first,  it  \n\\  be  assumed  that 

0  \Xi,  X.2,   • . . ,  Xfi^) 

does  not  vanish  identically ;  for  the  second,  it  will  be  assumed  that 

d(^i,     ...,     <f)n) 
o  yZ,  X-2,  ... ,  Xfi) 

does  not  vanish  identically. 

32.  In  the  first  place,  when  the  Jacobian  of  <^i,  ...,  (f)n  with 
regard  to  x^,  ...,  x^  does  not  vanish  identically,  it  is  possible  to 
choose  the  set  of  values  c,  «i,  ...,  a^  for  z,  x-i,  ...,  Xn,  so  that  the 
Jacobian  does  not  vanish  or  become  infinite  for  them,  unless  the 
set  constitute  a  singularity  or  other  non-regular  place  for  one 
or  more  of  the  quantities  ^.  Assuming  this  choice  made,  we 
then  can  resolve  the  n  equations 

(j)r=  4>r{z,  '^'i,  ••.,  Xn),  (r  =  l,  ...,  n), 

so  as  to  express  x^,  ...,  Xn  as  regular  functions  of  ^,  </>!,  ...,  (f>n,  in 
forms 
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for  m  =  l 71.     Lt't  the.se  values  tor  the  n  variables  be  sub.sti- 

tutcd  ill  yjr  =  0,  .so  that 

ami  now  the  given  integi-al  can  be  taken  in  the  form  X~^-     ^^ 
obtain  the  derivatives,  we  have 

dz  ^'^  +  "i  80.  [dxm  ^  dz  H  -  "• 
Multipl}-  b}-  A'„,  and  add  for  the  values  m  =  1,  ...,  n:  then 

Now  for  the  integial  under  consideration,  we  have 

n 
m  =  \ 

and  we  also  know  that  the  equation 

m=\        ox,„  dz 

is   satisfied    identically    foi*   all    values    of  r.      Moreover,    in    the 
vicinities  concerned,  all   the   functions  are   regular,  so   that   the 

quantities  r^  are  finite  in  the  fields  of  variation  retained.     When 

these  relations  are  used,  the  above  equation  becomes 

and   this  equation   must  be  .satisfied   in   ;i.ssociation   with    X~^- 
This  requirement  may  be  met  in  tliri<'  ways. 

It  may  happen  that  ^  vanishes  identically :  then  z  does  not 
occur  e.xpiicitly  in  X'  '^"'^  t.he  expression  of  x  then  gives 

V^  =  X(0i'  ••••  </>»)♦ 

that  is,  a  form  of  function  in  the  integral  /(0i, 0,i)  hius  been 

obtained  so  that  the  general  integral  becomes  the  given  integral. 

It  niav  hai)pen  that  ^  vanishes,  not  indeed  identiaillv  but 

dz 

only  in  virtue  of  x~^-     Then  z  occurs  explicitly  in  x  5   '^"^'  ^^^ 
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form  of  the  arbitrary  functiou  cannot  be  determined  so  that  the 
general  integi'al  becomes  the  given  integral. 

It  may  happen  that  ^  does  not  vanish.     The  condition  can 

only  be  satisfied,  if  Z=0:  and  this  must  hold  in  association  with 
^  =  0.  Again,  z  occurs  in  •^^ ;  thus,  once  more,  the  form  of  the 
arbitrary  function  cannot  be  determined  so  that  the  general 
integral  becomes  the  given  integi'al. 

Of  these  three  alternatives,  it  is  clear  that  the  last  belongs  to 
a  special  set :  as  the  integral  is  given  by  Z=  0,  we  must  have 


dZ  dZ 


+  Prnj~  =  0; 


dec.,,     -'  '  dz 


and  then  the  equation 


must  be  satisfied,  cone un-ently  vnth  Z=0.     Moreover,  as  (f>i  =  Cj, 

...,  ^,i  =  Cn  are  a  set  of  n  independent  integrals  of  the  system 

of  ordinary  equations 

djj  d.Cn      dz 


we  have 


xr'--   A^,    z' 

z  i-iy-'x. 


\OCi,  X.2,   ...,  XnJ  \Z,  SCy,  ...,  X-nJ 

where  ^v  is  omitted  fi-om  the  deriving  variables  in  J^,  and 
r=l,  ...,  ?i  in  turn;  hence  as  Z=0  for  the  integral  under  con- 
sideration, Xr  must  vanish  for  the  value  of  z  unless  Jr  should 
vanish  for  the  value.  We  have  assumed  that  not  all  the  quantities 
Z,  Xi,  ...,  A'^,,,  vanish  for  the  same  value  of  z. 

The  second  alternative  may  belong  to  a  less  special  set :  it  will 
be  illustrated  by  examples.  The  first  alternative  provides  the 
most  general  case. 

Integrals,  which  arise  under  the  second  alternative  or  imder 
the  third  alternative,  may  be  called  special  integrals*. 

*  Sometimes  they  are  called  simjiilar.  This  term,  however,  is  better  reserved 
for  a  class  of  integrals  belonging  exceptionally  to  equations  of  a  degiee  higher  than 
the  first  iu  the  derivatives. 

F.    V.  5 
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33.  In  the  second  pltice,  when  the  Jacobian  of  <^,,  ... ,  <f>„  with 
regard  to  2,  ^2>  •••.•^n  does  not  vanish  identically,  to  take  only  a 
t^'j)ical  case  when  the  Jacobian  of  those  quantities  with  regai*d  to 
T,,  x.,,  ...,  Xn  does  vanish  identically,  it  is  jx»ssible  to  ch<x)se  the  set 
of  values  c,  Oi,  ...,  a„,  so  that  the  Jacobian  does  not  vanish  or 
become  infinite  for  them  unless  they  constitute  a  singularity  or 
other  non-regular  place  of  one  or  more  of  the  quantities  <^. 
Assuming  this  done,  we  can  then  resolve  the  n  equations 

(f)r  =  (t>r{2,  'i'l,    •••>  ^n) 

SO  i\s  to  express  the  variables  z,  .r^,  ...,  .r,^  in  terms  of./,,  ^,,  ...,  ^„ 
in  forms 

for  r  =  '2,  ...,  n.    When  these  values  are  substituted  for  z,x^ jr„ 

in  the  equation  yjr  =  0  which  provides  the  given  integral,  it  takes 

the  form 

'^  =  0  =  ylr(z,  ./•,,  ...,  .r„) 

=  0  {xj,  01,  ... ,  </)„); 

and  the  given  integral  can  now  be  taken  in  the  form  ^  =  0.     The 
derivatives  of  z  are  given  by  the  n  relations 

for  711  =  2,  ...,  n.     Multi])lying  these  by  X^  and  by  A'^  respectively, 
and  adding  for  the  various  values  of  in,  we  have 

For  the  integral  under  consideration,  wt-  have 

It 

m=l 

and  we  know  that  the  relation 


m  =  l 


dxm  dz 


is  sjitisfied  identically.     Moreover,  all  the  functions  are  regular  in 
all   the  vicinities  concerned,  so   that  all    th.    (luantities  ^r-j- ,  for 
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r  =  l,  ...,n,  are  finite  in  the  fields  of  variation  retained.  When 
these  equations  are  used,  the  above  equation  becomes 

and  it  must  be  satisfied  in  association  with  ^  =  0.  This  require- 
ment can,  as  in  the  preceding  discussion,  be  met  in  three  ways. 

It  may  happen  that  ^  vanishes  identically ;  then  x^  does  not 
occur  explicitly  in  6,  and  the  expression  of"  6  gives 

'^  =  0{(f>i,  ••',  <f>n), 

that  is,  a  form  of  function  has  been  obtained  for/(^i,  ...,  (f)„)  so 
that/=  0  has  become  the  given  integral  \|r  =  0. 

Or  it  may  happen  that  ^  vanishes,  not  indeed  identically  but 

only  in  virtue  of  ^  =  0.  Then  x^  occurs  explicitly  in  6 ;  the  form 
of  the  arbitrary  function /in  the  general  integral  cannot  be  deter- 
mined so  as  to  particularise  the  general  integral  into  the  given 
integral. 

Or  it  may  happen  that  ^—  does  not  vanish.     The  condition  can 

then  only  be  satisfied  if  Xj  =  0 ;  and  this  must  hold  in  association 
with  6  =  0.  Again,  the  variable  a\  occurs  explicitly  in  0 :  thus,  once 
more,  the  form  of  the  arbitrary  function  /  in  the  general  integi-al 
cannot  be  determined  so  as  to  make  the  general  integi-al  become 
the  given  integi-al. 

The  three  alternatives  are  similar  to  those  in  the  former  dis- 
cussion ;  integi-als,  that  arise  in  connection  with  the  second  or 
the  third  of  the  alternatives,  will  be  called  special,  as  before. 

34.  Gathering  together  these  results,  we  can  summarise  them 
as  follows : — 

Let  '^{z,  a\,  ...,  .r„)=0  provide  an  integral  of  the  partial 
differential  equation 

Xi  j)i  -f  . . .  +  Xn  pn  =  Z, 

and  letf{4>i,  ■••,  <f>n)  =  0  denote  its  most  general  integral,  f  being  an 
arbitrary  function  ;  then  the  functional  form  off  can  be  chosen  so 
that  f{4>i,  ...,  <^n)  becomes  yjr,  i(nless  i/r  is  of  the  type  of  integral 
called  special,  or  unless  the  value  of  z  provided  by  ■\jr  =  0  constitutrs 

5—2 
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a  sinr/ulariti/  or  other  non-regular  place  for  one  or  more  of  the 
quantities  4>. 

It  thus  appears  that  the  general  integral  fur  the  linear  non- 
homogeneous  equation,  in  which  the  dependent  variable  cxicurs 

explicitly,  is  not  so  completely  inclusive  as  is  the  general  integral 

lor    tht'   linear   homogeneous  equation,   in   which  the    dep<'ndont 
variable  does  not  occur  explicitly. 

Instances  of  the  principal  portion  of  the  theorem  are  so  frequent 
that  none  need  be  adduced  here :  a  few  oxamph.'s  will  be  given  to 
illustrate  the  special  integrals  and  other  exceptions. 

Ex.  1.     Consider  the  equation 

.vp+yq  =  z. 

Two  integrals  of  the  associated  equations 

dx  _dy  _  dz 
X       y       z 
can  be  taken  in  the  form 

z  z 

a/ 

and  the  most  general  integral  is  given  by 
It  is  easy  to  verify  that 

l)rovides  au  integral  of  the  equation.     Hxpressing  ^  in  terms  of  </>!,  (^2?  ^n*^  ^ 
we  find 

so  that 

thus  J*-  does  not  vanish  identically  but  only  in  virtue  of  >/r'=0,  and  then 

only  in  virtue  of  the  factor  1  -  ^:^  in  ■^'.     Thus  the  integral  given  by  i^=0  is 

a  special  integral;  for  the  form  of/  in  /'(0i,  0^)  cannot  be  chosen  so  as  to 
make  /(</)i,  <\>'i)  become  '^. 

It  should  l>o  noted  that  /(<^|,  <\>-i)  cJin  be  chosen,  in  a  fonn  </)i*-02i 
so  as  to  vanish  for  the  integi'al  provided  by  >//'=0:  but  it  does  not  follow 
(and  it  is  not  the  fact)  that /can  be  chosen  so  that/(<^,,  <\>-^  becomes  ^. 

Ex.  2.     Consider  the  equation 


i-'-'B- 
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Integrals  of  the  associated  ordinary  equations 


dvi          dx-i     dx3     dz 

Xo'         Xo           X-1           Z 
Z~Xi-^            -             ^ 

X3 

may  be  taken  in  the  form 

x^xi\    x^                    X., 

03  = 

•■^3, 
"2    ' 

and  the  general  integral  is 

/(01,    0:;,    ^3)  =  0, 

where /'is  an  arbitrary  function. 

It  is  easy  to  verify  that 

^=z    x^^^'^'=0 
X3 

provides  an  integral  of  the  equation ;  but  the  functional  form  /  cannot  be 
chosen  so  that/(0i,  02»  ^s)  becomes  \j^.     In  fact,  we  have 

so  that 


and  -^  does  not  vanish  identically.     Taking  the  value  of  z  given  by  >//■  and 

B^//■'         .  .       . 

substituting  it  in  0i,  we  find  0i  =  O:  so  that  -^  vamsLes  m  virtue  of  this 

result,  that  is,  in  virtue  of  \j/'=0.     The  integral  a//'  =  0  is  a  special  integi-al. 

If,  instead  of  expressing  Xi,  X2,  X3  in  terms  of  the  quantities  z,  (^1,  (f).,,  (jis 
with  a  view  to  the  transformation  of  -v/^,  we  express  z,  Xo,  X3  in  terms  of 
Xi,  01,  (f)>..  (f);],  we  find 

and  then  the  requisite  condition  is 

CXi 

in  association  with  ^'  =  0.     Now  ^   does  not  vanish  identically,  nor  does 

VXi 

it  vanish  in  virtue  of  \|/''=0;  we  must  therefore  have  Xi=0  in  association 
with  \|/-'=0.  This  is  satisfied:  and  therefore,  as  before,  y^z—O  provides  a 
special  integral  of  the  equation. 


£Jx.  3.     Consider  the  equation 

xp  +  2i/q  =  2{^z--j  . 
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The  associated  ordinary  equations  are 

dx     dy  <h 

of  which  two  independent  integrals  are  given  by 


x^ 


\ 


The  most  general  integral  of  the  partial  equation  is 

where /is  an  arbitrary  function. 
It  is  easy  to  verify  that 

y 

provides  an  integral  of  the  equation  :  but  the  functional  form  /  cannot  be 
chosen  so  as  to  make  /(</>: ,  ^2)  become  >//•.  Proceeding  as  in  the  general 
exposition,  we  have 

so  that  "o-  =  1  '>'»d  cannot  vanish,  shewing  that  /  cannot  be  chosen  for  the 

purpose.  But  tlie  quantity  Z  of  the  general  investigation  vanishes  for  the 
value  of  z  given  by  >//>=0. 

It  will  be  noted  that  >//■'  di)o,s  not  involve  ^y:  the  special  integral  is  a 
singularity  of  ^o- 

Ex.  4.     Consider  the  equation  * 

{l+(j-A--y)*}/>+j  =  2. 
The  integrals  of  the  ordinary  equations 

dx  _  dii  _  dz 

l+(«-x-.y)*  ~  1  ~  2" 
can  lie  taken  in  the  form 

0,  =  2y-z, 

and  the  general  mtegral  is 

.  /(<^,,  0.,)=O. 

It  IS  ea.sy  to  verify  that 

provides  an  integral  of  the  c<^piation ;  it  is  clejir  that  no  form  of/ can  be  foiuid 
which  will  make  the  general  function  /(«/>i,  ^t)  become  ■^.  The  integral 
provided  by  >//'  =  0  is  a  .s|»ecial  integral;  and  manifestly  any  .'*et  of  values 
sati.sfying  \/r  =  0  and  chosen  as  initial  values,  constitute  a  branch-place  of  the 
quantity  «/).j  and  of  the  coefficient  of  p  in  the  equation. 

As  this  coefficient  is  not  regular  in  the  vicinity,  Cauchy's  theorem  does  not 
ai.ply. 

•  This  example  is  given  by  Chrystal,  Tram.  R.  S.  E.,  t.  xxxvi  (1892),  p.  557. 
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« 

35.     The  discussion  of  the  integrals  of"  the  equation 

can  be  associated  with  the  discussion  of  the  integrals  of  the 
equation,  which  is  without  the  quantity  Z  and  any  explicit  occur- 
rence of  z,  by  means  of  a  simple  transformation.  Let  the  integi'al 
be  given  by  the  equation 

U  =  U{Z,  a\,  ...,  OCn)  =  0, 


where,  in  the  circumstances,  u  involves  2 ;  then  we  have 

8J 


9m  du 

Pm  +  ^^  =  0. 


Now  ^  does  not  vanish  identically,  and  we  shall  assume*  that  it 

does  not  vanish  in  consequence  of  m  =  0 ;  hence  we  may  resolve 
these  equations  for  p^,  ...,  p^.  Substituting  in  the  original 
equation,  we  have 

y   du  ^    du        rrdu_ 

and  this  must  be  satisfied  identically  when  a  value  of  z  given  by 
it  =  0  is  inserted :  in  other  words,  the  modified  equation  is  satisfied, 
not  identically  but  only  simultaneously  with  xi  =  0.  The  modified 
equation  is  of  the  earlier  type :  the  coefficients  of  the  derivatives 
involve  only  the  independent  variables  but  not  the  dependent 
variable  u.     Of  this  modified  equation,  let 

u  =  d(z,  ll\,  ...,  OCn) 

be  an  integi-al ;  then  obviously  u  =  0  will  give  an  integral  of  the 
original  equation.  But  the  fact  that  0 (z,  Xi,  ...,  Xn)  is  an  integral 
of  the  modified  equation  means,  as  was  seen  before,  that  when  this 
value  of  u  is  substituted  the  equation  is  satisfied  identically.  This 
limitation  is  additional  to  the  earlier  requirement,  which  was  only 
that  the  equation  should  be  satisfied  simultaneously  with  »  =  0 ;  it 
was  not  necessary  that  the  equation  should  be  satisfied  identically. 
We  cannot  therefore  infer  fi:om  the  argument  that  any  integi'al  of 
the  original  equation  can  thus  be  obtained  fi-om  an  integral  of  the 

*  The  significance  of  the  assumption,  and  the  limitation  which  it  imposes, 
would  need  to  be  examined  if  the  character  of  the  integrals  were  being  determined 
solely  by  the  present  argument. 
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modified  equation ;  and  it  is  clear  that  any  integi-al  so  obtained  is 
a  special  case  of  an  integi'al  given  by 

6(z,a\,  ...,  Xn)-a  =0, 
where  a  is  an  arbitrary  constant*. 

Ex.     As  an  example,  consider  the  equation 

^  ^'cx        cy    ^ 

It  clearly  is  satisfied  by  a  value  of  2  given  by  the  equation 

x+y-\-z=0. 
But  effecting  the  transformation  indicated,  viz.  taking 

u=u{z,  X,  y)=0, 
so  that  u  is  a  new  variable,  we  have 

Any  integral  of  this  equation,  when  substituted,  is  known  (by  otir  earlier 
argument)  to  make  the  equation  satisfied  identically.     If  we  take 

U  =  X  +  7/  +  Z, 

the  equation  is  not  satis6ed  identically ;  it  can  only  be  satisfied  for  this  value 
of  V  simultaneously  with  a  =  0;  but  u=x  +  i/  +  z  is  not  an  integral  of  the  new 
equation. 

On  the  other  hand,  the  original  equation  is  satisfied  by  a  value  of  ;  given 
by  the  equation 

i/^  +  z^  =  a, 
where  a  is  a  constant :  and 

i(=y^  +  z^ 

is  an  integral  of  the  modified  equation.  Thus  the  first  integral  is  not  given, 
the  second  integral  is  given,  by  the  method. 

The  distinction  lietwecn  the  two  cases  can  be  expressed  simply  by  a 
reference  to  the  theory  of  continuous  groups.     Let 

X{e)  =  {.^  +  2x!/)^^-z^^+y^f 
•     r.r        cy     ^    ts 

be  an  infinitesimal  transformation.    . 

We  have 

A'(y+r')=0; 

the  quantity  y^  +  z^  is  an  ini'ariant  for  the  given  infinitesimal  transformation. 

We  have 

A'  (.r +y  +  z)  =  (X  +y  +  .-)  {x+y  -  z), 

*  The  limitation  was,  I  believe,  first  pointed  out  by  Goursat,  in  §  16  of  the 
work  quoted  ou  p.  55. 
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so  that  .r+3/+2  is  not  an  invariant  for  the  infinitesimal  transformation :  but 
when  we  have 

x  +  i/  +  z=0, 

then,  in  virtue  of  that  equation, 

J{x  +  7/  +  z)  =  0; 

the  equation  x+y  +  z=0  is  an  invariant  equation  for  the  transformation. 

36.  It  remains  to  associate  Cauchy's  theorem  with  the  equation; 
for  this  purpose,  we  have  to  obtain  an  integi-al  which,  when  x-^  =  a^ , 
reduces  to 

z '^ g  \x.2,  ..,,  oc^), 

w4iere  g  is  a  function,  which  is  regular  in  the  domains  of  the 
vahies  A\  =  a.2,  ...,  ccn  =  an,  and  otherwise  is  arbitrary. 

Choosing  Oj  so  that  Xj  does  not  vanish  there,  the  integrals  of 
the  associated  ordinaiy  equations 

can  be  obtained,  subject  to  assigned  conditions  that  x^^a^,...,  Xn=cin, 
z  =  g  (a.2,  ...,  ttn)  =  c,  when  a^j  =  aj ;  and  they  have  the  form 

'  Ul  =  2    +  (x^  —  Gi)  Vi   =  c  , 
Un  =  X.2  +  {xi  —  a^)  V2  =  ^2 , 


Uji  —  Xfi  -\-  yXi       Qri)  Vn  —  flji, 

where  v-^,  ...,  Vn  are  regular  functions  of  the  variables  x^,  ...,  Xn,  z. 
Now  the  general  integi-al  is 

/(Wi,  ?<2,   ...,  t<n)  =  0; 

or,  changing  the  form  of  the  arbitrary  function,  we  may  take 

as  the  integral,  where  F  also  is   arbitrary.     When   x^  =  a^ ,  this 
equation  becomes 

Z  ^  J?  {Xn ,   ... ,  Xn)  5 

but  the  value  of  z  when  x^  =  Oj,  is  to  he  g  (x2,  ... ,  Xn) :  and  there- 
fore when  the  arbitrary  function  is  chosen  so  that 

If  \X.2,   ...  ,  X^)  =:  g  \Xo,   . . . ,  x^), 

and  consequently 

F(Uo,   ...,  Un)  =  g{U-2,  ...,  Un), 
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we  have  an  integral 

Ui  =  giu„  ...,  u„), 

which  is  the  integral  in  Cauchy's  theorem. 
Ex.     Required  the  integral  of 

which,  when  x  =  a,is  such  that  s  =  t-- 

Two  integi'als  of  the  ordinary  equations 

dx  _di/  _  dz 
X  ~  y       z 

are  taken  such  that,  when  x  =  a,  we  have  y  =  b,  and  '■—r'l  theso  are  easily 

seen  to  be 

az      b^ 
Ml  =  —  =  —  , 
^     X       4c 

X 

Thus  the  general  integral  of  the  equation  can  be  taken  in  the  form 

«I=/("2). 

whei'e/is  arbitrary.     When  x=a,  this  equation  becomes 
so  that,  for  the  required  integral. 


and  therefore 


/w=£^ 


/w='^ 


Hence  the  required  integral  is  given  by  the  equation 
that  is, 


4(' 


_ay^ 
4cx' 

If,  instead  of  taking  Cauchy's  theorem  in  its  simplest  form  as 
associated  with  an  initial  value  a?,  =  a,,  we  require  an  integral 
which,  when  a  relation  of  the  fonn 

/(z,  .r,,  ...,  .r„)  =  0 

exists  among  the  variables,  shall  be  given  by  the  equation 

f/(z,.r,,  ...,.r„)  =  0. 
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effectively  what  is  required  is  the  determination  of  the  arbitrary- 
functional  form  F  in 

so  that  the  equation  may  be  satisfied  without  any  other  relation 
solely  in  virtue  of/=0,  g=0. 

As  /=  0  and  g  =  0  are  two  relations  between  n  +  I  quantities, 
n  —  1  of  these  can  be  regarded  as  independent :  or  we  may  regard 
all  the  n  +  1  variables  as  expressible  in  terms  of  w  —  1  independent 
quantities.  Taking  the  latter  mode  of  representing  them,  let 
their  expressions  be 

for  r  =  1 ,  . . . ,  n.  When  these  are  substituted  in  the  quantities 
(f>i,  ...,  (pn,  we  have 

<l>m  =  4>m  {Z,    OC^,    ■•■,    ^n) 

=  0m  (^1 ,   •  •  • ,  |»i-i)  =  ^m  say, 

for  m=l,  ...,  n;  and  these  n  relations,  expressing  01,  ...,  cf),i  in 
terms  of  ?i  —  1  quantities,  are  satisfied  concurrently  with  the 
relations  /=  0,  g=0.  Among  these  n  relations,  let  the  n  —  1 
quantities  ^i,  ...,  ^,j_i  be  eliminated,  and  let  the  result  of  the 
elimination  be 

Now  when/=  0  and  g  =  0,  we  have  0,„  degenerating  to  0,„ ;  and 
the  general  integral  becomes 

F{^„  ...,  0J  =  O, 

which  coexists  with  /"=  0  and  g  =  0,  but,  as  now  it  involves  only 
the  quantities  ^i,  ...,  ^n-i,  it  is  satisfied  by  itself  and  not  in  virtue 
o{  f=0,  g  =  0.     We  thus  have 

and  therefore  also 

F(4>i,    ...,    0„)  =6^(01,    ...,    (f)n). 

Hence  the  required  integral  is  given  by  the  equation 
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Ex.     In  examples,  the  details  .sometimes  are  develoiKKi  in  a  different  way. 
Let  it  l>e  required  to  Hiid  a  surface,  siitisfj'ing  the  equation 

and  jKissing  through  the  curve 

^  +  75  +  "^  =  !,       /.r+my  +  W2  =  l. 
a*      b-      c- 

The  curve  can  be  expressed  in  the  form 

x  =  a\,      y  =  V)       i=ci', 
where 

a/X  +  hmfi  +  ciiv  =  1. 
Two  integrals  of  the  associated  ordinary  equations  are 


hence,  along  the  curve,  we  have 
so  tliat 


z 

X 

2 

y 

ive 

"  =  aX' 

_       C  V 

(I  u 

C  v 

whence 


^2  1       f  ]_,. 


and  therefore 


/        cl     cm\     , 
a*  u^     b^  V-        \u      V        ) 


This  equation  corresponds  to  the  equation  G{(f)i,  ...,  <t)n)  =  0  in  the  pre- 
ceding discussion.  In  the  present  case,  the  i-equired  integral  is  accordingly 
given  by 

1  +  -r-2  +  j2-2=<^  (  -  +  -  +  »     ; 
o-u*     b^v^        \»      V        ) 

inserting  the  values  of  u  and  f,  the  equation  of  the  requiretl  surface  is 


J«2  yl  2* 

«-      <>"      c* 


Complete  linear  Systems  that  are  homogeneous. 

37.  Before  passing  to  the  discussion  of  the  most  general 
equation  of  the  firet  order  and  of  degive  higher  than  the  first, 
it  is  convenient  to  deal  with  a  system  of  simultaneous  linear 
equations  involving  one  dejx'ndent  variable.  If  the  dependent 
variable    occui-s    explicitly,  the  equations   can    be   changed,  by  a 
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/  I 


transformation  as  in  §  35,  so  that   the   new  dependent   variable 

does  not  occur  explicitly;  the   number  of  independent  variables 

is   thus   increased   by  unity.     In   their   transformed    expression, 

the  equations  are  homogeneous  in  the  derivatives;  they  may  be 

written 

...  du  du  du       „  '^ 

^1  («)  =  an  ^-  +  ttoi  ^  +  . . .  +  a,i  j—=0 
oxi  CX.2  6Xg 

.    ,   .  du  du  du      ^ 

A»  (u)  =  a^..  ^ — I- a»,  ^ — h  ...  +as2  ^r-=  0 


.     ,  ,  du  du  du       . 

where  the  coefficients  «,„„,  for  in  and  n  =  \,  ...,  s,  are  functions  of 
the  independent  variables  .r, ,  . . . ,  a-«  alone.  We  have  to  investigate 
the  conditions  imder  which  an  integral  (if  any)  can  be  possessed 
by  the  system ;  we  have  also  to  devise  means  for  the  construction 
of  an  integral  when  it  is  possessed. 

Equations  of  this  type  have  already,  in  Part  i  (§|  38 — 41)  of 
this  work,  received  some  consideration ;  but  there  they  arose  as 
a  class,  associated  with  equations  linear  and  homogeneous  in 
differential  elements  in  the  variables,  and  the  limitations  imposed 
upon  them  were  derived  from  the  originating  equations.  Their 
importance,  not  least  owing  to  their  frequent  occuiTence  in  various 
theories,  justifies  an  independent  treatment ;  the  earlier  discussion 
will  render  some  abbreviation  possible. 

The  fi  equations  in  the  propounded  system  are  said  to  be 
independent,  when  no  linear  relation  of  the  form 

^,A,{u)+  ...  +  ^^A^{u)  =  0 

exists,  the  quantities  |^,,  ...,  f^  being  functions  of  x^,  .,.,  Xg,  and 
the  quantities  Ay(u),  ...,  A^(u)  being  merely  the  linear  com- 
binations of  the  derivatives  of  u.  If,  however,  such  a  relation 
or  relations  should  exist,  then  one  or  more  than  one  of  the 
equations  A  (u)  =  0  would  be  dependent  on  the  others :  an  integral 
of  those  others  would  satisfy  the  dependent  equation  or  equations ; 
and  so  the  dependent  equations  could  be  ignored  for  the  present 
purpose.  Accordingly,  we  shall  assume  that  the  equations  in  the 
system  are  independent. 
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It  is  clear  that,  if  a  linear  system  in  s  indefx-ndent  variables 
contains  s  equations  or  more  than  s  equations,  the  equations  can 
only  be  satisfied  by  having 

and  then 

it  =  constant 

is  obviously  the  only  integral  of  the  system.  Having  disposed  of 
systems  for  which  fi^s,  wu  shall  now  assume  /m<s. 

The  /i  equations  are  independent ;  but  it  may  be  necessarj'  to 
associate  other  equations  with  them,  arising  as  consequences  of 
their  coexistence  or  as  conditic^ns  of  their  coexistence.  It  is  clear 
that,  if  the  equations 

A,n(u)  =  0,     An{u)=0 

possess  a  common  integral,  it  makes  the  left-hand  sides  vanish 
identically ;  and  therefore  the  equations 

A,n(AnU)  =  0,       AniAmtt)=0, 

and  so  also 

A,n(A„u)  -  An(A,„ll)  =  0, 

are  satisfied  for  that  common  integral ;  that  is,  the  last  equation 
coexists  with  A,n{u)  =  0  and  An{i()=0,  when  the  two  latter  are 
members  of  a  linear  system.  But  the  new  equation  is  found  also 
to  be  linear  in  the  first  derivatives  of   ti :    for  the  coefficient  of 

in  Am{Anu)  is  ak,n(^iin  +  (tim(fkn,  when  A:  and  /  are  different, 


da-k  d.ri 

and  is  <ii,„<ihi'  whni  A:  is    the  same  sxs  /;    and  the   coefficient  of 

—4— in  A,AA,„u)  is  «/««*:»«  + "«:..«/.n,  ^vh.n  k  and  /  are  diftbrent, 

and  is  «<„  «/,„.  when  k  is  the  same  as  I :  thus  the  derivatives  of  u  of 
the  second  order  disappear,  and  only  derivatives  of  the  first  order 
remain.     Thf  equation  is 

0  =  Ajn{A„u)-An(A,„l() 

.1  ^fi 

=     "^    {A,n  (dm)  -  ^n  («r,»))  o"  • 
r=l  ^'^^r 

Now  this  equation  nijiy  be  evanescent,  because  the  coefficient  of 
each  of  the  derivatives  of  u  vanishes.  Or  it  may  be  satisfied  in 
virtui'  of  the  original  set,  as  a  linear  combination  of  them  ;  it  then 
is  not  a  new  independent  equation,  and  consequently  it  need  not 
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be  taken  into  further  account.  Or  it  may  be  not  evanescent,  and 
not  a  linear  combination  of  the  original  equations,  and  yet  it  must 
be  satisfied ;  then  it  is  a  new  equation,  and  it  must  be  associated 
with  the  system. 

Similarly  for  any  pair  of  equations  in  the  system.  Suppose 
that,  by  taking  all  possible  pairs,  r  new  equations  are  obtained  so 
that  there  is  a  system 

Again  we  must  take  all  possible  pairs ;  clearly  it  Avill  be  sufficient 
to  take  each  of  the  fii'st  fi  with  each  of  the  last  r,  and  all  possible 
pairs  of  the  last  r;  all  new  equations  are  to  be  retained.  And 
so  on,  until  the  process  either  provides  no  new  equation  or  until 
the  number  of  equations  has  come  to  be  s.  The  latter  case  has 
been  dealt  with.  When  the  former  case  occurs,  the  number  of 
equations  being  less  than  s,  the  system  at  that  stage  is  called  a 
complete  linear  system.  Manifestly,  when  there  is  onl}^  one  de- 
pendent variable  and  there  are  several  linear  equations,  we  have  to 
deal  with  complete  linear  systems.  Moreover,  the  only  systems  of 
this  type  that  require  consideration  are  those  in  which  the  number 
of  independent  equations  is  less  than  the  number  of  independent 
variables. 

38.  Two  properties,  possessed  by  complete  linear  systems,  lead 
to  simplification  in  the  analysis :  they  must  be  established. 

In  the  first  place,  luhen  a  complete  system  is  replaced  by  another, 

which  is  its  algebraic  equivalent,  the  neiv  system  is  complete.     Let 

a  system 

^,(^0  =  0,  ...,.4^(^0  =  0, 

supposed  complete,  be  replaced  by  a  system 

B,{u)  =  0,  ...,B^(u)  =  0, 
where 

Bm{ll)=    S    ^mnAn(u), 
n  =  l 

for  m  =  l,  ...,  fi,  and  the  quantities  ^,„,i  are  functions  of  the 
variables  Xi,  ...,  ^'s  such  that  theii'  determinant  does  not  vanish. 

It  is  clear  that  the  quantities  An(u)  are  expressible  as  linear 
combinations  of  the  quantities  Bm(u) ;  so  that,  algebraically,  the 
two  systems  of  equations  are  equivalent  to  one  another. 
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T(i  (kcido  whether  the  new  system  is  complete  or  not,  we 
con.stnict  the  quantities  Bjn{B,tH)  —  Bn(B,nU) ;  and  we  have 

B,„{BnU)-B,,(B,n>l) 


_    V 

—    ^^ 

r=l 


^„rAr\    ^    |,..^1.(") 


.1  =  1 


-i 

1  =  1 


^niAA    i    ^,nrA,{uh 


r=li=l  r=li=l 

-   i    i    ^.^uiAiiArU)-    i     'k   ^uiAi{U)Ar{u). 
r=l «  =  1  r=l  1  =  1 

Combining  the  first  Huniinations  in  the  two  lines,  we  have 
Ai(Arn)  —  Ar{Aiii)  as  the  coefficient  of  ^^;. ^„,- ;  this  quantity  is 
a  linear  combination  of  the  quantities  Ai{u),  ..,,  A^(u).  because 
the  system  is  coni])lete :  hence  these  two  summations  give  a  linear 
combinatii)n  of  the  quantities  A{u).  Each  of  the  other  two 
summations  is  actually  a  linear  combination  of  these  quantities ; 
hence  the  whole  expression  for  B,n(B„u)  —  B„{B,nU)  is  a  linear 
combination  of  the  quantities  A  (ii).  Each  of  the  quantities  A(u) 
is  a  linear  combination  of  the  (juantities  J5(w);  when  the  values 
are  substituted,  we  find  that  B,„(Bni()  — Bn{B,nU)  is  a  linear 
combination  of  the  quantities  B{u).  As  this  holds  for  all  values 
of  7n  and  n,  it  follows  that  the  system  of  equations  5, (m)  =  0,  ..., 
B^(u)  =  0  is  comjilete. 

In  the  second  place,  a  complete  si/stem  remains  complete  for 
any  transformation  of  the  inflej)endent  variables.  Let  these 
variables  be  transformed  by  the  relations 

for  r=l,  ...,  s,  the  functions/,,  ...,/«  being  independent  of  one 
another.     Then 

"bxi       du   dfx       du  9/2  du  df. 

d.Vj.     dj'i  dj'r     dx^  dxr      ' ' '      da;/  dx, ' 

for  all  values  of  v.  substituting  in  A„(u)  for  the  quantities  ;r — , 

we  have 

A,,{ii)  =  A,:(u). 

and  An{u)  is  homogeneous  and  linear  in  the  derivatives 

du  du 

dxi  '        dXf 
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As  there  is  no  linear  relation  among  the  quantities  An  (a), 
there  can  be  none  among  the  quantities  An  (u) :  the  equations 
A'(u)  =  0  are  independent.  Further,  the  operation  An  is  replaced 
by  An,  having  the  modified  coefficients :  thus 

A„,  (AnU)  =  Am  (AnU)  =  Am'  (AnU), 
An  (AmU)  =  An  (Am'u)  =  An  (Am'u), 

and  therefore 

Am'  {An  It)  -An  (AJu)  =  Am  (An^l)  -An  (AmU) 

=  linear  combination  of  ^i(m),  ...,  Afj,(u), 

= a^{u),...,a;{u\ 

for   all    values    of  m   and    n.      Hence    the    system    of   equations 
A^{u)  =  0,  ...,  J./(w)  =  0  is  complete. 

39.  The  first  of  these  properties  is  used  to  express  a  complete 
linear  system  in  a  canonical  form :  the  second  of  them  will  be  used 
in  the  establishment  of  the  existence-theorem. 

As  regards  the  expression  in  a  canonical  form,  let  a  complete 
linear  system  of  m  equations  be  given,  involving  one  dependent 
variable  u  implicitly  through  its  derivatives  and  wi  +  n  independent 
variables  x^,  ...,  Xm+n-  As  the  m  equations  are  independent  of  one 
another,  they  can  be  resolved  algebraically  so  as  to  express  vi  of 

the  derivatives  of  u,  say  7^-,  ...,  - — ,  linearly  in  terms  of  the 

■^    dxi  dxm 

remainder ;  let  theii-  expression  be 

OXf       s=/«+l  tz-^s 

for  t=l,  ...,  m. 

The  system  was  complete  in  its  earlier  expression :  hence,  by 
the  preceding  property,  it  remains  complete  in  the  changed 
expression ;  consequently 

Bi{B,u)-Bj(Biu)=  S  r, 5,(^0. 

k  =  \ 

where  the  quantities  ^  do  not  involve  u  or  its  derivatives.     The 
left-hand  side  of  this  relation  is 

X    {BdU,j)-Bj(U,d]^, 

F.  V.  6 
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iind   it   (loi's   not   cctntaiii    aiiv  of  tli.'    m   tlcrivatives  i-'-,...   .£!i ." 

whereas  the  right-haixl  side  does  contain  a  derivative  ^"  unless  P, 

is  zero.  Hence,  in  order  that  the  relation  n»ay  be  siitisfied,  Ccvch  of 
the  quantities  ^i,  ...,  |^,„  is  zero;  and  it  then  becomes 

T  [B,{U.j)-B,{U^)\l''-^0. 

»  =  »»+!  OXf 

Nuw  the  system  is  complete,  so  that  no  equation  of  this  t^-pe  is  to 
be  associated  with  it  which  is  not  satisfied  in  virtue  of  i^,  (w)  =  0, 
...,  Bm{u)  =  0;  consequently,  this  equation  must  be  evanescent  for 
all  values  oft  and^",  and  therefore 

Bi  ( U,j)  -  Bj  ( 6;,;  =  0. 
This  relation   involves  the  independent  variables  only;    hence  it 
must  be  satisfied  identically,  for  all  values  of  i,j,  and  s. 

Conversely,  if  this  relation  be  satisfied  for  all  values  of  t,  j,  and 
s,  then  we  have 

Bi(Bju)-Bj{Biu)  =  0; 

and  the  system  of  equations  /?,(«)  =  0,  ...,  B,„(ii)  =  0  is  evidently 
complete.     Hence  we  have  the  formal  result : — 

A  complete  linear  system  of  m  equations,  involving  one  ilej)endent 
variable  a  and  7h+  n  independent  variables  x,,  ...,  x,„+„,  and  such 
that  only  derivatives  of  u  occur,  the  equations  being  homogeneous  in 
those  derivatives,  can  be  expressed  in  the  form 

^^t       »=»,  +  !  dxt 

for  t=\,  ...,  /// ;  and  the  conditions,  necessary  and  suficient  to 
secure  that  the  system  should  be  complete,  are  the  aggregate  of  tfie 
^m{m  —  I) n  relations 

BdU,j)-Bj(U^)=:0, 

for  the  values  (f  s,  and  for  the  combinations  of  i  and  j :  'each  of 
these  relations  must  be  satisfied  identically. 

In  con.se(juence  of  the  conditions,  the  e(piation 
Bi{Bju)-Bj{Biu)  =  0 
is  .satisfied  identically,  for  all  values  of  i  and  j.     A  .set  of  equations 
IK)s.ses.sing  this  ])ro|K>rty  is  frequently  si\u\  to  be  ///  involution. 

A  complete  linear  .system,  expressed  in  the  above  form,  is  some- 
times allied  a  Jacobian  system. 
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40.  The  preceding  investigation  gives  the  formal  conditions 
for  the  coexistence  of  the  equations :  it  gives  no  information  as  to 
the  integi-al  or  integrals  (if  any)  of  those  equations.  An  existence- 
theorem,  similar  to  those  in  the  preceding  chapters,  is  as  follows: 

Let  a^,  ...,  a,n+n  ^&  «  •'>"^^  ^/  values  of  the  independent  variables 
in  the  vicinity  of  winch  all  the  coeficients  U,  in  the  complete  Jacobian 
si/stem 

Bt  (u)  =  |-  +  "T    U,t  ,-  =  0,  (t=h...,  vi), 

are  regular  functions ;  then  the  system  j^ossesses  n  functionally  dis- 
tinct integrals,  which  are  regular  functions  in  the  vicinity  of  the 
selected  values  and  which  reduce  respectively  to  values  Xm+n  ••■,  *'wn-«, 
when  a\  =  a^ ,  a-.y  =  a^,  . . . ,  n'm  =  a„i . 

'  The  theorem  has  been  established*  when  m  =  1.  The  inductive 
method  will  be  used  for  the  general  case ;  and  we  shall  prove  that 
it  is  true  for  a  Jacobian  system  of  m  equations  in  m  +  n  independent 
variables,  if  it  is  true  for  a  Jacobian  system  of  m  —  1  equations  in 
m  +  n  —  1  independent  variables. 

Accordingly,  we  make  the  latter  supposition  that  the  theorem 
is  true  for  a  complete  Jacobian  system  of  m  —  1  equations  in 
m  +  n  —  1  variables.  For  brevity,  we  make  ttj  =  0,  . . . ,  a,n+n  =  0  : 
all  that  would  be  necessary  to  secure  this  result  would  be  to  take 


2/>i  — -^V     ^'m- 


The  equation 


du        "'+"    rr    9« 

C^i        s=m+l 


B.W=S^+   2-  cr,.3^'=o 


possesses  m+n—l  functionally  independent  integTals,  which  are 
regular  functions  of  the  variables  in  finite  fields  of  variation  round 
0,  ...,  0,  and  which  acquire  values  Xc,,  x^,  ...,  x^+n  respectively 
at  that  place ;  this  is  a  theorem  already  proved  (§  29).  Of  these 
integrals,  m  —  1  clearly  are  given  by 

U  ==  Xi, ,  Xg,   . . . ,  X„j 

respectively;  let  the  remainder  be  denoted  by  M=y,„+i,  ...,  ym^-n 
lespectively,  where 

*  In  §  29,  Corollary. 

6—2 
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7?,„^,  denoting  a  regular  function  of  the  variables  .r,,  ...,.r,„+„  in 
the  assigned  vicinity.  Reversing  these  equations  so  as  to  express 
a-m+i.  •••»  ^»«+n,  we  have 

where  Pm+i  is  a  regular  function  of  the  variables  .r,,  ...,  .r,„,  ym+n 
... ,  ym+n  in  the  vicinity  of  0,  ...,  0. 

Now  let  the  independent  variables  be  changed  from  a:,,  ar,,  ..., 
Xm+n  to  iT,,  a-2,  ...,  x^,  ym+i,  ■■■,  ym+n\  WO  know,  from  the  property 
established  in  §  38,  that  the  new  system  of  equations  is  complete. 
Also  let  the  result  of  the  transformation  on  any  integral  u  be 
denoted  by  v.  The  effect  of  the  transformation  upon  5j(i/)  =  0 
Ciin  be  obtained  at  once :  as  its  m.  +  «  —  1  functionally  independent 
integi-als  now  are  x^, ... ,  ^r,„,  ^,,,+1.  ••• ,  ^w+n,  which  are  the  aggi'egate 
of  independent  variables  other  than  x^,  we  have 

For  the  other  equati(jns,  wc  have 


for  i  =  2, 


du 

dXi 

dv 

dXi 

n 

+  s 

«=1 

^v    dy,n+» 

^ym+g      dXi 

,  VI, 

and 

da 

n 

dv 

dy,H+t 

^^m  +j        A- = 1  Cym  +  s  ^X,n  ^j 

iov  j  =  1,  ...,  7i;  hence  the  equation  Bt{u)  =  0  becomes 

(^•''f    »=m+i     oy* 

with  new  coefficients  Vgf 

The  properties  of  these  coefficients  could  be  deduced  from  tho.se 
of  the  coefficients  Ugt :  they  are  most  simply  deduced  by  the  use  of 
the  known  property  that  the  new  system  i/,  (u)  =  0,  . . . ,  B,n  (v)  =  0 
is  complete.  On  account  of  this  property  possessed  by  a  Jacobian 
system  (it  will  be  noticed  that  the  new  system  hiis  the  form  of  a 
Jacobian  system),  we  have 

1?,(K^)-5,(F«)  =  0, 

for  all  values  of  .<?  and  /.     Now  all  the  coefficients  T^,  are  zero,  and 

^1  is  r— ;  hence  the  foregoing  condition  is 
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that  is,  the  coefficients  Vgj  do  not  involve  sci.     We  also  have 

Bi(Vgj}-Bj(V,,)=0, 

for    all   values   of  i  and  j   in  pairs  C()iid)ined  from  2,  ...,  rn,  and 
for  s=iit  +  l,  ...,  in  +  n.     The  modified  Jacobian  system  is 

for  i  =  2,  . . . ,  7)1. 

Now  the  last  m  —  1  equations  constitute  a  complete  Jacobian 
system,  for  the  necessary  and  sufficient  conditions 

are  satisfied ;  and  they  are  a  system  in  m  -f-  ?i  —  1  independent 
variables  cc^,  ...,  Xm,  l/m+i,  ••■>  ym+n,  the  variable  x^  not  occurring. 
Owing  to  Bi  (v)  ~  0,  it  follows  that  an  integral  of  the  system  of 
m  equations  cannot  involve  a\  in  the  modified  set  of  variables : 
consequently,  every  integral  of  the  system  of  m  equations  in  the 
m  +  n  independent  variables  is  an  integral  of  the  system  of  m  -  1 
equations  in  7ii  +  n  —1  independent  variables,  and  conversely. 

The  coefficients  Vgt  in  the  Jacobian  system  of  ni  —  1  equations 
are  regular  functions  of  the  variables  in  the  vicinity  of  a\2,  ...,  0-,^, 
2/m+i,  •••,  y,n+n  =  ^,  •••,  0;  for  they  are  polynomial  combinations  of 
the  coefficients  Uf^t  fi^nd  '>f  the  derivatives  of  ym+i,  •••,  Vm+n  with 
respect  to  the  original  variables,  all  of  which  are  regular  in  the 
assigned  vicinity.  By  the  hj^othesis  adopted  for  the  systems  of 
m  —  1  equations,  the  Jacobian  system  of  in  —  1  equations  in  the 
m  +  /I  —  1  variables  possesses  n  functionally  independent  integrals 
which  are  regular  functions  of  the  variables  in  the  domain  con- 
sidered and  which  reduce  respectively  to  ym+\,  •••>  ym+n,  when 
Xo=0,  ...,  a',n  =  0 ;    let  these  integrals  be 

Vs  =  y>n+s  +  <f>m+8,  {S=l,   •  •  • ,  "), 

where  ^m+s  is  a  regular  function  of  the  variables  which  vanishes, 
when  x„  =  0,  ... ,  .r,n  =  0.  It  is  clear  that  no  one  of  the  quantities 
Vi,  ...,  Vn  contains  x^,  so  that  each  of  them  satisfies 
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Consequently,  they  arc  inti'grals  of  the  Jaeobian  system  of 
m  equations. 

Moreover,  these  integials  sjitisfy  the  assigned  conditions;  for 
we  have 

^'a  ^^  llm^s  "T  <piii+s 

^^'''iii+s    "■  '''i^  III +11  +  <pm+sj 

SO  that  as  (f>m+s  is  still  a  regular  function  vanishing  when  ^^  =  0, 
...,  .r,rt  =  0,  the  integi-al  Vg  reduces  to  a-m+g,  when  we  revert  to  the 
original  variables  and  we  make  Xi  =  0,  .r.^  =  0,  ...,*-,„  =  0. 

The  theorem  is  thus  true  for  a  complete  Jjicobian  S3'stera  of 
m  equations  in  m  +  //  variables,  if  it  is  true  for  such  a  system  of 
VI  —  I  equations  in  vi+  »  —  1  variables.  It  is  known  to  be  true 
for  a  single  equation  in  any  number  of  variables :  hence  it  is  true 
generally. 

The  existence  of  ??  functionally  independent  integrals  has  thus 
been  established.  When  m.  =  1,  it  is  known  that  an  equation  in 
n  +  1  independent  variables  possesses  ii,  and  not  more  than  n,  stich 
integrals ;  the  course  of  the  preceding  argument  then  shews  that 
a  complete  Jaeobian  system  of  m  e(j nations  in  in  +  n  van'ables 
possesses  n,  and  not  more  than  n,  ftinctionaHi/  independent  integrals. 

41.  The  set  of  integi-als,  determined  in  association  with  the 
assigned  conditions  of  §  40  and  reducing  to  .r„,+],  ...,  x,„+n  for 
assigned  values  of  x^,  .,.,  .r„,,  is  sometimes  called  a  fundamental 
system  for  the  assigned  vicinity. 

As  in  the  case  of  a  single  equation,  it  can  be  proved  that  any 
integi-al  can  be  expressed  in  terms  of  any  set  of  n  functionally 
in<U'pendent  integrals :  and,  in  particular,  the  expression  in  terms 
of  the  members  of  a  fundamental  system  is  simjjle. 

To  prove  the  first  of  these  statements,  let  *<,,  ...,  f/„  denote  a 
set  of  functionally  inih-pentlciii  integrals  of  a  Jaeobian  system  of 
m  equations  in  m  +  n  in(le})endent  variables;  so  that,  with  the 
preceding  notation   tor  the  system,  the  equations 

?ii  '""*"  ?n 

OJCt        «=m  +  l  OXg 

for  r=  1,  ...,  //,  and  ^=1,  ..,,  m,  are  satisfied.  Moreover,  they  are 
satisfied  identically,  because  the  quantities  »i,  ...,  u^  do  not  occur 
explicitly. 
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Now,  let 

denote  any  integral  of  the  Jacobian  system :  then  the  equations 

at        -|«  ^^|r  _ 

for  t  =  \,  ...,  m,  are  satisfied;   and  they  are  satisfied  identically, 
because  i/r  does  not  occur  explicitly.     Hence  all  the  determinants 


dUi 
7),.  ■■ 


da 


m+7i 


dUn 


dun        du-, 


dUr, 


'm+n 


vanish,  in  association  with  the  integi'al 

but  u  does  not  occur  explicitly  so  that,  as  the  determinants  cannot 
vanish  in  virtue  of  that  integi'al  equation,  they  must  vanish 
identically.  Accordingly,  some  functional  relation  must  exist 
among  the  quantities  ■\jr,i(i, ...,  tin  ',  it  cannot  exist  among  u^, ... ,  u^ 
alone,  for  these  are  independent ;  and  therefore  it  must  involve  y\r. 
Hence  it  may  be  taken  in  the  form 

where  /  is  some  function  of  its  arguments. 

We  thus  have  a  verification  of  the  proposition  that  the  number 
of  functionally  independent  integi'als  in  a  Jacobian  system  of  m 
equations  in  m  +  n  variables  is  exactly  n. 

The  form  of  the  function  /  is  not  difficult  to  obtain  when  i/r  is 
given,  if  we  take  a  fundamental  system  of  integrals  for  the  set 
Ml,  ...,  Un-  In  particular,  let  the  latter  be  v^,  ...,  v^,  where  v^ 
(for  s  =  1,  . . . ,  n)  assumes  the  value  x^+s,  when  Xi  —  a^,  ... ,  x^  =  dm  \ 
it  is  required  to  determine  the  functional  form  g,  such  that 

'y' Kp^ii  •••>   Xjj,,,   Xjii^i,  ...,   X,Yij^^i)  =  g  {Vi,  ..,,   Vn). 

Let  a'i=ai,  ...,Xm  =  am',  this  equation  becomes 
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This   is   true  for  all   variables  indcpciidt'nt   of  one   another;   and 
therefore 

-f  ((/,.    ...,    (I,„,    V,,    ...,    Vn)=g{Vi Vn), 

SO  that 

being  the  required  expression  in  terms  of  a  fundamental  set  of 
integrals. 

Corollary.  When  the  preceding  results  are  combined,  the 
following  existence-theorem  is  obvious : — 

Let  tti,  ...,  «,„+«  ^^  «  set  of  values  of  x^,  ...,  x^^rn  such  that, 
■ill  their  vicinity,  all  the  coeficienUi  U  in  the  complete  Jacobian 
system 

du      '"+»     r   du 

r-  +       -       Lft^-  =  0, 
O^t       »  =  m+l  f^-f* 

for  t=l,  ...,  in,  are  regular  functions  of  the  variables;  and  let 
h{xm+i,  ...,  Xm+1^  denote  any  regular  function  of  its  arguments 
in  the  assigned  region  of  variation,  which  (except  for  the  require- 
ment of  being  regular)  is  arbitrary.  Then  an  integral  of  the 
Jacobian  system  exists,  which  is  a  regular  function  of  the  vanables 
in    the   vicinity   of  a^,   ...,  «,„+„,    and   which    acquires   the   value 

h  {Xm^x ,   ...,  X,n+n\    ^hen    iT,  =  «! ,   . . . ,    Xm=  «m  • 

42.  It  is  a  part  of  Cauchy's  existence-theorem  that  an  integral 
satisfying  the  conditions: 

(i)  that  it  is  a  regular  function  of  the  variables  within  the 
domain  of  a  set  of  values  where  all  coefficients  in  the 
above  linear  ecpiation  are  legular, 

(ii)  that  it  ac(juiri's  the  value  of  an  jissigiied  regular  function 
for  an  initial  value  of  one  of  the  variables, 

is  a  uni(juc  intogi-al  so  determintd.  Hence  the  fundanu^ntal  system 
of  integrals  of  the  e(|uation 

y>,  +  X^p.,  +  ...  +  Xn+i  Pn+i  =  0, 

re(juired  to  acquire  values  x^,  ...,  .r„+,  respectively  when  ;r,  =  f/,, 
and  to  be  regular  functit)ns  of  the  variables,  is  unique  Jis  a  set  of 
integrals. 

The  inductive  proof  of  the  establishment  of  integnils  of  a 
Jacobian  sy.stem   shews  that,  if  a  set  of  integi'als  satisfying  the 
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assigned  conditions  be  unique  for  a  Jacobian  system  of  m  —  1 
equations,  a  set  of  integrals  satisfying  the  assigned  conditions  is 
unique  for  a  Jacobian  system  of  m  equations.  The  proposition 
just  quoted  indicates  that  a  fundamental  system  is  unique  when 
there  is  a  single  equation  :  hence  a  fundamental  set  of  integrals  is 
unique  for  a  Jacobian  system. 

Similarly,  the  integi-al  at  the  end  of  §  41,  defined  as  an 
integi-al  of  the  Jacobian  system 

for  1=1,  ...,  m,  which  is  a  regular  function  of  the  variables  and 
acquires  the  value  of  an  assigned  regular  function  of  a-,„+i,  ...,oc,„+n 
for  initial  values  of  w^,  ...,  x^,  is  easily  seen  to  be  a  unique 
integral  determined  by  those  conditions. 

The  property  of  uniqueness  of  the  integrals  is  thus  established 
in  connection  with  the  various  existence-theorems  belonging  to 
the  Jacobian  systems.  But  it  must  be  remembered  that  the 
selected  initial  values  of  the  variables  are  such  that  all  the 
coefficients  Ugt  are  regular  in  their  vicinity:  and  only  on  this 
hypothesis  have  the  theorems  been  established.  Separate  investi- 
gation is  necessary  for  the  consideration  of  integrals  (if  any)  of 
the  system  in  the  vicinity  of  a  set  of  selected  initial  values  of  the 
variables,  which  constitute  a  singularity  or  other  non-regidar  place 
of  any  of  the  coefficients. 

Two  Methods  of  Integration  of  complete  linear  systems. 

43.  Now  that  the  existence  of  integrals  of  a  Jacobian  system 
has  been  established  and  that  the  character  of  the  conditions 
which  limit  an  integral  has  been  indicated,  it  is  desirable  to  have 
some  means  of  actually  constructing  the  integral,  more  especially 
if  there  should  be  an  integral  which  is  expressible  in  finite  terms. 
Two  methods  seem  more  direct  for  this  purpose  than  others :  one 
of  these  is  due  to  Mayer,  the  other  is  based  upon  the  actual  stages 
in  the  establishment  of  the  existence  of  the  integrals. 

Mayer's  method  has  already  *  been  expounded :  consequently 
the  discussion  need  not  be  repeated,  but  the  results  will  be  restated 
for  convenience.     It  is  as  follows  : — 

*  VoL  I  of  this  work,  §§  41,  42. 
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To  obtain   a  set   of  n    indepeudeut    ititeffr(ds   of  the   complete 
Jacohian  system 

;  +  1  u,,p=o, 

for   t=\,  ...,  m,  we   transform    the   variables  x^,   ...,  x^    by  the 
substitutions 

.r,  =  a,  +  (y,  -  0)ft  (y, ,  . . . ,  y,n), 

and  construct  the  equation 

?iu        '"  +  "         r)» 

ou,  y      T»   ^'  _  0 

<jy\       a=m+l        0.r^ 

The  equations  subsidiary  to  this  sinr/le  equation,  viz. 

"■!/i        V        ~  •'•  ~    Y         ' 
•«  m+i  ■'  i/14-n 

are  fo  be  integrated,  keeping  y^,  ...,  ym  ««  invariable  quantities:  let 
the  n  integrals  be 

<t>p{^m+i,  •..,  •'■»<+,..  l/i,  ■•',  .'/„,)  =  constant, 

for  p=\,  ...,  n.  Then  the  set  of  n  independent  integrals  of  the 
Jacobian  system  are  given  by  the  following  process :  in  the  equations 

the  variables  y^,  ...,  y„^  are  to  be  replaced  by  their  values  in  terins 
of  the  variables  .r,,  ...,  ./'„,,  and  if  in  any  of  the  equations, 
(f>p(c^,  ...,  Cn,  6,  y2,  •••,  y,n)  should  be  a  pure  constant,  the  changed 
equation  is 

These  n  equations  are  resolved  so  as  to  give  c, ,  ...,  c„  {or  n  inde- 
pendent functional  combituttions  of  them):  let  the  result  of  the 
resolution  be 

U^{.i\,    ,..,    .»■„,,    .'',,,+1,     ''m  +  n)  —   '  >i  VM  ~    '<   •••'   " '' 

where  C\,  ...,  Cn  ore  n  inde}>endent  functions  of  Ci,  ...,  c„:  the  n 
integrals  of  the  original  system  are 

u  =  u^{x,,  ....  .r,„,  ./•„+,,  ....  x,„+n),         (/^=1 "V 

Note  1.     The  sini])l»'st  substitutions  for  the  transfonnation  of 
the  variables  apju-ai-  to  br 

•'"i  =  //. . 

J-,  =  a,  +  (y, -a,)yt, 


43.]  OF   INTEGRATION  91 

fori  =  2,  ...,  111,;  the  quantities  F,„+i,  ...,  Fw+d  in  the  subsidiary 
equations  are  given  by 

m 

t  =  2 

Note  2.  If  only  a  single  integral  of  the  Jacobian  system  is 
wanted  and  not  a  full  set,  it  can  certainly  be  obtained  from  any 
one  integral  of  the  subsidiary  system. 

Note  3.  If  any  integrals  of  a  Jacobian  system  are  knoAVTi,  they 
can  be  used  to  modify  the  system,  so  as  to  reduce  the  amount  of 
integration  necessary  to  complete  the  set.     Thus  let 

be  known  integi^als  independent  of  one  another,  where  p  <  n;  and 
use  these p  quantities  to  change  the  variables  from  x^,  ...,  x'm+n  to 
(say)  Xi,  ....  x,n+n-p>  Vi,  •••)  Vp-     Then  as  y^  is  an  integral  of  the 

system,  the  term  x—  must  be  absent  from  each  equation  of  the 

modified  system :    its  coefficient   must  vanish  in   order  that   the 

equation  may  be  satisfied.     Similarly  for  ^  ,  . . . ,  - — .    Thus  there 

will  be  a  modified  system  of  m  equations :  the  variables  ^j ,  . . . ,  y^ 
are  of  the  nature  of  parameters :  it  involves  tn  +  n  —  p  variables 
a?!,  ...,  Xm+n-p'}  and  it  still  is  complete.  It  therefore  possesses 
n  —  p  integrals ;  and  these  can  be  obtained,  as  in  Mayer's  method, 
by  the  integration  of  the  n—p  subsidiary  ordinary  equations. 

44.  In  outline,  and  as  regards  the  theoretic  amount  of  inverse 
operations  (such  as  integration)  that  are  required,  Mayer's  method 
for  the  integration  of  complete  linear  systems  is  the  simplest  and 
the  briefest :  but  occasionally,  for  particular  systems,  the  detailed 
operations  can  be  complicated.  An  alternative  method  of  pro- 
ceeding is  provided  by  an  adaptation  of  Jacobi's  method  of  inte- 
grating partial  differential  equations ;  the  details  of  the  adaptation 
are  almost  dictated  by  the  course  of  the  proof  of  the  existence- 
theorem.  In  details,  it  frequently  is  simpler  than  Mayer's  method, 
though  the  number  of  inverse  operations  is  greater :  but  the  mere 
number  of  such  operations,  without  regard  paid  to  their  intrinsic 
difficulty,  is  not  the  only  trustworthy  criterion  of  practical  sim- 
plicity. 
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The  method  may  be  described  as  that  of  successive  reduction. 
Let  the  system  be  taken  in  its  canonical  form,  the  first  equation 
being 

This  equation  in  in  +  «  variables  has  m  +  n  —  1  functionally  inde- 
pendent integrals;  of  these,  m  —  1  are  evidently  given  hy  x^,  .,.,Xm, 
and  the  remaining  n  are  provided  by  integrals  of  the  subsidiary 
equations 

dxi  = 


Ct^/n  +  i  <*^m+n 


U  "IT 

the  quantities  x^,  ...,  x,„  being  regarded  as  parametric.  If  the 
integrals  of  these  subsidiary  equations  are 

M^(a-j,  ...,  a:,„+„)  =  constant,         (/*=!,  ...,n), 

then  the  n  remaining  integials  of  J5,  (u)  =  0  are  given  by 

n  =  u^  (.?•] ,  . . . ,  A',„^„ )  =  iif^. 

Every  integral  of  Bi{ii)  =  0  is  a  functional  combination  of  x,,  ..., 
^m.  "i.  •••.  "nJ  the  appropriate  functional  combinations  must  be 
such  as  to  satisfy  the  remaining  cquatioiis  of  the  system. 

We  accorfliiigly  make  x.,,  ...,  x,„,  Hj,  ...,  w„  the  independent 
variables  for  the  equation  B.,{i()  =  0.  If  any  integral  of  this 
equation  be  taken   in   the  form 

u=f{x^,  ...,  x,„,  ?/,,...,  ?/„), 

which  is  also  an  integral  of  2^,  (m)  =  0,  we  have 

B,(u)  =  ^  +   V    ^  B,(Ur)  =  0. 

Because  the  .system   is  complete,  we  have 

B,{B,Ur)-Ji^{li,itr)=0: 
but  Bi{Ur)  vanishes  identically,  so  that  B2{Biiir)  =  0,  and  therefore 

B,(IlUr)  =  0. 

llriiee  J>:(i(r)  sati.sfies  the  equation  5,  (»)  =  0;  it  may  be  z«'ro,  or 
it  may  bi-  a  pure  constant:  if  it  is  neither  of  these  but  is  variable, 
it  is  an  integral  of  /ij(M)=0,  and  therefore  can  be  expressed  in 

terms  of  x^ .r,„,  t/,,  ...,  w„.     Thus  all  the  coefficients  in  the 

transformed  expression  o{ B,(u)  =  0  are  functions  of  the  m+  ti  —  1 
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new  variables  alone.  The  equation  in  this  form  has  m  +n  —  2 
functionally  independent  integrals  ;  of  these,  m  —  2  are  given  by 
x-i,  ...,x,n\  and  the  remaining  n  are  provided  by  integrals  of  the 
subsidiary  equations 

the  quantities  x._^,  ...,  x„i  being  regarded  as  parametric.  All  the 
denominators,  if  not  zero  or  pure  constants,  are  functions  of 
x-i,  ...,  x^n,  "i,  •••,  Un\  let  the  integrals  of  this  set  be 

Vf,{x^,  ...,cc,n,  Ui,  ■••,  Un)  =  Constant,  (p  =  1 ,  ■  •  • ,  w) ; 

then  the  n  remaining  integrals  of  B.2  (ii)  =  0  are 

U  =  Vp  \Xo,  .  . .  ,  OCjfi,  Ui ,   . . . ,  U,i)  =■  Vp. 

Each  of  these,  as  a  functional  combination  of  x.,,  ...,  x^,  Ui,  ...,Un, 
is  an  integral  of  Bi(u)  =  0;  and  every  integral,  common  to  -Bi(w)  =0 
and  ^.,(w)  =  0,  is  a  functional  combination  of  x^,  ...,  x^,  v^,  ...,  ?;«. 
The  appropriate  functional  combinations  must  be  chosen  so  as  to 
satisfy  the  remaining  equations  of  the  Jacobian  system. 

We  now  proceed  as  before :  and  for  the  third  equation,  we 
make  x^,  ...,  x,n,  Vi,  ...,  t'»  the  independent  variables.  If  any 
integral  of  the  equation  B^  {u )  =  0  be 

ii  =  <p  {^Xj ,  • . .  ,  *')/) ,  Vi,  . . . ,  v.,i), 

we  have 

But,  as  the  system  is  complete,  we  have 

B,(B,Vr)  =  B,(B,v,)  =  0, 
B,iB,Vr)  =  BAB,v,)  =  0, 

because  Bi  {v,-)  and  B.^  (v,.)  vanish  identically ;  therefore  Bs  (vr)  is  a 
simultaneous  integral  of  Bi{u)  =  0  and  B2{^l)  =  0.  Consequently 
Bi{Vr)  is  either  zero,  or  a  pure  constant,  or  a  function  oi  x^,  ..., 
^■m,  Vi,  ...,  Vn',  and  the  coefficients  in  the  modified  form  of  Bs(u)=0 
involve  only  the  variables  which  occur  in  the  derivatives  of  <f). 
The  position  is  now  the  same  as  in  the  preceding  stage,  except 
that  the  number  of  variables  has  been  decreased  by  unity. 

We  pass  thus  from   stage  to  stage :  the  integrals  at   the  last 
stage  are  n  functionally  independent  integrals  of  the  system. 
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Note.  At  fii-st  sight,  it  would  apjK'ar  sis  though  the  number  of 
(jujuhatuivs  iif  (iidinary  equations,  required  tt>  make  the  pn>cess 
effective,  is  inu,  being  n  for  each  stage.  But  the  number  can  l>e 
reduced,  often  very  substantially,  except  at  the  last  stage  when  n 
such  quadratures  are  then  certainly  required.     For  example,  let 

11  (a-, ,  . . . ,  Xfn+n)  =  constant 

be  any  integral  of  the  subsidiary  system  of  Bi{u)  =  0:  then 
u=u'{ai,  ...,  Xm+n)  =  u'  is  an  integral  of  B^{u)  =  0.  Now  for 
any  value  of  p,  we  have 

B,{Bpii')  =  Bp{By) 
=  0, 

because  B^{u')  vanishes  identically  :  hence  Bp(u')  satisfies  Bi{u)  =  0. 
li'  Bp(u)  is  not  zero  and  is  not  a  pure  con.stant,  it  is  an  integi-al  of 
Bi{u)  =  0;  if  it  is  functionally  independent  of  u,  we  may  write 

ii"  =  Bp{u); 

and  we  thus  obtain  a  new  integral  of  Bi(u)=0  without  any 
further  quadrature,  in  the  case  of  each  ttperator  Bp  that  K'ads  to  a 
result  of  this  type. 

Again,  each  new  integral  so  obtained  may  be  similarly  treated, 
until  possibly  an  adequate  number  of  integrals  has  been  obtained 
at  the  stage.  The  reduction  in  the  number  of  quadratures  may 
thus  be  made  by  means  of  the  oj)eratoi-s  in  the  remaining  equations 
of  the  .system  at  any  stage :  it  clearly  cannot  be  made  at  the  last 
stage  when  no  further  operator  remains  for  consideration. 

Further,  if  Bp(u')  is  zero,  then  u'  is  an  integral  common  to 
Bi{u)  =  0  and  Bp{u)  =  0:  when  retained  as  a  new  ind(])endent 
variable  under  transformation  of  the  variables,  the  integration  itf 
Bp{u)  =  0  will  be  thereby  sinq)lified. 

Again,  if  Bp{u')  be  a  pure  constant,  =ff  say,  and  if  Bp(v'), 
derived  from  a  functionally  distinct  integi'al  of  5,  (m)  =  0,  be  also  a 
pure  constant,  =6  .s;iy,  then 

Bp{bu'  —  uv')  =  0, 

that  is,  bu  —  av  is  an  integi-al  common  to  By  (//)  =  0  and  Bp{u)  =  0; 
it  can  be  used  to  simplify  the  integration  of  B,,(n)  =  0  at  the 
appropriate  stage. 
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Thus  the  number  of  quadratures  necessary  for  the  method  may 
be  considerably  reduced :  but  even  in  the  most  favourable  circum- 
stances, their  number  is  greater  than  the  number  in  Mayer's 
method. 

Ex.  1.     As  an  example,  whicli  will  be  integrated  by  both  methods,  con- 
sider the  system 

Xi  {Z)  =  X\p^^  -  X.,p.,  +  XiPi  -  XiPi  =  0, 
X2  {z)  =X3pi  -  X1P3  =  0, 
X3  {z)  =  Xipo  —  XoPi  =  0, 

dz 
where  p^=^—,  for  /i  =  l,  '2,  3,  4.     We  have 

Xi{X2Z)-X2{XiZ)  =  0, 

X^{Xsz)-X^iX^z)  =  0, 
X2iX3z)-X3iX.,z)=0, 

so  that  the  system  is  a  complete  linear  system,  being  a  system  in  involution. 
When  expressed  in  a  canonical  form,  it  is 

Xi  a;2"^  +  .r4''^         ^ 
^'^'^=^'-x,^^?^^P'=^^ 

Adopting  Mayer's  method  of  integration,  we  make  the  transformations 
and  then  the  single  eqviation  to  be  considered  is 

where 

jr_yi+y3(«3+3^iy3)  {a.2±]hy2t±^ + y.,  ^'i+yiVi 

Xi  3'l^  +  («3+yiJ'3)"^  ^'4 


The  subsidiary  equation  is 


7  <3^'^"4         r. 


and  an  integral  is  found  to  be 

{yi-  +  («3  -^yiVif]  {(«2 +yiyif' + ^4^}  =  constant. 
Accordingly,  by  the  theorem  quoted  in  §  43,  we  construct  the  equation 

{.yr + («3 +yiyif}  {{<^2 +yiy->i^-^^Vi^} = a-iW, 

the  right-hand  side  being  obtained  by  putting  i/i  equal  to  zero  in  the  left ;  and 
then,  replacing  the  variables  ^'i,  x-y,  x^,  we  have 
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that  is,  by  the  theorem,  a  common  integral  in 

A  more  general  common  integral  in 

2  =  /'{(x,«+.r3«)fx,2  +  r4«)!. 
where  F  is  any  arbitrary  function. 

Proceeding  by  the  other  method  of  integration,  we  obtain  an  intcgiul, 
other  than  .r.,,  and  ^3,  of 

J-,    X^^  +  Xi^ 
^'       A-4   Xi*  +  X3^^* 

the  subsidiary  system  is 


Xt  Xi^  +  Xs* 


Xi  .':;-  +  .'V^         ' 


an  integral  of  which  is 

(.r2* + 0*4^;  {x{^  +  X3^)  =  constant. 

We  take  x.^,  X3,  v  as  the  indeixjndent  variables,  where 

But  ^2(»)  =  0,  so  that  the  second  equation  becomes 

—  =  0- 

OX'2 

and  any  integral  common  to  the  first  two  equations  is  a  function  of  j-j  and  t*. 

We  take  X3  and  v  as  the  indei)endent  variables  for  the  third  equation. 
But  |3(i')  =  0,  so  that  the  third  equation  becomes 

^i  =0. 
dxs 

The  integral  is  thus  a  function  of  r;  a  common  integral  of  the  system  is, 
as  before, 

r=v=(a-,»+X3«)(T2«4-X4»). 

If  an  integral  is  re<iuircd  to  attain  an  aasigned  value  ff{x^),  when  x,  =  «, 
j?2=fc,  J*3=c,  it  is  easily  scon  to  be 


=-fc-'^)*} 


Ex.  2.     Prove  that  the  system 
0=pi  +  2xip2  +  :ix-iP3+pi,+XiPo, 

0  =  XiPi  +  2j-2/>2  +  3X3P3  +  XiPi  +  XoPo, 

0  =  {ZXi^-2Xi)pi  +  {:iXiX2-Xs)pi  +  3XiX3p3  +  (XtX6-Xt)p4+Xs^Pi+Xi,Xtpo, 

is  complete :  and  find  a  system  of  three  common  integrals. 
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Complete  linear  Systems  that  are  not  homogeneous. 

45.  The  complete  linear  systems  that  have  been  considered 

are  homogeneous  in  the  derivatives   of  z :    and   the   dependent 

variable  does  not  explicitly  occur.     But  it  is  possible   to   have 

complete    linear   systems    which    are    not    homogeneous    in    the 

derivatives   and    in   which    the    dependent    variable    does    occur 

explicitly.      This   class   of  equations   is  a  very  special   example 

of  a  system   of  simultaneous   equations  and  can  be    treated    by 

the  general  method  devised  for  general  systems :    the  equations 

can,  however,  be  more  simply  treated  by  being  included  under 

the  class  already  considered.    We  take  a  new  dependent  variable  u 

such  that 

u  =  u  yz,  Xi,  ... ,  Xfi), 

and  we  transform  the  equations  by  means  of  relations 

du  ^^  _  A 

dz  dx^a 

the  transformed  equations  are  homogeneous  and  u  does  not  occur 
explicitly.  These  are  amenable  to  the  method  already  explained : 
the  conditions  of  coexistence  are  at  once  obtainable ;  and  integrals 
will  be  given  by  equations 

u  =  constant, 
provided  «  involves  z. 

Note.  The  same  warning  must  be  applied  about  linear  non- 
homogeneous  systems  as  Avas  applied  to  a  single  non-homogeneous 
equation  (§  85).  The  method  does  not  necessarily  give  all  the 
integrals  of  such  a  system,  for  it  may  fail  to  give  those  which 
belong  to  the  residuary  class  called  special. 

46.  The  conditions  of  the  coexistence  and  the  completeness 
of  the  system  can  be  easily  obtained  from  the  transformed  system. 
Thus  let  a  given  linear  system  be  expressed  in  the  form 


E, 

{Z): 

=  Pl 

+ 

V 

^'siPs 

=  z„ 

E, 

{Z): 

=  P-^ 

+ 
i 

m  +  u 

X 

■^ 

!=»l+l 

^l^P, 

-z.„ 

Em 

{Z): 

=  Pm  + 

m  +  ti 
V 

s  =  m+\ 

asmps 

=  Aft  J 

p.  v. 
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and  consider  the  system 


the  (juantities  ax;*  and  Z  being  functions  of  z,  ./•,,  ...,  a7„.  The 
conditions  of  completeness  of  the  latter  system  arc 

Bi  (a,j)  =  Bj  (a„), 

Bi  (Zj)  =  Bj  (Z,), 

for  all  pairs  of  values  i,  j=  \,  ...,  in,  and  for  s  =  in  +  1,  ...,  m  +  7i. 
But  for  any  value  of  r,  we  have 

Br  =  Er  +  2r^, 

as  a  relation  between  the  operators;  thus  the  above  conditions 
become 

E,(Z,)  +  Z,^-^J  =  Ej^Z,)  +  Zjfj\ 

for  all  pairs  of  values  i,  j=  I,  ....  in,  and  for  s  =  in  +  1,  ...,  in  +  n. 
These  are  the  conditions,  necessary  and  sufficient  to  secure  the 
coexistence  and  completeness  of  the  system. 

We  know  that  the  system  of  equations  5,  («)  =  0 B,„  (u)  =  0, 

being  a  com])lete  lini-ar  system  of  in  cijuations  in  ni  +  n  +  l 
variables,  possesses  u+l  functionally  distinct  integrals.  Let  a 
set  of  these  be  takiii  in  the  form  »,,  ...,  »/„+,,  some  of  which  will 
certainly  involve  z;  then  any  integral  of  the  transformed  system 
c.iM   l)e  expres.sed  in  a  form 

w=/("i,  ••••  ",.fi), 

and  its  most  geneml  integral  will  be  obtained  by  taking  /  as  a 
compliitely  arbitrary  function.  It  is  also  obvious  that  an  integral 
of  the  original  system  will  l)e  provided  by  an  equation 

w  =  0. 
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if  u  is  an  integral  of  the  transformed  system  which  involves  z; 
hence  a  very  general  integral  of  the  original  system  will  be 
provided  by  the  equation 

But  for  reasons  similar  to  those  adduced  for  a  single  equation  in 
I  35,  we  are  not  in  a  position  to  declare  (and  it  is  not,  in  fact,  true) 
that  every  integi-al  of  the  original  system  of  equations  is  included 
in  the  equation  /  =  0  for  an  appropriate  form  of  y. 

As  the  quantities  ti] ,  . . . ,  u^+i ,  necessary  for  the  construction  of 
the  function  /,  are  simultaneous  integrals  of  the  system  B^  (u)  =  0, 
. . . ;  B,n  (u)  =  0,  it  is  clear  that  either  of  the  two  methods  (in  §§  43, 44) 
effective  for  the  construction  of  m,  ,  . . . ,  iin^^  can  be  adopted. 

£!:c.     Let  it  be  required  to  find  whether  the  equations 

.ViPi  +  a;2P2-X3P3  +  2   =0, 
X2P1  -  .V1P2 + zp-i    +  .v-i = 0, 

have  any  common  integral. 

Expressing  these  equations  in  the  form 

X^  —  XiX^ 

P''~   x^^+xi^^^~  x,^+x.^  ' 

and  applying  the  conditions  of  the  text,  we  find  them  satisfied  :  hence  the 
equations  coexist,  and  they  form  a  complete  system. 

To  obtain  the  general  common  integral,  we  construct  the  equations 

du      x^z  —  XxX^  du      X1Z  +  X2X3  du 
dxi       Xi^+Xo^    dxs       x{-  +  x-r     cz       ' 

cm        XiZ-^-X-yX^    CU        X2Z  —  X1X3  Sm_ 

9^2       Xi^+x-r     dxs       x{'  +  x.r    dz       ' 

which  aie  a  Jacobian  system.  It  possesses  two  functionally  distinct  integrals : 
these  are  found,  by  the  processes  previously  explained,  to  be 

n  =  j/j  =  Xi  X3 + Xo  z,       u  =  ?<2  =  -t's-^s  -  XiZ. 

A  general  integral,  common  to  the  two  original  equations,  is  given  by 

Xi  X3 + xo  z  =  ^  (.r2 A3  -  Xiz), 

where  (\)  is  aw  arbitrary  functional  form. 


CHAITKK  IV. 

NoN-LiXEAR  Equations:  Jacohi's  Second  Method, 
WITH  Mayer's  Developments. 

For   the  material   of  the  present  chapter,  reference   may   be   made  to 

Jacobi's  posthumous  memoir,  "Nova  methodus integrandi,"  Crelb;  t.  LX 

(1862),  pp.  1—181,  des.   Werke,  t.  v,  j.p.  1—189;  to  Mayer's  memoir,  "Ueber 

unbe-schriiukt Differentialgleichungen,"  Math.  Ann.,  t.  v  (1872),  pp.  448 — 

470;   and  to  Im-schenetsky's  memoir  "  Siir  I'intogration premier  ordre," 

GrunerCs  Archie,  t.  L  (1869),  pp.  278 — 474.  Mention  .should  also  be  made  of 
Man.sion's  tr&itise  "Th(5orie  dos  ('quations  au.x  derivecs  partielle.s  du  premier 
ordre"  (1875),  Book  ii;  and  of  the  e.xinwition  given  in  chapters  vi  and  vii  of 
Goiirsat's  treatise,  already  (p.  55)  quoted. 

47.  \\  f  now  proceed  to  deal  with  .single  equati«»n.s,  and  with 
systeni.s  of  consi.stent  equations,  of  the  first  order  and  of  gencml 
degree  in  the  derivatives:  clearly  no  generality  is  lost  by  {ussuniing 
that  the  equations  are  irreducible.  It  will  be  sutficiently  obvious 
from  the  discussion  in  the  last  chapter  that  the  construction  of  an 
integial  of  the  equation  or  ot  the  system  of  equations  is  a  process 
of  several  stages,  dithering  in  this  respt-ct  from  the  usual  construc- 
tion iif  an  inti'gral  of  an  ordinary  ecjuation  ;  and  thi'  difticulty,  in 
general,  is  the  discovery  of  the  etfective  inverse  operations  that 
lead  from  stage  to  stage-. 

Now,  whativer  ecjuation  or  ecpiations  may  bo  i\.ssigned  for  the 
determination  of  the  value  or  for  the  limitation  of  the  form  of  a 
di'pendent  variable,  one  permanent  relation  subsists  between  a 
mniiber  of  independent  variables  j-,,  ...,a-„,  a  dep«'ndent  variable 
z,  and  the  derivatives/),,  ...,  jj„  of  the  latter:  the  relation  is 

dz=pidxi+  ...+p„d.r„. 

The  quantities  p^,  ...,  j^,,  are  themselves  dependent  variables  and 
consequently  are  functions  of  a-,,  ....  .r„ :  but  it  frequently  happens 


47.]  NON-LINEAR   EQUATIONS  101 

that  thoy  arise  as  functions  of  iCj,  ..,,  Wn,  2,  the  last  variable  not 
being  explicitly  known  in  terms  of  the  independent  variables. 
Also,  there  must  be  only  a  single  functional  relation  between  z,  Xj , 
,..,  *',i,  so  that  the  integral  equivalent  of  the  preceding  differential 
relation  is  effectively  a  single  equation  among  the  variables : 
consequently,  the  differential  relation  must  be  an  exact  equation. 
The  conditions  necessary  and  sufficient  to  secure  this  result  are 
known*:  in  the  present  case,  they  are 

dxm      ()oc^  dz  dz 

for  the  ^n(n  —  1)  pairs  of  values  of  m  and  /j,  from  the  set  1,  ...,  n. 
Let 

A- A      1 

dx/,     dxp     ^''  dz ' 

d    . 
so  that  -j —  is  the  complete  derivati^■e  with  regard  to  Xp,  account 

QjXp 

being  taken  of  the  explicit  occurrence  of  x^  as  well  as  of  its 
implicit  occuiTence  through  z :  the  necessary  and  sufficient  con- 
ditions become 

dp^^dprn. 

and  these  conditions  apply,  Avhatever  be  the  quantity  z  and  how- 
ever its  derivatives  p^,  ...,  p^  may  be  determined.     When  they  are 

satisfied,  the  relation 

dz  =^p^dxi-\- ...+  pndxn 

is  exact :  when  an  integral  equivalent  is  obtained  by  the  recognised 
processes  of  quadrature,  that  equivalent  is  an  integral  relation 
between  z,  x^,  ...,  Xn. 

Now  there  are  n  of  these  derivatives  of  z :  when  regarded  for 
the  pui-pose  of  quadrature,  they  will  most  generally  be  determined 
by  11  equations 

where  F^,  ...,  Fn  will  be  assumed  to  be  n  regular  functions  of 
a?!,  ...,  x„,  z,  pi,  ...,  ;>„  which,  so  far  as  they  involve  p^,  ...,pn, 
are  functionally  distinct ;    consequently  the  Jacobian 

'F-i,   ...,  Fn^ 


Part  I  of  this  work,  §  11. 
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does  not  vanish  identically.  In  that  case,  the  n  equations  can 
hv  resolved  so  sus  to  give  cxpres-sions  for  y;,,  ....  pn  us  regular 
functions  ofa?,,  ...,  or,,,  z:  when  these  expressions  are  sukstituted 
in  tile  ((juations,  the  latter  become  identities.  Taking  two  of 
these  equation.s,  say  Fr  =  ^  and  ^^  =  0,  thus  turned  into  identities, 
we  have,  on  diffi-rentiating  with  regard  to  a;,„, 

d^m      M^l  ^/^M  d-v,„ 

dF, 


dx,. 


^Zi  dp^  dx,„ 


and  therefore,  on  the  elimination  of    ,    ", 

dx,n 

dFr   dj\  _  dF,  dFr  ^     ^    d{Fr,JVl  dp,  ^  ^ 

dx^dpin     du;ndp,„     ^'2\d{p^,p,„)dj;n 

This  holds  for  each  value  of  tn  ;  taking  it  then  in  succession  for 
each  value  of  7/i,  and  adding  all  the  left-hand  sides  together,  we 
have 

„T=  1  \' i^m  C)Pm        da-m  dpm J       „,t \^ld{p^,p,„)  dx^ 

The  hust  double  summation  can  be  modified:  the  terms  for  which 
fjL  =  m  do  not  occur:  taking  a  pair  of  values  for  fi  and  m  from  the 
set  1,  ...,  n,  and  combining  them,  the  summation  may  be  written 

mTw  9  (  /'m  '  Pm )  \dx„,      dx^  )  ' 

Moreover,  it  is  convenient  to  use  a  symbol  to  denote  tin  fii-st 
summation  :  we  write 

[Fr  F,]  =  i  ("^^'^  — '-  '^^'  "^^A  ■ 

,„Zx  \d.r,„  dp,„      dx,„  dp  J  ' 
and  the  e<juation  now  becomes 

This  holds  r.ii-  nil  combinations  of?-  and  s  from  the  set  1,  ...,  n. 
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Significance  of  the  Jacobian  relations. 

48.  Two  iTifcivnces  can  be  drawn  from  this  aggregate  of 
relations. 

In  the  first  place,  the  quantities  p^,  ...,  pn,  as  determined  by 
the  equations  Fj  =  0,  . . . ,  jP„  =  0,  have  thus  far  merely  been  re- 
garded as  variable  magnitudes :  but,  in  addition,  they  are  to  be 
derivatives  of  z.  The  conditions,  necessary  and  sufiScient  to  secure 
this  last  property,  are 

dp^  _  dp,a  ^  (^  . 

hence  we  have 

for  all  values  of  r  and  s.  These  equations,  ^n{n  —  1)  in  number, 
are  thus  a  necessary  consequence  of  the  hypothesis  that  the  quan- 
tities p  are  the  derivatives  of  z. 

In  the  second  place,  if  these  \n{n  —  1)  equations  are  satisfied, 
then  the  quantities  p^,  ...,  p^,  determined  by  the  equations 
F^  =  0,  ...,  Fn  =  0,  are  the  n  first  derivatives  of  z  with  regard  to 
x^,  ...,  iV,i.  Assuming  the  equations  to  be  satisfied,  the  foregoing 
aggregate  of  relations  becomes 


|,    d  (Fr,   F,)  fd})^  _  dprrA  ^  ^ 
y.,  m  9  (Pm.  Pm)  \d^-m        dx^J 


for  all  combinations  of  r  and  s.     We  thus  have  \n{n  —  \)  equa- 
tions, homogeneous  and  linear  in  the  \n  (n  —  \)  (piantities 

dp^     dp,n 

Taking  the  equations  in  the  form 

^ti  „n=i  dp^  dp,n  \dx„i      dx^J 
which  is  only  a  rearrangement,  and  writing 

«    dF,  fdp^      dp,„\^^^^ 


we  have 


«    dF . 

S   ^—  u^^  =  0. 
x=i  op, 


> 


This  equation  holds  for  all  values  of  r  and  of  s :  taking  one  value 
of  5,  and  the  n  values  of  r  in  turn,  we  have  n  equations  which  are 
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linear  and  huniogoneous  in  i/,,,  it.j, »/,„..     The  determinant  of 

the  coefficients  does  not  vanish,  for  it  is  the  Jjvcobian  of  the  func- 
tions F^,  ...,  Fn  with  regard  to/>,,  ...,/)„;  hence 

for  all  values  of /i  ;uid  s,  that  is, 


-  =  0, 


Cipr 

Taking  the  n  values  of  s  in  turn,  we  have  n  equations  which  are 
linear  and  homogeneous  in  the  quantities 

(Ip^  _  (Ip^  dp^  _  (lp„ 

du'i      d:i,j, '  ""  cixn      dx^  ' 

the  determinant  of  their  coefficients  does  not  vanish,  for  again  it 
is  the  Jacobian  of  i^, F„  with  i-egard  to  ^;, ,  . . . ,  pn  :  hence 

dp^  _  dp„ 
''m      dx^ 

fur  all  values  of  m  and  fi.  These  conditions  have  been  proved 
necessary  and  sufficient  to  secure  that  the  quantities  p  are  deriva- 
tives of  z ;  and  they  are  a  necessary  consequence  of  the  equations 

[Fr.F,]  =  0, 
which  therefore  are  sufficient  to  secure  that  the  quantities  p  are 

derivatives  of  z  and  that,  when  their  values  given  by  i^,  =0 

Fn  =  0  are  substituted  in  the  equation 

rf^  =  /),t/.r, -f-  ...  +y>„rf.r„, 
this  equation  is  exact. 

li",   in    particular,  z  does   not   occur  explicitly   in  any   of   the 
equati(ms  F=0.  then 

dF^     dF^ 


d.r,„     dx,„ 
the  equations  become 

,„*ti   \dx„,  dp,n        ?Pm  9^»./ 

Mild  these  are  fre(piently  represented  by  thi'  form 

iFr,F,)  =  0. 

Note.    All  these  conditions  will  equally  be  required  if  the  equa- 
tions determining  y),,  ...,;)„  occin-  in  the  form 

/^  =  r/, .  . . , ,  Fu  =  (i„ , 

where  (I ,(i„  are  constants. 
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49.  Again,  suppose  that  n  +  1  equations,  involving  pi,  ... ,  pn, 
z,  x^,  ...,  Xn,  are  given.     Let  them  be 

G'l  =  0,  ...,  G„_i.,  =0; 

they  can  be  regarded  as  determining  n+  1  quantities  z,  pi,  ...,pn 
in  terms  oi  x^,  ...,  x^.     We  proceed  to  shew  that  the  conditions 

[Gr,  G,]  =  0, 

for  all  combinations  of  r  and  s  from  the  set  1,  ...,  n  +1,  must  be 
satisfied,  if  quantities  z,  pi,  ... ,  p^  are  so  related  that 

C>Z    ^  djhn  ^  9/>M  . 

also,  that  the  conditions  specified  suffice  to  secure  these  relations. 

When  the  values  o(  z,  pi,  ...,  p,,  are  substituted  in  the  equa- 
tions (r  =  0,  each  of  them  becomes  an  identity ;  and  therefore  we 
have,  from  any  equation  (?^  =  0  after  the  substitution, 

dGr      BGr  _9f_       ^   dGr  dp^  _ 

dx,n       dz  dxm      f,=i  dp^  dxm 
so  that 

dGr  dGr  .  dGr  I  dz 

VXffi 

or  writing 


dGr        dGr  f  dz  \  "     dGr  dp^        ^ 

dz         dz    \dXm  /       ^=1  dp^  dx,n 


d         I^Jl 

dxm     ^'"  dz     dx,. 


dGr     dGr  (  dz 

+ 


for  all  values  of  m,  we  have 

'.^»i        "V      ^ti  dp^  dx,r, 

/    M=i  fyv  S-*"/" 


ria.',,,.       dz   \bi 
Similarly 

dG,      dGs  I  dz 


dxjn       dz   \dx, 
Multiplying  the  former  b}'  -^ — ^  ,  the  latter  by  - — - ,  and  subtracting 

(jpm  (}Pm 

we  have 

dGrdG^dG,  dGr      (dGr  djh  _  dG-,  dG^\  fdz_  _ 


dx.a  dpm      dx,„  dp,n      \  dz  djhn       dz  dp,, J  \dx^ 


_^  I  d(Gr,G,)  dp^_^ 
^Zid  (p,,,  p,„)dx,n 
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Summing  tin-  left-hand  sides  of  this  e(juati«»n.  taktii  for  all  the  n 
values  of?//,  in  succession,  we  have 

«    /dOr  dG,     dG,  dGA 
1^=1  \da;ndj),n      d.r,„  Op  J 

or,  again  using  [G^,  G»]  to  diimtc  th<-  first  summation,  we  have 

The  last  sinnmatiun  can  also  W  written 


and   therefore  we  have 


r^     ^ .       ^   d{G,,Gs)  (dz  \ 

iG^,Gg\-{-    i    3-r; [- p^] 

If  thcii  the  quantities  z,  p^,  ....  ;)„,  determined  as  functions  of 
n\,  ...,  ./•„  by  the  // -f  1  erpiations  G=0,  be  such  that  their  values 
satisfy  the  relations 

dz  _  dp^  _  dp,, 


_  'm 


djr,„      ^ '" '     9a;„      dxu.  ' 


for  all  values  of  7;i  and  fi,  then  we  nuist  have 

[G,,  a]  =  0  : 
and  this  holds  tor  all  combinatiitns  ot'  /■  and  s. 

Conversely,  if  the  relation  holds  tor  all  the  values  of  r  and  s, 
then  the  values  of  z,  />,,  ...,  j)„,  tus  given  by  the  etjuations  G  =  0, 
are  such  that  the  quantities  p  are  e(jual  to  the  derivatives  of  z 
and  siitisfy  the  necessary  relations  of  the  foregoing  t^'pe.  When 
[Gr,  Gg]  =  0,  the  equation  becomes 


^  d{Gr,G,)/dz  \  ^    ^    V  ?^-?<^f^_?Z^\  =  0- 


V 

m 

or,  if  we  write 


dz  \dx,n      '"*)     ^ti  9yv  \9.r„,      dx^J  ' 

"  9(;, /9^        \ 

.N=i  9y)„,  \9.r,„      ^   / 


49.]  COEXISTENCE  107 

Ave  have 

for  all  values  of  r  and  s.  Taking  the  n-\-\  values  of  s  in  succes- 
sion, and  keeping  one  and  the  same  value  of  r,  we  have  ?i  + 1 
equations,  homogeneous  and  linear  in  the  ?i  +  1  magnitudes  Vy, 
Un,  ...,  ^lrn■  The  determinant  of  the  coefficients  of  these  magni- 
tudes is 

\2,p^,   ...,pj  ' 

which  does  not  vanish,  because  the  n  +  1  equations  G  =  0  are 
presumed  to  determine  z,  p^,  ...,  p^  as  functions  of  the  other 
variables;  hence  all  the  magnitudes  v,-,  Un,  •••>  ^'m  vanish,  that  is. 


^=1  dp,n  \da;,n         " ' 


dGr  (  dz 


dz   \d. 

the  former  holding  for  all  values  of  r,  the  latter  for  all  values  of  r 
and  of  m.  Taking  the  latter  for  a  single  value  of  m  and  for  all 
the  values  of  r,  Ave  again  have  n  +  1  equations,  homogeneous  and 
linear  in  the  n+\  magnitudes 

dz    _  dpj_  _  dpjn  ^pn  _  dpm 

one  of  which  is  identically  zero;  the  determinant  of  the  co- 
efficients again  is  the  Jacobian  of  Gi,  ...,  Gn+i  with  regard  to 
z,  pi,  ...,  pn,  and  so  does  not  vanish:  hence  the  n  +  1  magnitudes 
are  zero,  that  is, 

dz  3iV  hhn  _  r. 

'  Pm — ")      o„  a™ 


dXm  '  '      dx,n         dx^ 

Next,  taking  all  the  values  of  ni  in  turn,  the  other  set  of  equations 

m  =  l  op,n  \dXm  1 

is  satisfied  without  providing  any  new  condition:  accordingly,  we 
have  the  relations 

"      9'*"^ '   dx^n      dx^  ' 
as  a  necessary  consequence  of  the  equations  [G,.,  G^]  =  0. 


\()H  COMPUiTE   SYSTEMS   OF    EQUATIdN'S  [40. 

Note.     It  will  be  noticed  that,  if  the  n  equations 

F,  =  0,  ....  F„  =  0, 

.siiti.sfy  all  the  conditions  [Fr,  F,]  =  0  neces.sary  for  CfK'xistence,  the 
determination  of  a  value  of  z  which  satisfies  them  all  re(juires 
resolution  n\'  the  equations  and  a  (jua<lrature :  while,  if  the  ii  +  l 
equations 

.satisfy  all  the  conditions  [Gr,  Gt]  =  0  nece.s.sary  for  coexistence,  the 
determination  of  a  value  of  ^  which  s^itisfies  them  all  requires  reso- 
lution of  the  ecjuations  only.  The  foruK-r  case  could  be  changed 
into  the  latter  by  the  provision  of  an  additional  ajipropriate  equa- 
tion :  this  appropriate  equation  is  actually  provided  as  the  residt 
of  the  necessiiry  quadrature,  with  the  added  advantage  that  it 
gives  a  relation  between  z  and  the  variables  .r,,  ..,,  .r„,  free  from 
the  quantities  yj, ,  . . . ,  p„ . 

50.  The.se  two  theorems  lead  to  various  issues,  jis  regards  the 
.solution  of  a  single  equation  and  of  a  system  of  compatible  equations. 
We  shall  deal  with  the  latter  fii-st. 

Accordingly,  we  su])pose  that  .several  equations 

F,  =  0,...,F,  =  0 

are  given  :  after  the  foregoing  explanations,  we  can  suppose  that 
s  is  less  than  //.  It  may  also  be  assumed  that  these  equations  are 
algebraically  independent  of  one  another  and,  at  this  stage,  that 
they  involve  all  the  variables  concerned:  also,  that  it  is  not 
po.ssible  to  eliminate  z,  pi,  ...,  p„  from  among  them,  so  as  to  leml 
to  a  relation  among  the  independent  variables  alone.  In  onK-r 
that  the  given  (({nations  may  coexist,  it  is  clear  from  the  preceding 
analysis  that  the  further  e(piations 

[F^,Fj]  =  0 

nnist  be  .sjiti.stied,  for  all  combinations  of  /  and  /  from  the  set 
1,   ...,  s. 

One,  or  more  than  one,  ot  these  furtht'r  equations  may  be 
impossible:  thi'  original  equations  cannot  then  coexist  as  deter- 
mining a  function  z  of  .r, /•„  which  satisfies  /\  =  0,  ...,  Fg  =  0 

simultaneously.     The  case  requires  no  further  consideration. 

One,  or  more  than  one,  (»f  the  further  e(juations  may  be  satisfied 
identically:    no  condition  is  thereby  imposed    upon    the    system. 
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Similarly,  no  condition  is  imposed  upon  the  system  when  any  one 
of  the  fuithcr  ('qnations  is  satisfied  in  virtue  <ii'  the  original 
equations. 

But  it  may  happen  that  one  of  the  further  equations  is  not 
satisfied,  cither  identically  or  in  virtue  of  the  original  equations, 
and  yet  it  nmst  be  satisfied :  it  is  a  new  equation,  which  must  be 
associated  with  the  original  system.  Each  such  further  equation, 
not  satisfied  either  identically  or  in  virtue  of  the  original  equations 
or  in  virtue  of  the  newly  associated  equations,  must  be  associated 
with  the  system :  let  the  additional  aggi-egate  thus  provided  be 

i^;+,  =  o,  ...,i^,  =  0, 

each  of  which,  as  representing  a  relation  [Fi,  Fj]  =  0,  is  an  equation 
of  the  first  order. 

In  order  that  these  may  coexist  with  the  original  system  and 
with  one  another,  each  of  them  must  be  combined  with  every  other 
and  with  every  member  of  the  original  system  in  the  relation 
[Fi,  Fj]=0.  Any  new  equation  thus  arising  is  associated  with 
the  increased  .system :  apd  the  process  is  repeated  until  the  system 
is  so  amplified  that  the  relation  is  satisfied  either  identically  or  in 
virtue  of  the  equations  in  the  amplified  system.  Such  a  system,  on 
the  analogy  of  the  earlier  and  simpler  case  in  Chapter  ill,  is  called 
complete  :  if  it  be  denoted  by 

F,  =  0,...,F,.,  =  0, 

the  relation  [F,-,  F;]  =  0  is  satisfied  for  every  combination  of  i  and  j 
from  the  set  1,  ...,  m,  either  identically  or  in  virtue  of  the  members 
of  the  complete  system. 

If  the  original  system  should  be  such  that  z  does  not  occur 
explicitly  in  any  equation,  the  relation  [Fi,  i^,]  =  0  becomes 
{Fi,  Fj)  =  0:   and  then  the  complete  system  is 

F,  =  0,  ...,F,,  =  0, 

being  such  that  the  relation  (Fi,  Fj)  =  0  is  satisfied  for  everj'  com- 
bination of  i  and  j  from  the  set  1,  ...,  m,  either  identically  or  in 
virtue  of  the  members  of  the  complete  system.  Moreover,  z  does 
not  occvu-  explicitly  in  any  member  of  the  complete  system  :  for  it 
is  not  introduced  by  any  of  the  relations  (Fi,  Fj)  =  0. 


no 
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51.     Ill  §  22,  it  w;is  I'stablishfd  that  the  equation 

/(.r,, /■„,  z,  p^ />,.)=  0 

possesses  an    integral   with   one   or  <ither  of   the   ;vssigne«l   initial 

conditions   for  one   of  the  values  j,  =a,,   r,^  =  an,  except  for 

such  values  (if  any)  of  the  variables  as  satisfy /=0  and  also 

dp,  dpn 

If  these  equations  can  coexist,  \\v  must  have 


/ 


dp^_ 


=  0, 


dp 


-    ^1=0 

r  '    dp,] 


for  all  values  of /x,  ;*,  s,  in  connection  with  the  n  +  l  equations. 
The  former  condition  is 


„ti  \dx„,  dp„i  \dp^J      dp,n  da;  \dpj) 


9/ 


but  -^  =  0  for  all  values  of  ///,  and  thus  the  condition  is 


dp 


I  4/;  ^f  =0, 

,1  =  1   dXmdpmdp^ 


for   all    values   of  fx,  so   that   we   have    /*    itlati«)us,   homogeneous 
and  linear  in  the  n  quantities  -^^  ,  ...,  -^ .      Suppose   now  that, 


7\t'  7)f 

if  the  equations  „*^  =  0,  ...,  ^^— 

*  dp,  opn 

determine  pi,  ...,  pn,  f**^>  that 


=  0  can  coexist  with  /*=  0,  they 


J 


[dp,'  ""dp„j 


is  not  zero;  then  the  preceding  «  iviatit)ns  can  only  he  satistitni  by 


that  is,  by 


d;r,„ 


df  df      „ 


for  Ht  =  l,  ....  ».     These  arc  //  additional  relations:  they  must  be 

satisfied   by  the    values   of  ^j, /)„,  z,  provided  by  the  »  +  1 

equations. 
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It  is  easy  to  see  that  these  relations  must  be  satisfied  whether 

^— =  0,  ...,7^— =  0  are  independent  of  one  another  or   not,  qua 

equations  in  p^,  ...,  p„.  For  the  vahie  of  2,  and  the  values  of 
jOi,  ...,pn  deduced  ft-om  it,  must  make /=  0  satisfied  identically 
when  they  are  substituted  :  hence 

K  +  pJ/^l  ^3^=0 
that  is, 

^^.,.1  =  0, 


dcdjn        '"  dz 
for  all  the  values  of  m,  which  are  the  conditions  in  question. 

The  other  set  of  conditions  is 


_\dx,n   [dprJj  dpmdps         (rf^,„  {djJsJ  j  dpm'dpr_ 


0, 


m=l 

for  all  values  of  r  and  s. 


When  all  these  conditions  are  satisfied,  and  when   the  n  +  \ 

equations /=  0,  ^  =  0,  ...,  ^  =  0,   determine  p^,  ...,pn,  z   as 

functions  of  a-,,  ...,  a-^,  the  value  of  ^  is  certainly  an  integral  of  the 
original  equation  f=  0.  Clearly,  it  then  is  not  capable  of  obeying 
assigned  initial  conditions :  for  it  possesses  no  arbitrary  element 
which  is  at  our  disposal. 

Such  integrals  are  of  the  class  usually  called  singular :  we  shall 
recur  to  them  later.  When  they  exist,  they  result  from  the 
elimination  of  /)j ,   . . . ,  p,^  between 

dpt  dpn 

Ex.  1.     As  an  example,  we  may  take 

/=  -z  +  -riPi  +  ...+-'\p„-{-g{pi,  ...■,Pn)  =  0; 
the  additional  equations  are 

so  that  evidently  */  must  involve  all  the  quantities  pi,  ,..,  /),„.     The  relations 
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are  satisfied  identically ;  likewise  the  other  set  of  relations.     Moreover,  the 
fonn  of  </  is  known  :  honce,  eliniinating  />,,  ...,  p„  from  the  eijimtions 

/=0,       ./„,  +  ^=0,  (//i  =  l,  ...,h), 

the  value  of  :  given  l>y  the  resulting  ccjuution  is  an  integral  of  the  original 
diuation.     But  it  contiiins  no  arbitrary  element. 

Ex.  2.     It  nnist  not  Ix;  supposed  that  elimination  of  /> p^  is  always 

possible  among   the    n+1    equations.      Taking    n  =  i,  a   simple    iiist^nue    is 
])rovided   l»y   the  equation 

All  the  equations 

/=.0,       ?^=0,       ¥=0, 

and  all  the  relations 


dx\dp)  dp\dq)      dx\dq)dp\?pj 
^dy\dpjdq\dqj      dy\^q)dq\cpj        ' 


are  satisfied  l»y  the  two  equations 

^  =  'i  =     —  -       • 
X     y     .T*+y*—  1  ' 

attempted  elimination  gives  no  further  equation.    An  integral  for  the  jMirticular 
example  is  eleiirly  given  hv 

z^  =  a(.i-2+/-l), 

where  a  is  an  arbitrary  constant. 

To  equations  having  integrals  of  this  kind,  we  shall  recur  later. 


'rm:  ('(•MiiiNANTs  {F,  G),  [F,  d]:   Some  rKoPEUTiEs. 

52.  Iltloiv  pjvssing  to  the  t'urthcr  consideration  ot"  a  complete 
system  ot  given  ecjuatious,  it  is  convenient  to  note  a  property 
of  the  oj)eration,  repre.sented  by  {F,  G)  when  F  and  G  do  not 
involve  z,  and  by  [F,  G]  when  F  and  G  <lo  involve  z. 

L<'t  /',  G,  H  be  any  three  independent  functions  of  2n  quantities 
Xu  •••.  ^H.  P\,  •••.  Pn-  then  it  is  not  difticult  to  verify  that  the 
equation 

{^F,  G)II)+((G,  H)F)  +  {{H,  F)G)  =  0 
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is  satisfied  identically.  From  this  identical  relation,  one  inference 
can  be  made  at  once.  Let  u  =  </>,  and  w  =  i|r,  where  </>  and  -^  are 
functions  of  a-j,  ...,  Xn,  Pi.,  ...,Ph,  be  two  independent  integrals  of 

(F,  u)  =  0, 

which  is  a  homogeneous  linear  equation  in  u ;  then 

{F,  4>)  =  0,     {F,  f)  =  0, 

both  equations  being  satisfied  identically.     Hence 

((F,  4>)  f)  =  0,    ((t,  F)  <!>)  =  -  {{F,  f)  cf>)  =  0, 

and  therefore 

((<^,  ylr)F)  =  0, 
that  is, 

(F(<p,f))  =  0. 
Thus,  taking 

u  =  ((f),  yfr), 
we  have 

(F,  u)  =  0. 

Now  {(}>,  yjr)  may  be  zero  identically,  or  it  may  be  a  pure  constant : 
in  either  case,  the  equation  u  =  (^,  yjr)  gives  a  trivial  (and  negli- 
gible) integral  of  the  diiferential  equation.  But  if  (0,  -v/r)  be  a 
variable  quantity,  then  u  =  ((f>,  -vlr)  gives  an  integral  of  (F,  i()  =  0; 
and  if  it  be  distinct  ft'om  cf)  and  from  -\/r,  it  is  a  new  integral.  We 
therefore  have  the  theorem*  : 

Ifu  =  (f)  and  u  =  yjr  are  integrals  of  the  equation 

(F,  u)  =  0, 

then  u={(f),  yfr)  also  satisfies  the  equation:  and  if  (cp,  -»/r)  be  a 
vanable  quantity  distinct  from  (f>  and  from  y^,  then  u  =  (</>,  yjr)  is  a, 
new  integral  of  the  equation. 

Another  mode  of  stating  this  result  is  as  follows :  Let  f  =  0, . . . , 
y,„  =  0  he  a  complete  system  of  equations  ivhich  do  not  involve  z 
explicitly,  so  that  the  relation 

(fr,fs)  =  0, 

for  all  values  of  r  and  s  from  the  set  1,  ...,  m,  is  satisfied;  and  let 
u  =6  be  an  integral  of  the  Jiomogeneous  linear  equation  (f,  u)  =  0. 
Then  if  the  relation  (f,f)  =  0  is  satisfied  identically,  the  quantity 

*  The  theorem  is  customarily  associated  with  Poisson's  name.  It  was  ustd  by 
Jacobi  without  explicit  indication  of  the  limitations,  though  he  uses  it  only  generally, 
not  universally:  see  Jacobi,  Ges.  Werke,  t.  v,  pp.  49,  50. 

F.  V.  8 


114  PROPEHTIES   OF   THE  [52. 

u=(/r,  6)  also  sutisjies  the  etj nation  (/',,  «)  =  0;  atid  it  is  a  new 
integral  of  that  eij  nation  if,  being  a  vanable  quantity,  it  is  function- 
all  g  independent  (f  6. 

The  result  is  derived,  on  the  lines  of  the  earlier  explanation, 
fnjm  the  relation 

((/i.  fr)  6)  +  ((./;.    e)f)  +  {{6,  f)fr)  =  0. 

For  (/,,  ^)  =  0  identically,  and  (/',,/^)  =  0  identiwilly,  sa  that 
((/i./r)^)  =  0  and  ((^. /,)/r)  =  0:  thus  u  =  (/;,  6)  satisfies  the 
equation  (/, ,  u)  =  0. 

The  relation  (fi,fr)  =  ^  must  always  be  sjitisfied ;  but  if  it  is 
satisfied  only  in  virtue  of  equations  of  the  system,  the  inference  as 
to  the  significance  of  (/,.,  0)  cannot  be  drawn. 

53.  Next,  let  /,  g,  h  be  any  three  independent  functions  of 
2/)  +  1  magnitudes  j?,,  ...,  .r„,  z,  pi,  ..., pn',  then  it  is  not  difficult 
to  verify  that  the  equation 

[[/i7]/0  +  [[i7./']/]  +  P./].7]  =  -|[^,/0-^^[/'-/]-|[/.!/] 

is  sivtisfied  identically. 

A  corresponding  inference  can  be  drawn  fn^m  this  identity: 
but  it  is  not  so  completely  usefvd  as  in  the  former  case.  Let  u  =  <f> 
and  u  =yjf,  where  <f)  and  yj/  are  functions  of  Xj,  ...,  Xn,  z,  />,,  ...,  jo„, 
be  two  independent  integials  of 

which  is  a  homogeneous  linear  equation  in  u  :  then 

are  satisfied  identicidly.      Hence  also 

therefore,  taking  <l>  =  g  and  yjr  =  h  in  the  ab<ne  identity,  and  using 
these  relations,  we  have 

[[<^.  ir\f]=-fA<t>,  n 

or,  writing 

t;  =  [c^.  f], 
we   have 


53.]  POISSON-JACOBI    COMBINANT  115 

Thus,  in  general,  u  =  v  =  [<{),  -v/r]  does  not  satisfy  the  equation 

[/  u]  =  0 ; 
and  thus,  in  general,  a  new  integral  of  that  equation  is  not  obtained. 
If,  however,  y  does  not  explicitly  involve  z,  so  that  ^  is  zero,  then 

[/  V]  =  0 ; 

hence  u  =  v  satisfies  the  equation.  As  before,  [^,  -xjr]  may  be  zero 
identically,  or  it  may  be  a  pure  constant :  then  u  =  v  gives  a 
trivial  (and  negligible)  integral  of  the  equation.  But  if  [0,  yjr]  is 
a  variable  quantity,  then  u  —  [(f),  -v/r]  is  an  integral  of  the  equation  : 
and  it  is  a  new  integral  if  distinct  from  <p  and  from  yfr,  that  is,  if 
it  is  not  expressible  in  terms  of  0  and  of  yfr  alone.  Hence  we 
have  the  theorem*: — 

Ifu  =  (f)  and  u  =  -v/r  are  integrals  of  the  equation 

[/  ^^]  =  0, 

then  u  =  [(/),  -v/^]  is  a  new  integral  of  that  equation,  only  if  f  does 
not  explicitly  involve  z  and  if  [(/>,  -v/r]  is  a  variable  quantity  not 
expressible  in  terms  of  (f)  and  y\r  alone. 

Another  mode  of  stating  the  result  is  as  follows :  Letf  =  0,  . . . , 
f^  =  0  be  a  complete  system  of  equations,  some  at  least  of  which 
involve  z  explicitly,  so  that  the  relation 

[fr,f:]=o, 

for  all  values  of  r  and  s  from  the  set  1,  ...,  m,  is  satisfied ;  and  let 
u  =  ^  be  an  integral  of  the  homogeneous  linear  equation  [f,  u]  =  0. 
Then  if  the  relation  [y'^,  fr\  =  0  is  satisfied  identically  and  if  the 
equation  f\  =  0  does  not  involve  z  explicitly,  the  quantity  u  =  [fr,  ^] 
also  satisfies  the  equation  [f,  u]  =  0;  and  it  is  a  new  integral 
of  that  equation  if  being  a  variable  quantity,  it  is  functionally 
independent  of  ^. 

The  result  is  derived  from  the  same  identity  as  before.  Taking 
f=f,  g  ^fr,  h  =  ^,  we  have  {f\,  ^]  =  0  identically  and  [/:,/r]  =  0 
also  identically,  so  that 

[[/:,/•] ^]  =  o,   [[/;,  ^]/;]  =  o: 

*  The  correct  statement  of  the  theorem  appears  to  have  been  given  first  by 
Mayer,  Math.  Ann.,  t.  ix  (1876),  p.  370. 

8—2 
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also  ^    =  0,  by  thi-  hypothesis  adopted  :  thus 

[[/;.  ^]/.] = 0, 

and  so  (/  =  [fr,  ^]  siitisfies  the  equation  [/,,  m]  =  0. 

The  rehxtion  [/i,/r]  =  0  must  always  be  stitisfied :  if  it  is 
satisfied  only  in  virtue  of  the  equations  of  the  system,  the  inference 
as  to  the  significance  of  [/',.,  ^]  cannot  be  drawn. 

54.  Now  the  ultimate  object  of  investigations,  connected  with 
a  single  equation  or  with  complete  systems  of  equations,  is  either 
the  construction  of  the  most  general  integi-al  that  is  possessed 
or  the  formatit>n  of  processes  effective  for  such  construction. 
Moreover,  speaking  generally,  such  processes  will  be  made  simpler 
by  every  reduction  in  the  number  of  inverse  operations  to  be  per- 
formed and  by  every  increase  in  the  number  of  direct  operations. 

It  is  clear,  fi'om  the  two  preceding  sets  of  results,  that  a  direct 
operation  for  the  construction  of  a  new  integral  of  (F^,  m)  =  0  will 
more  frequently  be  effective  than  a  direct  operation  for  the  con- 
struction of  a  new  integial  of  [/,,  j<]  =  0:  indeed,  the  latter  is 
effective  only  when  the  equation  /\  =  0  is  more  limited  than  is 
generally  permitted  to  the  system  of  equations  in  which  it  is 
included. 

We  know  that  it  is  always  possible,  by  means  of  a  trans- 
formation 

U=  lt{z,    Xu    ....    Xn)  =  0, 

to  remove  the  dependent  variable  from  explicit  occunence  in  an 
equation,  or  in  a  system  of  etjuations,  involving  only  one  de})endent 
variable  :  the  number  of  independent  variables  is,  however,  thenby 
increased  by  unity.  When  the  integral  u  of  the  transformed 
system  hxs  been  obtained  in  the  most  general  form,  which  com- 
preheiuls  all  its  integrals,  a  general  integinil  of  the  original  system 
is  at  once  deduced  from  the  equatii)n  u  =  0 ;  but  this  geneml 
integral  is  not  completely  comprehensive,  for  it  need  not  include 
special  integrals  if  any  such  exist.  But  jus  hits  been  seen  in  the 
case  of  a  single  equation,  that  is  non-homogeneous  and  of  the  first 
order,  the  processes  adopted  for  the  untransformed  equation  do 
not  lead  to  the  special  integrals,  if  any. 

Thus  there  would  appear  to  be  no  real  loss  of  generality  and  no 
real  dnninution  in  the  niimber  of  integrals  obtainable,  if  we  pass 
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to  a  transformed  system  in  which  the  dependent  variable  does  not 
explicitly  occur.  On  the  other  hand,  there  is  an  added  element  of 
effectiveness,  because  the  quantity  u  — -  (Fr,  0)  is  often  an  integi'al 
of  (Fi,  u)  =  0,  whereas  the  quantity  u  =  [fr,  ^]  requires  compliance 
with  an  additional  condition  in  order  that  it  may  be  an  integral  of 
[/„  ti]  =  0. 

Accordingly,  for  the  immediate  present,  it  will  be  assumed 
that  the  dependent  variable  does  not  occur  explicitly :  hence  we 
have  to  deal  with  a  system  of  equations 

Fi  =  0,  ...,  F„i  =  0, 

involving  the  quantities  cc^,  ...,  x^,  }h,  •■•,  Pn-  We  may  further 
assume  that  the  equations  are  linearly  independent  of  one  another, 
so  that  no  one  of  the  quantities  F  can  be  expressed  as  a  linear 
combination  of  the  remainder  with  coefficients  whether  variable  or 
constant.  And  after  the  discussion  in  §  50,  we  shall  assume  that 
the  system  is  complete,  so  that  the  relation 

{Fr,  F,)  =  0 

is  satisfied,  for  all  values  of  r  and  s  fi-om  the  set  1,  ...,  m,  either 
identically  or  in  virtue  of  the  equations  of  the  system. 

Moreover,  after  the  same  discussion,  it  will  be  assumed  that 
m  <  n.  What  is  required  is  a  value  of  z  satisfying  all  the  equations 
of  the  system :  in  order  to  proceed  by  quadratures,  other  n  —  m 
compatible  and  independent  equations  are  needed. 

Mayer's  development  of  Jacobi's  second  method. 

55.  There  are  various  ways  of  deducing  the  further  n  —  m 
equations  that  are  requisite :  one  of  the  simplest  of  these  ways 
is  Mayer's  development  of  what  is  often  called  Jacobi's  second 
method. 

The  m  equations  in  the  complete  system 

F,=0,  ...,  i^,„^0 

are  linearly  independent  of  one  another,  in  the  sense  that  no  one 
of  the  quantities  F  can  be  expressed  as  a  linear  combination  of  the 
remainder :  thus  there  can  be  no  effective  functional  relation  among 
the  quantities  F.  Consequently,  the  m  equations  can  be  resolved 
so  as  to  express  m  of  the  involved  variables  in  terms  of  the  rest. 
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In  the  first  instance,  let  it  be  supposed  that  the  equations  can 
be  resolved  so  as  to  express  m  of  the  variables  /),,  ...,  /)„,  say  to 
express  p,,  ...,  p,n,  in  terras  of  all  the  other  quantities  involved; 
and  let  the  result  of  the  resolution  be  denoted  by 

Jh        0i  \Pm+i >  •••  >  Pn y  "^ly   •••  >  ^n/  ^^  "» 

or  by 

/),•  -(f)i  =  0, 

for  t  =  1,  . . . ,  m.     We  prove,  as  follows,  that  the  resolved  system  of 

equations  is  complete,  the  original  system  b«'ing  complete :  that  is 

to  say,  the  relation 

(/V-  (f)„  Ps-4>s)  =  0 

is  satisfied,  for  all  values  of  r  and  of  «  from  the  set  1,  ...,  ni. 

When  the  values  0,,  ...,  (fjm  ^'Ji'  P\,  •••,  Pm  respectively  are 
substituted  in  all  the  equations  of  the  original  system,  each  of  the 
latter  becomes  an  identity.     Therefore 

dxi      jt^i  dpk  da^i 
for  all  values  of  i=  1,  ...,  n  :  that  is, 

dK^  ^  dF^d(pt-<t>k) 

for  all  these  values.     Similarly,  we  have 

dpj      A-^i  dpk  dpj 

for  the  values  j  =  m+l,  ...,  ti :  that  is, 

dF,^  -   dF,d{pt-4>k) 
c>Pj      k=\(^Pk        f^Pj 

for  those  values.     Also 

dF\^  ':^  dF,d(pk-<t>k) 
dpf      aTi  dpk        cipf 

for  the  values  /  =  1 »».  bocause  for  each  of  these  values^only  a 

single  term  on  the  right-hand  side  occurs :  hence 

dFr^  -  dFrd{pt-<f>k) 
dpi      iZi^Pk        M 

for  the  values  j  =  1,  ...,  ii.     And  these  results  hold  for  all   the 
values  r  =  1 //*. 
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Substituting  in  {F^,  F,),  we  find 

»  (dKdFs_dKdj\\ 

^^11  dF,dF,\d{pk-4>k)^{pi-4>i) 
i=i  k=\  i=\  dpk  dpi  \       dXi  dpi 

_  9  {Pk  -  4>k)  9  {pi  -  <^0| 

=  2  i'£^'^(p,-4>„p,-u 

Now  (jP,.,  i^jj)  =  0,  for  all  values  of  r  and  of  s  from  the  set  1,  . . . ,  m  : 

hence 

m     m    7)F    dFo 

i  =  l  /  =  1  opk    opi 

for  all  these  combinations  of  values.  Taking  the  relation  for  one 
value  of  s  and  for  all  the  values  of  7\  we  have  m  equations,  homo- 
geneous and  linear  in  the  in  quantities 

^  ^  (pk  -  <f>k,  Pi  -  <i>i), 
i=\  opi 

for  k  =  l,  ...,  m.  The  determinant  of  the  coefficients  of  these 
quantities  in  the  m  equations  is 

fF-i,  ...,  F„ 


J 

\pi,  ■'.,Pm 

which,  by  hypothesis,  does  not  vanish  :  consequently, 

1=1  f^pi 

for  all  the  values  of  s  and  k.  Taking  this  relation  for  all  the  m 
values  of  s,  we  again  have  m  equations,  homogeneous  and  linear  in 
the  )n  quantities 

{Pk-4>k,  Pi-4>i\ 

for  ^  =  1,  ...,  m;  and  the  determinant  of  the  coefficients  of  these 
quantities  in  the  m  equations  is  again 

\Pl,   ■■■,  PmJ 

which  does  not  vanish  :  consequently, 

{pk  -  <i>k,  Pi  -  <l>t)  =  0, 
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tor  /•  ;mil  /=  1 ///.     Ht-nce  the  system  of  eqimti(»ns 

j,i-<f)i  =  0,  (t=l,  ...,w). 

is  complete. 

It  is  easy  to  see    that    the   completeness   of  the   system   of 

equations  • 

Pi  -  (f>i  =  0, 

for  1  =  1,  ...,  Ill,  is  of  a  special  kind.     Thi'  relation 

(Pk-<lik,  Pi-<i>i)  =  ^, 
k  and  /  having  any  values  from  the  set  1,  ...,  in,  is 

dXk       dXi       j  =  m+l\dXj  dp;        dpjdXjj' 

This  relation  is  to  be  satisfied,  and  it  clearly  is  not  satisfied  in 
virtue  of  the  equations 

Pi  -  4>i  =  0, 

for  i=\,  ...,  Ill,  because  it  does  not  involve  any  of  the  quantities 
Pi,  ••-,  Pm  ;  hence  the  relations  for  the  modified  system  are  satisfied 
identically. 

When  thf  relations,  necessary  and  sutficient  to  secure  the 
completeness  of  a  system,  are  satisfied  identically,  the  system  is 
said  to  be  in  involution.  The  resolved  system  of  complete  equa- 
tions is  a  system  in  involution,  because  each  of  the  relations 

ipk-i^k,  pi-(t>i)--=o 

is  satisfied  identically*. 

Note.     Even  when  a  complete  system  of  equations  jP,  =0 

Ffn  =  0,  is  such  that  z  occurs  explicitly,  a  corresjx)nding  result  is 
obtainable.  Suppose  that  the  ni  equations  can  be  resolved  with 
regard  to  z  and  to  m  —  1  of  the  quantities  p,  siiyy),,  ...,pm-\,  in 
the  form 

2-^  =  0,    Pi-fi  =  0 />,.-, -■f„,_,  =  0, 

where  yjr,  yjr i/r„,_,  do  not  involve  z,  p ,  y)„,_, ;    then  the 

relations 

[z-yjr-  ./•,  (y,,  _  ^/r, )  -  . . .  -  .,„,_,  (y,„._,  _  >^ ,„_,),   p.  -  yfr-]  =  0, 

•  Sometimes,  for  convenience,   the  uuresolved  complete  system  is  said  to  be 
ill  iiirolitliiiii. 
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are  satisfied  in  virtue  of  the  relations 

[F,,  F,]  =  0, 
for  all  values  of  i  and  j.     When  the  quantities 

[pi  -  ^i,  pj  -  f.i] 
are  expressed  in  full,  they  contain  none  of  the  variables  z,  pi,  ..., 
Pm-i ;    they  cannot   vanish,   therefore,  in  virtue    of  the    resolved 
equations:    hence   they   must   vanish    identically.     Similarly,   the 
quantity 

[z-y{r  -  X,  (2h  -yJA,)-  ...-  x„^_^  {p>m-i  -  ^m-i),  Pi  "  "^.j 
vanishes  identically. 

The  resolved  system  can  be  regarded  as  a  system  in  involution. 

56.  In  order  to  obtain  common  integrals  of  the  system,  a 
satisfactory  method  will  be  devised  if,  by  its  means,  other  ??  —  m 
equations  are  associated  with  the  m  equations  in  the  system :  and 
the  remaining  stage  will  be  a  quadrature  with  reference  to  the 
variables  ci\,  ...,^'„,  if  the  Jacobian  of 

(where  v,n+^  =  constant,  . . . ,  Un  =  constant,  are  the  additional  n  -  vi 
equations)  with  regard  to  i\,  ...,  j^n  does  not  vanish  identically, 
that  is,  if 

T  f  ^^^"+1 '  •  •  • '  ^^n\ 
\Pin+iy  ••■  >  PnJ 

does  not  vanish  identically.  Accordingly,  this  method  requires 
the  determination  of  n  —  rii  equations  u  =  constant. 

Each  such  equation,  as  it  is  to  coexist  with  the  equations  of 
the  given  system,  must  satisfy  the  conditions  which  are  necessaiy 
and  sufficient  to  secure  the  coexistence  :  that  is,  it  must  satisfy 
the  relations 

(ih  -  01 ,  '0  =  0,  . . . ,  {p,„  -  <^,„ ,  i()  =  0, 

which,  in  effect,  are  m  equations  for  the  determination  of  u.  Now 
these  equations  constitute  a  complete  system  of  the  type  con- 
sidered in  the  last  chapter.     We  have 

{{p,-(f>,,  u),  p,-(i)s)-{{ps-4>s,  I'),  Pr  -  0,)+((y>.v-  0,.  j>,-<f)r),  ?0=0 

identically  ;  also  (pg  —  0^,  jj,.  —  <f>,.)  —  0  identically  for  all  values  of  ?' 
and  s,  so  that  ((|\.  —  (f)s,  Pr  —  0r)>  t()  =  0:  hence 

(/),  -  (f),,  (p,  -  (p,,  n))  =  (p,  -  <f)g,  (  /),.  -  0,.,  u)). 
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Let 

(Pi-4>i,  11}  =  Ai{n), 

where  Ai  is  a  linear  operator:  the  foregoing  rehitioii  becomes 

A,(A,u)  =  AAA,K), 

for  all  values  of  r  and  s.  This  aggregate  of  relations  is  necessary 
and  sufficii'nt  to  secure  that  the  system  of  equations  At(u)  =  0,  ..., 
Am  (m)  =  0,  is  complete. 

Written  in  full,  the  equations  are 


^J^m  ••=.1+1  \3/>i  9^i  dxibpi)  ~\dpj  dxj 
a  system  of  ??t  equations  in  the  2n  variables  .r,,  ....  x„,  y),,  ...,  ;>„. 
When  any  integral  of  the  system  has  been  obtained  involving  any 
of  the  variables  p^,  ...,p,„,  the  relations  pi  =  (f>i,  ...,pm  =  ^m,  can 
be  used  (without  affecting  its  value  or  its  significance)  .so  a.s  to 
remove  these  variables.  In  the  transformed  expressi<tn  for  u,  we 
have 

?ii=0  — =0 

OPi  dp,n 

that  is,  we  may  take  the  m  equations  in  the  form 
dx,      ,  =  ,„+!  UjOf  a.^t      dxidpi) 


dn  :^.      fdu  d<f),n  _  dii  ?(f),„\  _  ^ 

'•'m      i  =  m+Adpi  dxi      dxi  dpi) 


The  original  system  of  ///  ocjuations  wa-s  complete  :  the  transformed 
system,  with  the  condition  that  the  integrals  u  do  not  involve 
Pi,  ...,  p,„,  is  also  complete.  The  number  of  variables  involved  is 
2»  —  ;//,  being  ;/•, ,  ...,  .r„,  p,n+i,  ■■■,  Pn-  ^^  that,  as  the  system  for 
the  quantity  "  is  now  a  complete  Jacobian  system,  it  possesvses 
2n  —  2/»  integrals*,  which  are  functionally  independent  of  one 
another. 

•  It  is  easy  to  Bee  that  this  result  comes  rIbo  from  the  earlier  form  of  the 
equations  for  i/:  that  form  involvfs  2ti  variables,  and  so  there  are  2n  -m  inteprals. 
But  u=Pi  -  <Pi,  ....  "=/'m  -  <f>m  f^'f  '*t't'n  to  be  m  intej^rals:  and  therefore  there  are 
other  2n  -  2m  integrals. 
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Two  limitations  are,  however,  imposed  upon  these  integrals,  so 
that  not  all  of  them  can  be  retained  for  our  purpose.  In  the  first 
place,  the  aggregate  of  n  —  rti  equations  required  must  be  such 
that 

J  I  ^''7n+l »   •  •  •  5    '^'w  \ 
Vpm+1 )  •  •  • )  Pn/ 

does  not  vanish  identically.  In  the  second  place,  let  u„i+\  =  «m+i 
be  an  integral  of  the  system :  it  must  involve  one  or  more  of  the 
quantities  p,n+\,  ••-.Pw.  and  it  must  be  resoluble  with  regard  to 

one  of  them,  because  otherwise  all  the  derivatives  ;:; ,  •  •  • ,  ^ — 

would  vanish  :    let  the  resolved  form  be 

where  ^m+i  involves  am+\-  Any  other  of  the  2n  —  2///  —  1  remain- 
ing integrals,  say  v,  undoubtedly  satisfies 

but,  for  our  purpose  of  proceeding  to  the  determination  of  the  n 
quantities  p,  it  must  also  satisfy  the  relation 

{pm+1-  (f>m+i,  v)  =  0; 

and  this  relation  will  not,  in  general,  be  satisfied  for  any  one  of  the 
2/1  —  2m  —  1  integrals,  selected  at  random.  Accordingly,  it  is  not 
necessary  to  obtain  all  the  2n  —  2i)i  integrals  of  the  system  though, 
if  they  are  known,  they  can  be  used  in  the  construction  of  v  as  an 
appropriate  functional  combination  of  the  2??  —  2m  —  1  integi-als 
other  than  tim+i  '•  it  is  sufficient  at  this  stage  to  obtain  ^  single 
integral  of  the  transformed  system.  Denoting  this  single  integral 
by  Um+i>  we  resolve  the  equation  u,n+i  =  a^+i  with  regard  (say)  to 
Pm+\ ,  in  the  form  })m+i  =  (f>m+i ',  and  then  any  other  equation 
V  =  constant,  that  can  coexist  with  the  original  system  and  with 
Pm+i  =  4''n+i'  must  satisfy  the  necessary  and  sufficient  conditions 

{p,-<j)„v)  =  0, 

for  r=  1,  ...,  m  +  1.  As  before,  v  may  be  assumed  not  to  contain 
Pi,  ■'-,  Pm'  and  for  reasons  similar  to  those  adduced  before,  it  may 
be  assumed  not  to  contain  pm+i ,  so  that 

djh  dpm+i 


124  MAVEKS    MOUIIICATION    OF  [56. 

.111(1  tlnii  the  system  of  tMjuations  for  v  is 

9^r      i  =  »i+2  \9p»  9^1      dxidpiJ 
fur  r  —  1,  ...,  ///  +  1.     The  system  nf  m  +  1  c<juatiniis  is  coiiij)lete : 
it  involves  the  2ii  —  in  —  1  variables  ./,,  ...,a^„,  Pm+2y  •••»  fn'i  ^nd 
so  it  possesses  2n  —  2in  —  2  functionally  independent  integrals. 

57.  At  each  stage,  we  have  a  complete  Jacobian  sy.stem  for 
the  determination  of  a  quantity  ti,  such  that  an  equation  ?<=o  can 
be  a.ssociated  with  the  system  of  cfpiations  for  the  variable  z.  The 
theory  of  these  Jacobian  systems,  as  explained  in  the  preceding 
chapter,  shews  that  they  do  possess  a  number  of  integrals;  and 
therefore  quantities  u  of  the  ajjpropriate  type  do  exist,  so  that  we 
require  only  their  explicit  expressions  in  order  to  formulate  the 
successive  equations  u  =  a. 

W'v  thus  may  p;is.s  from  stage  to  stage:  at  each  step,  an 
integi'al  of  a  number  of  simultaneous  equations,  forming  a 
complete  Jacobian  system,  is  required  :  and  as,  at  an}'  stage,  the 
numl)er  of  equations  has  become  greater  while  the  number  of 
variables  h;vs  become  less  than  at  the  preceding  stage,  the  con- 
struction of  the  integrals  in  succession  is  succe.ssively  simpler. 

At  each  stage,  what  is  retpiired  is  a  single  integi-al  belonging 
to  the  complete  Jacobian  system  then  framed :  this  integral  must 
involve  one  of  the  variables  p  still  surviving  in  the  system*.  For 
this  purpose,  we  may  use  eithi'r  Ma^'er's  method  or  the  amplified 
Jacobian  method  devised  tor  complete  linear  systems;  but  it  is 
not  necessary  to  work  either  method  to  the  complete  issue,  because 
all  that  is  wanted  is  a  single  integral  of  the  simultaneous  system, 
not  the  aggregate  of  functionally  independent  integials  of  the 
system. 

Each  luw  equation  of  the  type  ?/=  constant,  ass<xjiated  with 
the  .system  in  its  am])lified  condition  before  the  derivation  ^A'  the 
])articular  u,  introduces  an  arbitrary  constant.  Thus,  at  the  end  of 
the  series  of  operations  which  result  in  giving  n  ecpuitions,  the 
number  of   arldtrary   constants    introduced    is    )i—m\    wlu-n    the 

■•  III  caso,  at  any  stage,  nn  ai)i)rnpriate  integral  of  this  tj'pe  may  not  con- 
veniently be  obtainable,  wliile  an  iiitetirul  involviiif*  the  variables  .r  ami  some  of  the 
old  variables  may  be  forthcoming?,  a  transformation  similar  to  that  adopted  for 
a  corresponding  difliculty,  hereafter  (§§  .58,  69)  discussed,  will  be  effective. 
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n  equations  are  fully  resolved  for  p^,  ...,  pn,  the  expressions  for 
these  quantities  involve  ii\,  ...,  Xn,  (h,  ...,  an-,,,-  When  these 
values  are  introduced  into  the  equation 

dz  =pidx^  +  ...  +pndxn, 

the  right-hand  side  is  an  exact  differential ;  when  the  quadrature 
of  this  exact  differential  is  effected,  we  have 

Z=(f)(x,,   ...,  Xn,  «i,  . . .,  Ctn-m)  +  l>, 

where  h  is  an  arbitrary  constant.  This  equation  gives  the  required 
value  of  z  as  an  integral  common  to  the  system  of  equations :  its 
expression  contains  n  —  m  +  1  constants. 

£x.     Obtain  a  common  integral  (if  it  exist)  of  the  simultaneous  equations 

F2=p.iPi-XiX.2  =  ()  j 

We  have 

{F^,  F.^=piXi+p.,.V2-piX3-pi.Vi  ; 

the  right-hand  side  must  vanish,  and  it  clearly  does  not  vanish  in  virtue  of 
Fi=0,  i^2  =  0;  hence  we  have  a  new  equation  to  be  associated  with  the  iirst 
two,  and  we  write 

Fi=piXi  +P2X2  -p^x^  -piXi=0. 
We  now  have 

{F,,  F.^=       F,, 

{F„  F,)=-2F„ 

{F,,  Fs)=     2F,; 

all  the  quantities  of  the  type  (Fr,  Fg)  vanish  in  virtue  of  the  three  equations ; 
hence  these  equations  are  a  complete  system. 

Resolving  the  three  equations  Fi  =  0,  F,  =  0,  i^3  =  0,  so  as  to  express 
jOi,  p2i  Pz  ill  terms  of  the  other  variables  that  occur,  we  find  two  systems, 
viz. 

...  ^')''^3  ^iP\  XiXo 

^'^  ^^  =  77'    ^^=-af  '     P-^  =  -i^' 

....  X.Va  X1X3  Xx.V., 

(„)  Pl  =  ^\      P2  =  -^\      PZ  =  ^' 

*1  Pi  Pi 

The  second  of  these  two  sets  is  derivable  from  the  first  by  interchanging  the 
variables  Xi  and  .^2;  hence  its  integral  must  be  similarly  derivable  from 
the  integi'al  of  the  first. 

To  obtain  this  integral,  we  need  an  equation  u  =  a,  where  a  is  a  constant 
and  u  must  involve  JO4;  and  u  is  determined  by  the  equations 
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together  with  the  justifiable  >vs.sumi>ti<>n  that  u  is  explicitly  indeiMJiident  of 
Pi,  Pj)  p3-     These  equations  arc 

CM      .TjiXt  cm 

3^2     Xg  bx^     x-i  8/>4  * 

8X3        /)4''    8x4 ' 

aud  the  fiict  that  they  are  complete  can  easily  be  verified. 

The  Mayer  solution  of  these  equations  is  as  follows.     We  transform  the 
variables  by  the  relations 

X2=X2-\-{yi-ai)y2, 
X3=X3  +  (^i-ai)y3; 
and  we  form  the  single  equation 

8tt  ^«  .  r   --0 

di/i  ^x^         cpt 

where 

An  integral  of  the  subsidiary  system 

i  1  7  2 

where  1/2  and  1/3  are  arbitrary  parameters,  is  required  involving /)4:  one  such 
integral  is  clearly  derivable  from 


in  the  form 


^'     ^V      Pi  ys 


— =  constant. 


ai  +  {yi-ai)yi 
Then  an  integral  of  the  original  system  is  given  by 

a8  +  (yi-ai)y»      aj' 
that  i.H,  by 

X2        ^2 

Hence  m  =  ^  is  an  integral  of  the  three  equations  ;  as  it  involves /)4,  it  is  of 

X't 

the  re<]uired  tyjw. 

To  deduce  the  value  of  z,  we  take 
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and  then  the  values  of />i,  m,  p^,  pi  are 


it  06 


inserting  these  values  in 

dz=pidxi  +  pidxo+psdx^i+pidxi, 


we  find  that 


z= -  +  ax-,Xi  +  o 

a 


is  an  integral  of  the  first  set  of  equations  derived  from  the  resolution  of 
Fi=0,  F2=Q,  ^3=0,  and  therefore  is  an  integral  of  the  original  equations. 

Eflfecting  upon  this  integral  the  interchange  of  variable  whereby  the  first 
and  the  second  resolved  sets  are  interchanged,  we  find  that 

— ''^'^'^^  +  aXiXi  +  b 


a 

is  also  an  integral  of  the  original  equations  Fi=0,  F.2  =  0 

We  thus  have  two  distinct  integrals,  each  involving  two  arbitrary  con- 
stants :  and  they  are  the  only  integrals  that  are  thus  obtainable.  Their 
relation  (if  any)  to  one  another,  and  the  derivation  of  other  integrals  (if  any) 
from  them,  belong  to  a  range  of  subsequent  investigation. 

The  amplified  Jacobian  method  of  solution  is  simple  in  the  present  case 
and  leads  very  directly  to  the  integral 

pi 

Xi 

the  rest  of  the  analysis  is  the  same  as  before. 

58.  The  preceding  investigation  has  rested  on  the  two  as- 
sumptions:  (i)  that  the  equations  F^  —  O,  ...,  i^,„  =  0  of  the 
complete  system  can  be  resolved  with  regard  to  m  of  the  variables 
pi,  ■■■,  pn  '■  (ii)  that  the  equations  of  the  complete  amplified  system 
Fi  =  0,  ...,  F,n  =  0,  "w+i  =  "w-t-i>  •••,  Un  =  an,  can  be  resolved  with 
regard  to  pi,  ...,  pn,  ^o  that  the  Jacobian 


\pl, ,pJ 


does  not  vanish  identicall3^  The  latter  assumption  is,  however, 
unnecessary :  and,  as  has  been  proved  by  Mayer*,  it  is  sufficient 
that  the  n  functionally  independent  equations  i^i  =  0,  ...,i^,„  =  0, 
")/!-i-i  =  ('m+i,  •■•,  "/i  =  «»  should  be  resoluble  with  regard  to  n  of  the 
quantities  which  they  involve. 

*  Math.  Ann.,  t.  viii  (1875),  p.  313, 
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Still  retaining  the  first  assumption,  let  the  m  equations  Fj  =  0, 
...,  Fm  =  0  be  resoluble  with  respect  to  j9, ,  ...,  ;;,„ ;  and  let  the 
resolved  set  be 

;j, -</),  =  0,  ...,;>„,-</',„  =  0. 

Let  X  be  a  function  of  all  the  variables  such  that 

iFr,X)  =  0, 

for  r  =  l,   ...,  m:  and  let   ^  denote  the  value  (A'  X  which  results 
from  substitutinL,^  (^,,  ...,  0,„  as  the  values  of/),,  ....  j),„  in  X :  then 


For 
so  that 


di_dx    i:^  dx  d^k 

dxi      dxi     aCi  dpk  dxi  ' 
dxi      dxi     ic'^i  dpk        dxi 


for  1  =  1,  ...,  m.     Similarly 

dpj      dpj      hZidpk        dpj 

fur^'=/?i  +  l,  ...,  n;  and  this  hvst  relation  is  identically  true  for 
^  =  1.  ...,  ni,  because  neither  ^  noi-  any  one  of  the  quantities  <^, ,  .,., 

<f>,„,  involves  jt)i,  ...,pm\  that  is,  the  relation  is  true  for^'=l f). 

Also,  when  the  values  of  ^),,  ...,  />,„  are  substituted  in  the  equations 
^"1  =  0,  ...,  F,n  =  0,  these  become  identities:  hence 


dFr 


_  ^^    dF,d{ph-<t>h) 


9^i     /»=i  ^y>/i      S'^i 

for  values  ot  /=  1 »  :  and  (as  above) 

dpj      iZ\  ^Ph         dpj 

first  i'i*r  j  =  m  +  1.  ,..,  //,  from  the  identical  e(]uation,  and  obviously 
identically   tor  J  =  l,   ...,   m,   that   is,   for   values   of  j'=l n. 

Hence 

h-i^Ph  ^  h  =  \k=\dphdpk 

Now  we  have 

(Ph  -  4>h ,  Pk  -  <f>k)  =  0, 
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and  by  h\^3othesis, 

{Fr,X)  =  0, 

for  all  values  of  r ;  hence 

2   ^  (i).  -  0;o  r)  =  0, 

A  =  l  OPh 

holding  for  r  =  l,  ...,  m.     But 

\Pl,    ■■;Pml 

is  not  zero,  because  of  the  assumed  resolubility  of  the  equations 
i^i  =  0,  . . .,  ^,n  =  0  with  respect  to  j9i ,  ...,  p^^'-  hence  the  preceding 
m  relations  can  only  be  satisfied  by 

(Ph-<i>k,  |)  =  0; 
which  was  to  be  proved. 

Next,  suppose  that  (by  some  method  or  other)   we  possess 
n  —  m  equations 

which  coexist  with  i^i  =  0,  ...,  F^  =  0,  and  with  one  another;  the 
n  equations  in  the  aggregate  being  functionally  independent  of  one 
another.  The  original  system  of  in  equations  is  certainly  resoluble 
with  regard  to  p^,  .,.,  j>,„ ;  the  amplified  system  of  n  equations  is 
resoluble  Avith  regard  to  ??  of  the  variables,  which  can  certainly  be 
chosen  so  as  to  include  p^,  ...,  pm  and  may  include  others  of  the 
quantities  p  though  perhaps  not  all  of  them.  Suppose,  then,  that 
the  variables  chosen  for  resolution  include  p^,  ...,  _/:)^,  where 
fx'^m,  but  not  more  than  yu,  of  the  quantities  p;  the  resolved 
equations  will  be  equivalent  to  yu,  equations  of  the  amplified 
system,  say  to 

In  the  remaining  equations  of  the  system,  let  the  values  of  pi,  ,.., 
p^  be  substituted,  and  suppose  that  they  become 

these  equations  not  being  resoluble  for  any  of  the  quantities  p^+i, 
...,Pn,  and  consequently  not  involving  any  of  these  quantities. 
Then,  exactly  as  in  the  preceding  case,  we  have. 

(ph-<}ih,Vk)  =  0, 

F.  V.  9 
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foi-  li  =  1,  ....  fi.  'UkI  A=/i  +  l,  ....  )i  :  taking  account  of  the  fact 
that  Vk  involves  none  of  the-  variahles  /),,  ...,  y>„,  we  may  write  this 
set  of  equations  in  the  form 

dvk_     ;;,     dvt  d<i)h  ^  Q 
dxh       1=7+1  9^»  ^Pi 
till-  all  the  values  of /<  and  A*. 

The  quantities  v^+,,  ...,  v„  invulvo  the  variables  x^,  ...,  a:„ :  we 
prove,  as  follows,  that  they  arc  functionally  independent  combina- 
tions of  ar^+i,  ...,  Xn.     Othenvise,  there  would  be  some  relation 

/(ar,,  ....  x^,  v^+, Vn)  =  0, 

which  would  have  to  be  satisfied  identically  when  the  values  of 
v^+i,  ...,  Vn  in  terms  of  the  variables  j*,,  ...,  Xn  are  substituted; 
and  {IS  it  would  involve  one  or  more  of  the  quantities  v,  it  could  be 
resolved  with  regard  (say)  to  t;„  in  the  form 

This  relation  would  also  be  an  identity  when  the  values  of  v^+,, 
....  v„  in  terms  of  a;,,  ....  a:,,  are  substituted.     Now 

dXh         .=7+1   ^^'^i  ^Pi 

substituting  5r (a;,,  ....  x^,  t;^+, r„_,)  for-v„,  this  gives 

\dXi^       A  =  ,x  +  1  8Va  ^^'J        A  =  r+1  ^Va  «=M  +  1  ^^i  ^Pi 


but 


dXH        t=M+l  ^^»  '^/^i 


for  \  =  /x  +  1,  ...,//-  1,  and  therefore 

1^  =  0, 

for  all  tlu'  values  of  It.  Thus  the  above  expression  for  y„  would 
give 

and    the   quantities   jv+, f,.  would   not  In-  functionally  inde- 

pondiut  of  one  another,  contrary  to  the  construction  of  the 
quantities  u.  Hence  v^+,  =  a^+,,  •••,  «n  =  «n,  are  functionally 
independent  combin.ations  of  av+i,  ...,*»,. 


58.]  CONTACT-TRANSFORMATIONS  131 

The  equations  ?;^+i  =  a^+i ,  . . . ,  Va  =  a,,  can  therefore  be  resolved 
with  regard  to  x^+i,  ...,  a,-„;  and  consequently  the  system 

can  be  resolved  with  regard  to  p^,  ...,  j^y.,  ^;ii+i,  ...,Xn.  Let  a 
resolved  set  be 

Xjg.  =  Cfc   (^a.*! ,   . . . ,  Xfj^,  Pix-^-i ,   ••• ,  Pn)> 

for  h  =  l,  ...,  fx,  and  k  =  /ji+l,  ...,  n,  the  functions  6  and -\/r  in- 
volving the  arbitrary  constants. 

59.     Now  take  a  new  dependent  variable  Z,  defined  by  the 
contact-transformation  * 

being  a  transformation  of  a  type  first  used  by  Lagrange -f-;    then 

dZ  =  p^dx,  +  ...+  p^ dx^  - ^;^+i  dp^+i-  ...- Xn dpn . 
Wr  write 

Xi,    .  . .  ,  Xfj^,  —  2^iJ.+l  >    •  •  •  !  "~  Pa  ~  l/ly    ••'  >  y/j.,  Vix+l  J   '••  ,  yii) 

respectively,  and  regard  y^,  ...,  2/,i  as  new  independent  variables: 
then,  denoting  by  ^'i ,  . . . ,  g„  the  derivatives  of  the  new  dependent 
variable  with  regard  to  the  new  independent  variables,  we  have 

Ph=qh,     Xk  =  qk, 
for  h  —  1,  ...,  fji,  and  k  =  fM+  1,  ... ,  n.     Let 

Fr{Xi,   ...,  Xn,2h,   ...,  Pn)=  Gr{yu   ■■■,  yn,  Qi,   ■■■,  qn), 
Us  (Xj,  ...,Xn,Pu   ...,  pn)  =  10^  (^i,   •  ■ . ,  yn,  ^/i,   •  •  •  ,  qn), 

on  effecting  these  changes :  then  as  the  equations 

r  i  =  \),   . ..,  T  „,  =  0,         W„i+i  =  a  1,1+1,   ...,  Un  =  Cfn, 

are  resoluble  with  regard  to^)i,  ...,  j)^,  a:^^i,  ...,  Xn,  the  equations 

Gi  =  0,  ...,  G„,  =  0,      w,„+i  =  «,„+! , . . . ,  Wn  =  an, 
are  resoluble  with  regard  to  q^,  ...,  qn.     Moreover,  the  equations 

i^i  =  0,   . . . ,  F,,i  =  0,         «;„+!  =  a,„+i ,   ...,  Un  =  On, 

*  Called  tanfiential  transformation  in  Part  i  of  this  work  :  the  phrase  contact- 
transformation  is  now  customary,  and  it  will  be  herein  adopted  whenever  reference 
to  it  is  required. 

t  (Euvres  completes,  t.  iv,  p.  84. 

9—2 
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sjitisfy  the  relations 

{Fr,  F,)  =  0.     {F,,  m)  =  0,     («.-,  uj)  =  0. 
for  r,  s=l,  ...,  in,  and  i,  j=  m  +  \,  ... ,  n.     N<nv 

oFr^dGr  dFr^dGr 

da^h     c)!/h  '      ^Ph  ~  'dqh  ' 

da-k      dqic  '      dpk  ~      dt/t  ' 

for  // =  1,  ...,  fjL,  and  L  =  fi+\,  ...,  n  [  and  similarly  tor  relations 
between  derivatives  of  w  and   w.     Thus 


(F    F)=  ^^   i  —  —  —  —  — ^ 


c>yh  dqh      dqh  dijk 


i^l  Xdm   dqt        dqi    di/i) 


dyi  dqi      dqi   dyi. 
=  (Gr,  Gg); 
and  similarly 

(Fr,  Ui)  =  {Gr,  U'i),       (».,   Uj)  =  {Wi,  V)j). 

Consequently 

{Gr,  G,)  =  0,    {Gr,  Wi)  =  0,    {wi,  u'j)  =  0 ; 
and  the  equations 

G^=0,  ...,  G,„  =  0,      ?<%+,  =  (T,„+, Wr,  =  an 

are  resoluble  with  regard  to  ry,,  ....  7,,,  expressing  these  quantities 
in  terms  of  y,,  ...,  y„,  Hm^u  •••.  ««•  Moreover,  the  earlier  results 
shew  that  the  values  of  ^,,  ....  7,,  thus  given  make 

dZ=  7,((y,  +  ...  +qndyn 

an  exact  equation :  when  the  (juadrature  is  effected,  the  result 
will  be  of  the  form 

where  b  is  an  arbitrary  constant.  To  obtain  the  vahu-  of  :,  wii 
note  that 

dZ  dy}r 

<^yk  dyk 
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for  ^  =  yii  +  1,  . . . ,  n;  and 

Z  =  z  —  a;^^i2^ij^+\  —  ■••  —  x^Pn 

=  Z  +  07^+1  y^+i  +   . . ,  +  Wnyn  j 

hence 

z  -f-  Xfi^ii/fi^i  +  . . •  +  x^^y^ 

=  ^{yx>   '•',  yn,  am+l,   . .  • ,  tta)  +  h 

=  yjr(ii\,  ...,  x^,  2/^+1,  ...,yn,  a,«+i,  ...,  a„)  +  6, 
dyJr 

^yk 

for  k  =  ^l+l,  ...,  >K  Eliminating  y^+j,  ...,  t/,^  among  these 
n  —  jx+l  relations,  and  resolving  the  eliminant  with  regard  to 
z,  we  have  a  relation 

z  =  1  i^Xi ,  ... ,  x.,i,  Cf ,„^i ,  . . . ,  ci,i )  +  0, 

for  z  occurs  in  the  elimination  only  in  the  combination  z  —  b;  this 
relation  is  the  integTal  of  the  original  system  of  equations,  and 
it  involves  n  —  7n  +  l  constants. 

One  such  integral  will  arise  for  each  resolved  set  of  equations 
arising  out  of  the  resolution  of  the  equations 

the  aggi'egate  of  these  integrals  includes  all  the  integrals  that  are 
thus  obtainable.  But  other  integrals  may  be  deduced  by  other 
processes,  which  will  form  the  subject  of  subsequent  explanations, 

Ex.     Consider  an  equation 
An  equation  «  =  «  is  required,  which  may  coexist  with/=0  :  it  is  given  by 

(/,  «)  =  o, 

an  equation  that  is  homogeneous  and  linear  in  « :  and  an  integral  is  required 
which  involves  either  p  or  q  or  both.     The  subsidiary  equations  are 

dx  _  dp         _       dy  dq 

3x~  -Sp-  2q^x^  ^y  +  3q\v^  ^  ^  ' 

one  integral  of  these  equations  is 

j3^= constant ; 


and  another  integral  is 


V 
—  „  —  A-  =  constant. 


xq- 

Taking  the  former  integral,  we  have  to  resohe  the  equations 

/=0,     fx  =  c^, 
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where  c  is  a  constant.     Resolution  with  res|X}ct  to  p  and  q  is  simple,  giving 

substituting  in 

dz=pdx-^qdy, 

and  effecting  the  quadrature,  we  find 

z  =  A  -  Jc'x  +  ot"  '^, 

which  is  an  integral  involving  two  arbitrary  constants. 

Taking  the  other  integral  of  the  sub.sidiarj  equations,  we  have  to  resolve 
the  equations 

where  a  is  a  consbmt.  Resolution  with  regard  to  p  and  q  is  i>ossible  :  it  is 
simpler  with  regard  to  p  and  y,  and  with  respect  to  these  variables  gives  the 
relations 

F=y-q^{a^  +  2<uc)=-.0,     G=p  +  lq^{x-\-a)=^0, 

which  .satisfy  the  relation  {F,  G)=0  identically.  After  the  investigations 
above,  we  take  q  and  x  as  the  new  independent  variables  and  Z  as  the  new 
dependent  variable,  where 

Z=z  —  q}/. 
Thus 

dZ=pdx  —  ydq 

—  -'iq^(-v+a)dx  —  q^{x^  +  2ax)d4j, 
so  that 

Z=B-lf{x^  +  2ax). 
Now 

7/=-.~^=q^x'  +  2ax\ 

so  that  we  have  to  eliminate  q  between  the  equations 

y  =  q^  (.1-2+  2a.r),     z-qy  =  B-lq^ {.v'  +  2a.r). 
The  result  is 

r-/;  =  i^y5(a-2  +  2cMr)-*, 

another  integral  involving  two  arbitrary  constants. 

Later,  the  relation  between  different  integrals  will  Ix;  considered. 

60.  Hoasons  were  adduced  in  §  54  for  disciis.sing  equation.s  in 
a  iorni  which  docs  not  explicitly  contain  the  dependent  variable  ; 
but  it  should  be  added  that  the  preceding  method  can  be  api)lied 
also  when  the  dependent  variable  does  occur  explicitly.  In  that 
case,  the  investigation  follows  the  sjinie  lines  as  before,  but  the 
analysis  i.s  rather  more  complicated  on  accotint  of  the  occurrence  of 
z :  it  will  be  sufficient  to  give  merely  an  outline. 
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Let/i  =  0,  ...,/,rt  =  0  be  a  complete  system  of  tnjuations  in  the 
n  independent  variables,  involving  the  dependent  variable  and  its 
first  derivatives :  then  the  relation 

[/;,/;] =0 

is  satisfied  for  all  values  of  r  and  s,  either  explicitly  or  in  virtue  of 
the  equations  of  the  system.  Any  other  equation,  coexisting  with 
the  equations  of  the  system  in  a  form  u  =  constant,  must  be  such 
that 

for  all  values  i  =  1,  . . . ,  >n. 

Suppose  that  the  system  of  equations  /i  =  0,  .,.,/,„=  0  is 
resolved  with  regard  to  z  and  m  —  1  of  the  variables  p,  say  p-^,  ... , 
Pm-i,  in  the  form 

Z-ylr=0,     p,-ylr,  =  0,  ...,  Pm-i  -  i^m-i  =  0  ; 
the  resolved  system  is  in  involution,  for  (§  55,  Note)  the  relations 

[pi~fi,Pj-^j]  =  0, 
[z-ylr-Xiip.-yfr^)-  ...-  x^-,  (pm-i  -  ^m-i),  pi  -  ^i]  =  0, 
for  all  values  of  i  and  j  from  the  set  1,   ...,  »<  —  1,  are  satisfied 
identically.     Let  these  values  of  z,  p^,  ...,  Pm-i,  in  terms  of  a^i,  ..., 
^nyPm,  ■■•,Pn,  be  Substituted  in  u  and  let  the  resulting  value  be 
denoted  by  w ;  then  the  equations 

[z-yjr-  a\  (p.-yjr,)-  ...- .'\„^,  (pm-i  -  "^m-il  'i'^]  =  0, 

[pi-fl,  w]=0, 
are  satisfied  in  virtue  of  [/i,  u]  =  0,  and  conversely. 

Moreover,  the  system  of  equations  determining  w  is  a  complete 

system.     For  if 

^1  =  0,  ...,g,n  =  0 

is  a  complete  system  in  involution,  then  the  identical  relation 
[[9r,  9s]  w']  +  [[gs,  w]  g,]  +  [[w,  g,] g.,] 

dw  r  -        9(7;.  dOg  r  T 

becomes 

[9>;  [9s,  ^y]]  -  [9s,  [9r,  ^y]]  -=  ^  [9s,  '^]-j^  [9r,  H 

because  [gr,  gs]  vanishes  identically:  hence,  denoting  [gi,  w]  by 
Bi  (w),  yve  have 

Br  (BsW)  -  Bs  (Brio)  =  ^^  B,  (lu)  -  ^-^  Br  {w) 

=  0, 
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in  virtue  of  B^(ii')=  0,  7^^(y/')  =  0.  which  is  the  test  ot  a  complete 
system. 

As  the  equations 

[z-yjr-  a\  (p,  -  -v/r.)  -  . . .  -  j„,_,  (/^„,_,  -  >/r„^,),  w]  =  0, 

are  a  complete  system,  they  possess  a  simultaneous  set  ot"  integrals : 
let  one  such  integral  involving  some  one  of  the  variables  p^,  ..., 
Pn  be  obtainable  in  the  form 

w  =  w{x^,  ...,  -Vn,  p„^ /),.); 

then  the  equation 

W  \Xi ,   • . . ,  X-ii ,  Pif^ ,   • .  •  ,  Pn)  ^  tl, 

where  a  is  an  arbitrary  constant,  coexists  with 

-s  -  >^  =  0,     p,-^,  =  0,  ...,  p„,_,  -  >/r„,_,  =  0. 

Let  it  be  resolved  so  as  to  give  (say)  p„i  in  terms  of  the  other 
variables  it  contains,  and  denote  the  result  by 

pm  ^  X"»  ' 

and  let  this  value  be  inserted  in  the  other  equations  sn  that  they 
take  the  form 

^  -  X  =  ^'    y>i  -  Xi  =  ^.  •  •  • .  Pm-x  -  Xm-i  =  0. 
Then  for  the  next  stage,  we  proceed  from  the  m  +  1  equations 

^  -  X  =  <^>'   y'l  -  X'  =  •^'  •  •  ■  •  p>»  -  Xm  =  0. 

as  in  this  stage  from  the  in  equations. 

When  «  +  l  equations  have  been  obtained,  the  tii-st  of  them 
has  a  form 

2-0  =  0, 

where  d  involves  it  —  in  +  1  constants;  z  =  d  is  an  integral  of  the 
original  system. 

Jacobi's  Skcoxi)  Method,  when  z  does  not  occuk. 

Gl  The  preceding  investigati»»n  hjis  been  carried  out  after  an 
initial  assumption  that  the  in  equations  in  the  given  complete 
system  are  resoluble  with  legaixi  to  ni  of  the  variables  p, ,  . , . ,  /)„  : 
the  selection  of />,,  ...,  p„,  wjvs  merely  typical.  This  tissumption  is 
not  any  real  limitation  :  for  if  the  in  equations 

F,  =  0 F„.  =  0 
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are  not  theoretically  resoluble  with  regard  to  any  m  of  the  variables 
Pi,  •■■,Pn,  so  that  all  the  determinants 

dF,  dF, 

dpi  '  '"'  dpn 

C>Fjin  dF\n 

vanish,  then  jjj,  ...,pn  can  be  eliminated  among  the  m  equations: 
as  the  m  equations  are  functionally  distinct,  the  eliminant  cannot 
vanish  identically  and  so  would  take  a  form 

a  relation  among  the  independent  variables  alone.  Such  a  result 
is  excluded :  and  so  the  m  equations  are  resoluble  with  regard  to 
some  selection  of  ??i  variables  from  the  set  jOj,  ...,pn. 

The  forms  of  the  resolved  equations  may,  however,  be  com- 
plicated: and  then  it  might  be  desirable  to  proceed  from  the 
unresolved  equations.  Such  a  process  was  given  by  Jacobi,  and 
it  is  sometimes  called  his  second  method;  naturally,  it  is  less 
simple  than  the  method  that  has  just  been  expounded,  for  it  deals 
with  equations  of  a  less  simple  form  than  those  to  which  Mayer's 
method  is  applied.  Indeed,  the  preceding  process  is  really  a  form 
of  Jacobi's  method :  but  it  has  been  simplified  and  shortened  by 
the  improvements  and  the  developments  due  to  Lie  and  to  Mayer, 

Thus  far  in  the  range  of  these  discussions,  we  have  been 
considering  m  equations  :  and  though  there  is  no  intrinsic  element 
in  the  analysis  which  makes  m  greater  than  unity,  all  the  super- 
ficial appearance  suggests  that  m  is  not  unity.  For  variety,  we 
shall  now  deal  with  the  integration  of  a  single  equation:  and 
it  will  be  found  that,  in  general,  the  process  leads  to  the  issue 
through  the  integration  of  systems.  For  this  pui-pose,  we  shall 
use  Jacobi's  method  :  a  suflicient  indication  of  its  detailed  working, 
whether  for  single  equations  or  for  detailed  systems,  will  thus  be 
provided. 

As  already  hinted,  Jacobi's  method  of  integi-ation  (without  the 
modifications  and  amplifications  introduced  by  the  investigations 
of  Lie  and  Mayer)  appears  to  be  most  useful  when,  fi-om  whatever 
cause,  the  equation  or  equations  are  not  resolved  with  regard  to 
one  or  more  of  the  deri\atives.    We  begin  with  a  single  irreducible 
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equation,  unnsolvod  with  regard  to  any  of  the  variables  p  and  not 
explicitly  e<^>nt^aining  the  dependent  variable :  it  may  be  taken  in 
the  fonn 

f^/i-^U    •••.    J'n,   Pi,    ...,   Pn)  =  0. 

By  the  pnxiess  adopted,  other  ?i  —  1  equations  are  required  which, 
speaking  generally*,  would  suffice  f<»r  the  expression  of  ^,,  — />„ 

in  terms  of  ./j,  ... ,  ./•„. 

If  u  =  constant  be  such  an  equation,  then  the  relation 

(/.  ")  =  0 

must  be  siitistied ;  any  integral  of  this  equation,  distinct  from  /' 
(which  manifestly  is  an  integral)  and  involving  some  of  the  variables 
Pi,  •••,J3n.  ^vill  suffice  for  the  purp)se.  The  system  of  oi-dinary 
equations,  subsidiary  to  the  construction  of  this  integral,  is 


rlr, 


dr„   ^  dp,  ^  dp,, 


dpi  dp,,      dx,  da-n 

let yj  =  constant  be  one  integral  of  the  system,  where  /'i  involves 
one  at  least  of  the  quantities  p,, p„  :  then  we  may  take 

The  relation 

(/.  J\)  =  0 

is  siitisfied  identically :  and  the  two  equations 

/,  =  (/,    /=0, 

where  a  is  an  arbitraiy  constant,  satisfy  the  conditions  of  co- 
existence. 

62.  We  now  proceed  to  obtain  another  equation,  involving 
some  of  the  variables  j)  and  coexisting  with  the  two  eqtiations:  if 
it  be  w  =  constant,  then  the  relations 

(/  f)  =  0.     (/..  t;)  =  0, 

must  be  satisfied.  These  effectively  are  two  equations  for  the 
determination  of  v:  any  common  integral  of  the  appropriate  form 
and  functi«»nally  distinct  from  /  and  /,  (both  of  which  manifestly 
arc    integrals)  will    suffice.     Now   the   equation  (/,  v)=0  is  the 

•  Tliat  is  to  say,  omitting  from  consideration  the  alternative  already  discussed 
in  §§  5H,  59. 
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same  as  that  for  the  determination  of  ti,  so  that  the  subsidiary 
ordinary  equations  are  the  same  as  before :  let 

4>  =  ^ (-''i'  •  •  • '  -^n ,  Pi,  ■•■,  pn)  =  constant, 

be  an  integral,  ^vhich  involves  some  of  the  variables  jOj,  ...,  pn 
and  is  fimctionally  distinct  from  /  and  /\ ;  then  the  equation 

(/  <^)  =  0 
is  satisfied  identically. 

If  (f)  is  such  that  {/\,  0)  =  0,  then  we  may  take 

V  =  (p 
as  a  common  integral  of  the  two  equations. 

If  <^  is  such  that  {J\,  (f>)  does  not  vanish,  then  (/] ,  (f))  is  either  a 
constant,  say  c,  or  is  a  variable  quantity,  say  <f)^.  In  the  latter 
case,  <^i  is  an  integi-al  of  the  equation  (/,  u)  =  0,  by  Poisson's 
theorem  (§  52);  and  it  is  a  new  integi-al,  if  it  is  functionally 
distinct  from  /.  f\,  <^. 

Similarly,  if  </>!  is  a  new  integi-al  of  (/,  u)  =  0,  we  may  have 
(/i>  <^i)  —  0>  in  which  case  we  may  take 

as  a  common  integi-al  of  the  two  equations ;  or  if  (/i ,  0i)  is  not 
zero,  it  is  either  a  constant,  say  c',  or  is  a  variable  quantity,  say  ^o- 
As  before,  Poisson's  theorem  shews  that  cb..  is  an  integral  of  the 
equation  {f,  u)  =  0 :  it  is  a  new  integral,  if  it  is  functionally 
distinct  from  /,  f\,  0,  (p^. 

Proceeding  in  this  sequence,  we  have  a  number  of  functions 
4>,  4>i,  (t>2,  ••■ ',  and  provided  (f^,  (j)^)  is  a  variable  quantity,  it  is  a 
new  integi-al  of  the  equation  (/,  u)  =  0  if  it  is  functionally  distinct 
from  f,fi,  (f),  <f>i,  ,..,  (f)fj_.  Now  the  number  of  functionally  distinct 
integrals  of  (f,  w)  =  0  is  not  greater  than  2n  —  1 ;  hence,  if  the 
series  of  functions  either  should  not  cease,  by  the  occurrence  of  a 
zero-value  for  ( /,  (j),.),  or  should  not  give  a  constant  non-zero  value 
for  (/,  (fir),  then  we  must  sooner  or  later  obtain  a  function  <f)r 
which  is  expressible  in  terms  of  those  already  found.  Let  <f)i 
be  the  first  function  in  the  sequence  which  either  is  zero,  or  is  a 
pure  constant  different  from  zero,  or  is  expressible  in  terms  of  the 
preceding  functions. 
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Then  no  new  distinct  integrals  will  arise  from  continuing  the 

construction  <»f'  the  functions  (/',,  </>).     For  in  the  first  alti-mative 

and  in  the  second  alternativt',  wo  havo  (/,,  <^,)  =  0:  and  if,  in  the 

third  alternativo 

4>i  =  0  i.f,  J\,  <f>,  <f>i,   •••,  <t>i-i), 
then 

which  is  expressible  in  terms  of  the  functions  anterior  to  0,;  and 
so  for  each  succeeding  function. 

Accoiflingly, consider  a  functional  combination  of  0,  ^,,  ... ,  ^,_, 

represented  by 

v  =  (j{4>,  </), <^,_,): 

then 

(/,  v)  =  {), 

whatever  be  the  form  of  the  function  g.     Also,  as  above, 

hence,  if  r/  can  be  determined  so  that  th*-  right-hand  side  vanishes, 
we  shall  have  (/,,  v)  =  0.  In  onler  to  determine  q  from  the 
relation 

we  consider  the  .system  of  /—  1  ordinary  equations 

dip      (l<f)i  ^</>i-i 

</),        (f>.,  (f)i 

their  integral  equivalent  consists  of  /  —  1  distinct  integnil  equations 
of  the  form 

h,{(f>,  <f>i,  <^..,  ....  <^,_,)  =  constant.         (r  =  1,  ... ,  i  -  1). 

whether  <^,  be  zero,  or  a  constant,  or  be  the  foregoing  quantity  6; 
and  each  of  the.se  functions  li,.  is  such  that 

Hence,  taking 
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we  have 

(/;  v)  =  o,   (/;,  t')  =  o; 

and    thus  we   have  i  —  1   distinct  integi-als  common   to   the   two 
equations. 

If  (f)i  is  zero,  the  simplest  of  these  integrals  is 

even  so,  it  is  only  one  of  i  —  1  distinct  integrals  common  to  the 
two  equations. 

Also  i  is  greater  than  zero,  because  we  have  assumed  that 
(/i,  (/)),  which  is  <^i,  does  not  vanish.  Hence,  if  i  is  greater  than 
unity,  a  common  integi-al  has  been  obtained ;  in  that  case,  indeed, 
we  have  obtained  i—1  common  integi-als  of  (f,  u)  =  0,  {/[,  u)  =  0, 
distinct  from  /  and  /j.  Consequently,  this  stage  is  completed 
except  only  when  (f\,  (f)),  though  not  zero,  either  is  a  constant 
or  is  not  functionally  independent  of  f,/\,  (p:  that  is,  in  the  case 
when  i  =1. 

In  the  case  when  i=l  in  connection  with  a  quantity  (f),  we 
return  to  the  equations  subsidiary  to  (/,  u)  =  0 :  and  we  determine 
another  integral  of  them  in  the  form 

y}r  =  yfr{ii\,  ...,  x„,  p, ,   . . . ,  p,^)  =  constant, 

where  yjr  is  functionally  distinct  fromy)/i,  0.    We  proceed  with  -v/r 
in  the  same  Avay  as  with  cf),  by  forming  the  functions 

in  succession ;  and,  as  before,  we  obtain  an  integral  or  a  number  of 
integrals  common  to  the  two  equations 

save  only  in  the  case   where   i/tj,  though    not    zero,  is    either   a 
constant  or  is  not  functionally  independent  oif,f^,  -yjr. 

Even  if  the  integral  required  is  not  provided  because  of  the 
double  lapse  of  the  process  into  this  exceptional  stage,  an  integi-al 
as  required  can  be  obtained  by  a  combination  of  the  two  integrals 
(f)  and  yjr.  Take  any  function  g  (cf),  yfr,  f\) :  owing  to  the  origin  of 
<f)  and  yjr,  we  have 

(f,9)  =  0; 
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and 

(/..<7)  =  |(/,..^)  +  ;|(/.,t)  +  |(/.,/,> 

We  form  the  equations 

^,         yfr,         0    • 

in  these  equations,  </>,  either  is  a  constant  or  is  a  functional  com- 
bination of  /,  /i,  <f),  say  <!>(/,/,,  <^);  and  likewise  for  i/r,,  which 
either  is  a  constant  or  is  a  functional  combination  of/,/,,  yfr,  say 
^(/'/i'  '*/^)-  For  our  purp<»ses,  /  is  zero:  one  integral  of  the  two 
ordinary  equations  is/i  =  (/j,  where  a,  is  an  arbitraiy  constant; 
another  integral  is  given  by  integi'ating 

d<f)         _         d'^ 

Let  an  integral  equivalent  of  this  be 

u  («i,  0,  ■^)  =  constant, 
or  say 

w  (/ .  {^.  -v/r)  =  constant : 
then  if  we  take 

g{<}>,  ^/^, /)=«(/,  <^.  yjrl 

we  have 

In  other  words,  u  =  u(f\,  <^,  -v^)  is  an  integi-al  common  to  the  two 
equations  (/  »)  =  0,  (/,  u)  =  0. 

The  simplest  instance  occurs  wlim  0,  =  c,  -v/^,  =c',  where  c  .wid 
c'  are  constants  :  then 

V  =  c'<f)  —  cyjr. 

In  every  case,  an  integial  common  to  the  two  equations 
(/>  ^*)  =  0,  (/,,  w)  =  0  has  been  obtained.  It  hiis  required  the 
assignment  of  certainly  one  integral  of  the  rqtiations  subsidiary 
to  ( /,  u)  =  0:  even  when  the  functions  (/,,  <^,.)  have  to  be  formed, 
each  of  them  gives  an  integi-al  of  that  subsidiary  system,  and  so 
does  each  combination  of  the  type  //,(0,  ^i,  ...),  ^-(<^,  <f>i,  -.•),  •■■', 
and  only  one  of  these  combinations  is  assigned.  The  most  un- 
fav(Mirable  association  is  that  in  which  the  (^-series  ends  with  0, 
antl  a  i/r-series  ends  with  i/r, ;  and  then  the  two  integrals  (f>  and  y{r 
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of  the  subsidiary  system  of  (/,  w)  =  0  must  be  assigned  for  the 
construction  of  an  integral  common  to  {f,  w)  =  0,  {t\,  u)  =  0. 

Now  the  subsidiary  system  consists  of  2n  —  1  ordinary  equa- 
tions; its  integial  equivalent  must  consist  of  2n—\  independent 
equations.  One  of  these  is  /=  0,  and  another  consists  of  /i  =  «i ; 
hence  there  are  other  2n  —  3  independent  equations,  which  may  be 
denoted  by 

0  =  constant,    y\r  =  constant,    ;;^  =  constant,    ^  =  constant,    

If  {fi,  <f>)  —  0,  then  w  =  <^  is  the  quantity  desired.  If  (f\,  <f)) 
is  neither  zero,  nor  a  constant,  nor  a  functional  combination  of 
/,  /i ,  (^,  then  there  is  a  ^-series :  and  a  single  combination  of  the 
members  of  the  series,  (which  must  also,  in  the  circumstances,  be 
a  combination  of  some  of  the  quantities  (fy,  yjr,  x,^,  •  •  • ),  will  give  a 
quantity  u  as  required.  The  most  unfavourable  set  of  results 
possible  is  that  in  which  the  </)-series  terminates  with  {f\,  (fy),  the 
i/r-series  terminates  with  (f\,  yfr),  and  so  on,  no  one  of  these 
quantities  vanishing  :  then  each  of  the  quantities 

d(f>  r     dyfr 


d<f)  f    d-x 


d(f>         [    d^ 


is  an  integral  common  to  (/,  u)  =  0,  (/i,  u)  =  0.  As  there  are 
2?i  — 3  quantities  <p,  yjr,  ^,  ^,  ...,  it  follows  that,  even  with  the 
most  unfavourable  set  of  results,  the  two  equations  (/,  ii).=  0 
and  (f\,u)  =  0  possess  2n  — 4  integi-als  in  common,  independent 
of/,  of /i,  and  of  one  another,  and  obtainable  in  this  manner. 
Let  u=f2  be  one  of  these  integrals  :  then  the  equation 

where  «.,  is  an  arbitrary  constant,  associates  itself  with 

/=o,  /;  =  «,. 

We  thus  have  succeeded  in  associating  two  new  equations  /l  =  «i , 
Sindf.2  =  a^,  with /and  with  one  another. 

63.     The  next  stage  is  the  determination  of  a  new  equation 
zi  =  constant,  consistent  with 

/=0,    /  =  «!,    /  =  a,; 
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the  necessaiy  and  sufficient  conditions  for  coexistence  are 

Let  u  =  X  hv  an  integral,  counuon  to  (/',  u)  =  0,  ( /,,  »)  =  0,  and 
functionally  distinct  froinf,/^,/.^,  where 

A  =  X  ( JT, ,   ...,  .Tn,  Pi,   .  ■  •,  Pn)  '■ 

it  may  bt-  taken  as  one  of  the  2«  —  5  common  integrals,  other 
than  /,  /"i,  /*2,  We  proceed  as  before,  and  form  a  series  of 
functions 

(/a,    X)  =  Xi  ,         (    fn,    Xj)  =  Xo,    .... 

E^ch  of  these  quantities  is  a  common  integral  of  (  ;'.  »)  =  0, 
{/\,u)  =  0.     For 

(/  (A,  e))  +  (/;  {6,  A))  +  {d  (/„/,))  =  o ; 

and  (/:/:)  =  0.  (/,,  /;)  =  0,  both  identically,  so  that 

(^  (//.))  =  0,     (^(/;,/,))  =  0: 
and  there foix- 

{f{A^e))  =  {A{f,e)\ 
(/i(/..^))=(y;(/..^))- 

Let  6  =  \.  these  results  give 

(./:  ^.)  =  (A  (A  M)  =  0, 

(/.,  ^.)  =  (./;(/.  >M)  =  o, 

because  ( /*,  X)  =  0,  (/,,  X)  =  0,  both  identically  satisfied;  thus 
X,  is  an  integral  coimnim  to  ( /',  '/)  =  0,  {fi,  ")  =  <^.  L''t  ^  =  X, ; 
then  the  two  relations  give 

(/,A...)  =  (/.(/.A,))  =  o, 

as  before  :  that  is,  X.^  is  an  integi-al  common  to  (/,  u)  =  0,  (/,,  u)  =  0. 
And  so  for  all  the  functions  X  in  succe.s.sion. 

Th«'  number  of  independent  integi-als  is  limited  :  and  thus  the 
X-aeries  will  tenninate  eithir  in  a  zero,  or  in  a  i)ure  constant,  or 
in  a  function  expre.s.sible  in  terms  of  the  anterior  functions. 
Proceeding  as  before,  we  obtain  .some  X-function,  or  some  com- 
bination of  X-functions,  say  A,  such  that 

save  onl\  in  the  case  when  ( /'.,  X)  is  either  a  constant  (not  zero) 
or  is  not  distinct  from/,/,, /a,  X. 
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In  the  latter  circumstance,  we  take  another  integi-al  /i, 
common  to  (/  m)  =  0,  (/i,  u)  =  0,  and  distinct  from  /  /i, /a,  X. 
Proceeding  in  the  same  way,  we  obtain  some  /u,-function  or  some 
combination  of  yLi-fimctions,  say  M,  such  that 

save  only  in  the  case  when  (/o,  fi)  either  is  a  constant  (not  zero) 
or  is  not  distinct  {roinf,/^,/^,  /j,. 

And  should  the  latter  happen,  then  if 


N  = 


dX  f    djM 


we  have 

{f.,N)  =  0. 

Thus  in  every  case  we  obtain  an  integral  common  to  the  three 
equations 

{f,n)  =  0,     (/a,w)  =  0,     (/„i^)  =  0: 

and  in  the  least  favourable  combination  of  circumstances,  there 
are  In  —  Q  such  integrals,  independent  of /, /i, /j,  and  of  one 
another. 

Let/3  be  one  of  those  integrals;  then  the  equation 
where  a^  is  an  arbitrary  constant,  associates  itself  with 

64.  We  proceed  in  this  way  from  stage  to  stage,  obtaining 
equations  f\  =  a^,  ...  in  succession  which  are  associated  with  all 
the  equations  that  precede  them.  The  last  stage  of  all  is  the 
construction  of  an  equation  /„_i  =  a,i_i.  Our  earlier  results  shew 
that,  when  the  equations 

./=  0,  /i  =  «i ,  . . .,  /;_i  =  fl„_i 

are  resolved  for  jh,  ■••,  Pn  in  terms  of  x^,  ...,  x^,  the  values  thus 
obtained  are  such  as  to  make 

jOirfa^i  +  ...  +p,,dxn 

an  exact  differential ;  after  quadrature,  an  integral  of  the  original 
equation /=  0  is  given  by 

Z  -  (In  =  JilhdXi  +  .  . .  +  PndXn), 

involving  n  arbitrary  constants. 

P-  V.  10 
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If  it  is  not  possible  or  not  convenient  to  resolve  the  equations 
/=  0,  ...,/„_,  =  On-i  with  reganl  to  /),,  ,..,  p„,  we  choose  another 
set  of  the  vari.ables  involved  anfl,  resolving  with  regai-d  to  these, 
adopt  the  process  explained  in  ^  58,  59. 

Jacobi's  Second  Method  when  z  does  occur. 

65.  In  the  preceding  account  of  Jacobi's  inethod  of  solving  an 
equation  /=0,  the  dependent  variable  z  ha.s  been  supposed  not  to 
occur  explicitly.  If  it  .should  occur  explicitly,  we  have  alrejuiy 
seen  that  there  is  a  mode  of  proceeding  by  a  change  of  dependent 
variable,  associated  with  a  unit  increase  in  the  number  of  inde- 
pendent variables.  This  mode  of  proceeding  may  bo  cumbrous: 
and  in  any  case,  it  is  desirable  (if  possible)  to  have  a  direct  method 
for  constructing  an  integral. 

Accordingly,  let 

be  an  irreducible  equation  which  involves  z  explicitly :  if 
u=  u(a\,  ,..,  .x„ ,  z,  jh,  ...,  pn)  =  constiint 

be  an  equation  which  can  coexist  with  /'=  0,  it  is  necessary  and 

sufficient  that  the  relation 

[/,i/]  =  0 

should  be  satisfied.     This  equation  is  homogeneous  and  linear  in 
the  derivatives  of  ?/ ;  ^\Titten   in   full,  it  is 

,i,\Sdxr^'dz)dpi     ?.ndpi     dzP'dpi]     ''• 

To  obtain  a   value  of  u,  we  construct   the  system   of  subsidiary 
equations 

~dpi                  dpn     dxi      ^^^dz  dxn     ^"dz 

^ dz 

which    (for    rea.sons    that    will    a])])ear   hereafter)   are    called    the 
equations  of  tfie  characteristics ;  and  we  take  an  integral  of  these 
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equations,  choosing  by  preference  one  that  is  not  free  from  z,  pi , 
...,  pn,  if  any  such  exist.     Let  such  an  integral  be 

g(xi,  ...,  Xn,  z,2h,  ■■■,  Jhi)  =  constant ; 

then  the  equation 

u  =  g(xi,  ...,  Xn,  z,pi,  ...,pn) 

gives  a  vahie  of  u  as  required ;  and  the  relation 

is  satisfied  identically,  so  far  as  concerns  g  =  constant,  but  not 
necessarily  identically,  so  far  as  concerns  /=  0 :  indeed,  it  may  be 
satisfied  only  in  virtue  ofy=0. 

Ex.     The  characteristics  of  the  equation 

pxz  ■\-qyz  —  xy—Q 
are  given  by 

dx  _   dy   _  dp  _  dq  _  dz 

—  xz      —yz     pz—y-Ypipx-'rqy)      qz  —  x -\- q  {qx  +  py)      —pxz  —  qyz' 

An  integral,  as  required,  is  given  by 

2-  —  xy  =  constant  ; 
the  relation 

[pxz  +  qyz  —  xy,  z'^  —  xy\  =  0 

is  satisfied  only  in  virtue  of  /=  0.     Another  integral,  as  required,  is  given  by 

f^  =  constant  ; 

qz  —  kx 

the  relation 


,"     1  ^/~i 


r  pz  —  ^y 

\pxz+qyz-xy,    ^-— ~^- 

is  satisfied  identically. 


=  0 


66.     Accordingly,  at  this  stage  it  is  convenient,  for  the  sake  of 

very  substantial  simplification  of  the  analysis,  to  resolve  the  two 

equations 

/=0,     g  =  a, 

for  z  and  one  of  the  variables  j>,  chosen  so  as  to  give  the  simplest 
resolution :  let  the  selected  variable  be  p^ ,  and  let  the  result  of  the 
resolution  be  denoted  by 

where  •>|r  and  yfr^  are  functions  oi x^,  ...,  Xn,  p-2,  •••,  pn-  Then,  after 
the  explanations  in  §  55,  Note,  and  §  60,  we  take  these  two 
equations  in  the  form 

10—2 
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Z-yjr-  ./-,  (  y>,  -  -v/r, )  =  0,      7>,  -  "(/r,  =  0  ; 

any  equation  w  =  c  that  can  coexist  with  them  must  satisfy  the 
equations 

[z-^-  ^i(pi-  yJTi),  w]  =  0, 

These  two  equations  to  determine  w  are,  by  §  60,  a  complete 
system. 

As  any  integi*al  of  these  two  equations  is  to  furnish  an  equation 
w  =  constant,  which  shall  coexist  with 

2  _  x/r  =  0,      j)^  -  >|ri  ^  0, 

it  can  be  transformed  so  that,  if  z  and  pi  do  occur,  thc-y  are  rephvced 
by  i/r  and  i/tj  respectively :  that  is,  without  loss  of  generality, 
w  may  be  assumed  not  to  involve  either  z  or  jt),  explicitly.     Let 

W=(f>=  <^{X^,  ...,  (Cn,  p.,   ...,  Pn) 

bo  an  integi'al  of  the  equation 

[z-y^-  ./•,  ( ;),  -  -v/r,),  w]  =  0 ; 

then,  i\s\z  —  y^  —  x^  (pi—-^i),  <l>]  does  not  contain  z  or  jo,,  so  that  it 
cannot  vanish  in  virtue  of  2  —  ^/^  =  0  or  7>i  —  -^/tj  =  0,  and  as  it  must 
vanish,  it  vanishes  identically.  Construct  the  function  [/;,  —  ■\/r, ,  0], 
=  ^1  say.  If  <^i  vanishes  identically,  this  hust  condition  is  sjxtisfied : 
also  [p^  -  i/r,,  <^]  =  0;  and  therefore  w  =  ^  is  a  common  integnd  of 
the  two  equations.     In  that  case,  the  equation 

<f>  =  (h, 

where  c^  is  an  arbitrary  constant,  can  be  associated  with 

z-yjr  =  0,     p,-yfr,  =  0. 

Suppose,  on  the  other  hand,  that  <^,  does  not  vanish  identically  ; 
then,  as 

identiealiy,  we  have,  on  writing 

^=^-^--ri(pi-ylrA     TT  =  j[),  - -^/r, , 
the  relation 

that  is. 
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Thus  ^1  is  not  an  integral  of 

and  as  [^i,  ^]  involves  derivatives  of  0i,  it  is  clear  that  ^i  cannot 
be  a  pure  constant. 

In  that  case,  let 

be  another  integral  of  the  equation 

[z-y{r-  a\  (jj,  -  yfr,),  iv]  =  0, 

functionally  distinct  from  lu  =  (f> ;  and  construct  the  function 
[pi  —  '^i,  xl'  =Xi  say.  If  xi  vanishes  identically,  it  follows  that 
w  =  ;^  is  an  integral  of  the  two  equations  determining  lu ;  and  then 
the  equation 

where  Cj  is  an  arbitrary  constant,  can  be  associated  with 

But  if  Xi  does  not  vanish  identically,  then  we  have 
as  before ;  and  Xi  cannot  be  a  constant.     Also 


so  that 

14', 


¥.? 


=  -ix--|?(-«  =  «' 


and  therefore 

is  an  integi'al  of  the  equation 

[z-f-  o\  {p,  -  i/r,),  w]  =  0. 

Now  both  01  and  Xi  are  variable :  but  ^  may  be  a  constant, 

say  c.     Then 

[Pi-^uX]=Xi 

and  therefore 

hence  as 

[z-^-a;,(p,-f,),x-ccf)]=0, 
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SO  that,  under  the  particular  hypothesis,  w  =  "x^  —  c<f)  is  an  integral 
common  to  the  two  equations.  But,  in  general,  Wi  will  be  a  variable 
quantity. 

Assuming  w^  now  not  to  be  a  constant,  construct  the  function 
[jp,  — i/r,,  Wi],  =Xi  ^^y-  I^  X'i  vanishes  identiailly,  it  follows  that 
10  =  Wj  is  an  integral  common  to  the  two  equations  for  the  deter- 
mination of  w;  and  then  the  equation 

where  Cj  is  an  arbitrary  constant,  can  be  associated  with 

2  —  -vlr  =  0,      p^—■^|r^  =  0. 

If  Xi  does  not  vanish  identically,  then 

»'  =  ? 

<Pi 
is  an  integral  of  the  equation 

[z-yjr-  a-,  (/),  -  yjr,),  iv]  =  0. 

If  Wj  be  constant  and  equal  to  a,  then 

V)  =  Wi  —  a(f> 

is  an  integral  common  to  the  two  equations.  But,  in  general,  Wj 
will  be  a  variable  quantity. 

Assuming  that  w^  is  variable,  we  construct  the  function 
[Pi  ~  "^1 '  ^^2].  =  X»  ®^y-  -^^  before,  if  ;;^3  vanishes  identically,  we 
have  an  integral  w  =  iv^  common  to  the  two  equations.  If  Xt  =  0<t>i> 
where  yS  is  a  constant,  then  w  =  w.,  -  /9^  is  an  integral  common  to 

the  two  equations.     If  j^  is  not  zero  nor  a  constant,  then 

is  an  integral  of  the  efjuatiou 

[z-yjr-  ./•,  (/),  -  -f ,),  w]  =  0. 

Proceeding  in  this  way,  either  we  shall  at  some  stsige  obt^iin  an 
integral  common  to  the  two  equations,  or  we  shall  obt^iin  an 
integral  of  the  equation 

[z-yjr-  .r,  (p,  -  yp-i),  w]  =  0 

which  is  expressible  in  terms  of  the  preceding  integrals ;  for  the 
number  of  functionally  distinct  integi'als  of  that  equation  is  limited. 
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When  the  last  alternative  occurs,  all  succeeding  integrals  are  also 
so  expressible  ;  for  if 

then,  as 

we  have 

df  df  df       df 


shewing  that  iUm+\  is  expressible  in  terras  of  the  earlier  integrals  : 
and  so  for  all  succeeding  integrals.  Now  take  some  functional 
combination  of  <^,  Xy  ^^'i'  •■•'  ^^m-i,  say 

then 

[Pi  -  ^1'  9]  =  4>i\^  +  J-w,  +  ^tu^+  ...  +  ;~—f  \  : 

if  g  can  be  chosen  so  that  the  right-hand  side  vanishes,  then 
\_Pi  —  "^i.  ^]  =  0,  and  we  shall  have  an  integral  common  to  our  two 
equations.     Let  any  integi-al  of  the  S3^stem  of  ordinary  equations 

d(l>  _dx  _  dwi  _        _  dwm-i 

be 

9i  {i>,X>  •  •  • '  ''^'n-i)  =  constant ; 
then  taking 

9  =  9ii4>>X>  •••''^m-i), 
we  have 

[Pi-fi,9]  =  ^- 

Moreover,  there  are  m  functionally  distinct  integrals  of  the  system 

of  ordinary  equations  :  hence  there  are  in  distinct  integrals  common 

to  the  two  equations 

[z-yjr-  X,  (p,  -  t/ti),  w]  =  0,     [}h  -  -f ,,  H  =  0 ; 

and  these  are  constructed  out  of  m  +  1  distinct  integrals  of  the 
first  equation*. 

*  The  simplest  case   occurs  when   u\   is   not   functionally  distinct   from   the 
integrals  that  precede  it,  viz.  from  0  and  x.  so  that  we  then  have 

if  ihe  integral  of  the  equation 

be  g  (<f>,  x)  =  constant,  we  take  g  {<f>,  x)  as  a  common  integral  of  the  two  equations. 
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Let  one  of  these  integrals  be  M(d",,  ...,  a;„,  p,,  ...,j)„):  then 
the  equation 

u  (jj,  ....  Xn,pj p„)  =  a^ 

coexists  with  the  equations 

2-y}r=0,      jj,  -  -v/r,  =  0. 

In  every  ease,  therefore,  an  equation  has  been  constructed  which 
coexists  with  the  equations  already  obtained. 

67.     To  ])roceed  to  the  next  stage,  we  resolve  the  equation 
u(a;i,  ...,.Tn,p2,  ...,  Pn)=aa 

with  legard  to  one  of  the  variables  p  which  it  contains :  let  the 
resolved  form  be 

where  Xn  involves  o^,  it,,  ...,  a",,,  ps,  ...,  p,„.  Let  this  value  of^^  be 
inserted  in  yjr  and  yjr^,  and  let  the  resulting  expressions  be  ^  ^^d 
X\ ;  then  we  have  the  simultaneous  equations 

Now  x<  Xi'  %2  do  not  involve  z:  hence,  writing 

f  =  ^  -  X  -  -'"i  ijh-X^)-  ^'2 {}h  -  X-').     "^1  =/>»  -  Xi'     "^5  =  Ih  -  X2. 
and  denoting  by  6  any  quantity  which  does  not  involve  z,  we  have 

[K.  ^]n+[[^.  r]7rj+[[  r.  7rj^]  =  -[7r„  e\ 

[K.   e]^]+[[e,   r  ]7r,]  +  [[    r,  7r,]^]  =  -[7r„   d\ 

[K,  e]ir,]  +  [[e,   7r,J  TT  J  +  [[tt,,  7r,]^]  =  0; 

also  we  have 

[?,   7r,]=0,     [r,  7r,]  =  0.     [ir„  tt,]  =  0, 
identicjilly. 

Let  a  and  p  be  integraLs  common  tt)  the  two  e<|uations 

[r,  t']  =  0.     [tt.,  t;]  =  0, 

obtained  jis  in  the  preceding  sections,  and  limited  so  that  they  do 
not  involve  z  and  that  they  are  functionally  distinct  from  ttj  and 
frnjii  one  another;  ancl  let 

[tTj,   cr]  =  cr,,      [tt,,  p]  =  p,. 

If  eithrr  o-,  or  p,  vanishi's.  then  we  have  a  common  integral  of  the 
three  r(]uations 

[r.  '0  =  0.    K,  v]  =  0,    K,  r]  =  0. 
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If  neither  of  them  vanishes,  we  make  6  equal  to  o-  and  then  to  p 
in  succession  in  the  above  identities.  The  first  of  the  identities 
gives  no  condition ;  the  second  gives 

[^,  o-i]  =  0-1,      [^,  pi'\  =  pi) 

and  the  third  gives 

[t^i,  o-i]  =  0,     [77-1,  /),]  =0. 

Hence  -   is  an  integral  common  to  the  two  equations 

[i:,v]  =  0,      [tti,  v]  =  0, 

unless  it  is  a  constant ;  and  if  —  is  a  constant,  say  equal  to  a, 

then 

[^,  p  -  aa]  =  0,      [tt,  ,  p  -  aa]  =  0, 

[TTa,  p  —  aa]  —  pi  —  axTi  =  0, 

so  that  p-  aa-  would  be  a  common  integral  of  the  three  equations 
determining  v. 

Writing  t  =  ~,  and 

then  if  Tj  vanishes,  a  common  integral  of  the  three  equations 
is  y  =  T ;  while  if  Tj  does  not  vanish,  we  have 

[C     Tl]  =  Tl,  [tTi,     Ti]  =  0, 


and  therefore 


=  0, 


0, 


T 

shewing  that  —   is    an   integi'al  common   to    the    two    equations 
{X,  v]  =  0,  [tt,,  v]  =  0. 

We  proceed  as  in  the  former  stage  :  sooner  or  later,  an  integi-al 
of  the  two  equations  [^,  v]  =  0  and  [ttj,  ??]  =  0  is  obtained  which  is 
expressible  in  terms  of  the  earlier  integrals,  or  an  integral  is 
obtained  which  also  satisfies  [ir.,,  v]  =  0.  In  the  former  alternative, 
we  construct  (as  in  the  earlier  stage)  a  combination  of  all  these 
independent  integrals  of  [^,  v]  =  0  and  [ttj,  v]  =  0  which  shall  also 
satisfy  [tto,  v]  =  0.     Let  it  be 

V  =  V  yiVi ,  . . . ,  x„ ,  p3,  . . . ,  Pj„  )  5 
then  the  equation 

V  {^Xi ,    . . . ,    Xjf ,   Ps,    . . .  ,   Pffi )  =  03 
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coexists  with  the  equations 

f=0,       TT,  =  0,       7r,=  0. 

Lt't  it  be  resolved  fur  one  of  the  variables  p,  say  p,,  in  the  form 

where  63  involves  a,,  Xj,  ...,  Xn,  pt,  ...,  pm';  when  this  value 
is  substituted  in  x>  Xi'  Xi>  ^^^  them  become  6,  61,  d./,  then  our 
equations  are 

z-e  =  {),  p,-e,  =  {).  p,  =  e„  p,=d,. 

So  we  proceed  from  stage  to  stage.  In  each  stage  the  con- 
struction of"  the  new  equation  requires,  in  the  least  favoui-able 
combination  of  circumstances,  the  assignment  of  two  integrals 
of  the  subsidiary  system  associated  with  the  initial  equation 

[/,  ^]  =  0. 

This  subsidiary  system  contains  2n  differenti.al  equations :  its 
integral  equivalent  must  therefore  contain  In  integral  equations, 
that  is,  it  possesses  In  integrals.  Hence  there  are  sufficient 
integrals  for  the  achievement  of  n  sttiges ;  at  the  end  of  the  last, 
we  shall  have 

^  =  function  of  .r,,  ...,  .r„,  Ot,  ...,  a^, 

(where  a^,  ..,,  a„  are  arbitrary  constants)  as  the  integral  of  the 
original  equation.  Or  at  the  completion  of  the  (;j  —  l)th  stage,  we 
can  resolve  the  n  equations  then  coexisting,  and  express  j9,,  ...,  pn 
in  terms  of  ^,  .r,,  ,.,,  .r„,  (l^,  ..,,  a„_, ;  substitution  in  the  relation 

dz  =  ptdxt  +  ...  +pnd,r„, 

and  (piadratinx',  lead   to  the  integral  required. 

Ex.      Let  Z  denote   2  - />i.r,  -  ...  — />„a-„  ;    and   suppose  that  a  set  of 
equations 

where  m  <  n,  i.s  propounded  for  solution. 

We  have 

^  =  ^^  +  „/_^  =  0 
cLci       dxi     "'   dz       ' 

for  all  values  of  fi  and  of  t  :  consequently 

for  all  values  of  r  and  s,  so  that  the  sy.stem  is  in  involution. 
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To  obtain  other  equations  consistent  with  the  system,  we  need  simultaneous 
integrals  of 

[F„  u]  =  0,  ...,  [/;„,  u]  =  0. 

The  equations  subsidiary  to  the  solution  of  [Fi ,  m]  =  0  are 

dpi  dz 

dxi'^P'  dz  P^dpy    •••  ■^"8p„ 

but  ^-^+pi  -~  =0,  and  so  an  integral  of  these  equations  is  given  by 

pi  =  constant. 
Also 

[p,,  F,-\  =  0, 

for  r  =  2,  ...,  in;  so  that  u=pi  is  an  integral  common  to  all  the  equations 
[i^/i,  w]  =  0.     We  therefore  associate  the  equation 

Pi  =  ai 

with  the  given  set ;  the  new  system  is 

i^i  =  0,  ...,  F^  =  0,   Pi  =  au 

and  it  is  easily  seen  to  be  in  involution. 

Similarly,  we  may  associate  the  equations 

Pi=a-i^  ...,  p,i_„j  +  i=a„_„j  +  i, 

where  a^^  ...,  a„_,„  +  i  are  arbitrary  constants,  with  the  amplified  system  and 
with  one  another :  and  the  whole  system  thus  extended,  viz. 

is  in  involution.     If  therefore  the  quantities  jOj,  ...,  p„  can  be  eliminated 
from  the  system,  the  eliminant  will  give  an  integral  of  the  original  set. 

Now  the  n  +  1  equations  thus  obtained  are  independent  of  one  another, 
and  they  involve  the  ?i+l  quantities  joi,  ...,  jt»,i,  Z \  when  resolved  with 
regard  to  these  quantities,  they  give 

Z=c,    Pi  =  ai, 

that  is, 

2  —  a-^^Xi  —  a-ix<i  —  . . .  —  a„a?„  =  c, 

where  the  constants  Oi,  ...,  a„_,„  +  i  are  arbitrary,  and  the  remaining  con- 
stants a„_TO  +  2)  •••>  c-ni  ^  satisfy  the  m  relations 

^/x(«i.  •••»  «..,  c)  =  0, 
for  the  values  /i  =  l,  ...,  in.     The  equation 

2 = « 1  Xi  +  a.^\\ + . . .  +  a„  .r„  +  c, 

with  the  limitations  upon  the  constants,  provides  an  integral  of  the  pro- 
pounded system. 
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Cfiarpit's  Method:   ixteorals  when  the  coxditioxs  ix 
Cauchv's  Theorem  are  xot  satisfied. 

68.  Naturally,  the  simplest  case  of  the  preceding  method 
arisi's  when  the  number  of  independent  variables  is  two.  With 
the  usual  notation  in  this  case,  the  equation  may  be  written 

f{x,  y,  z,p,q)  =  Q\ 

and  the  condition  [  /',  u]  =  0,  which  must  be  satisfied  by  u  if 
M  =  constant  is  to  coexist  with  /=0,  is 

9a;     ^  dz  J  dp      \dy     ^  dz)  dq      dp  dx     dq  dy 

(    df        df\du      ^ 
-[np^^tqlB-z-'^- 

To  obtain  an  integral  <»f  thi.s  homogeneous  linear  equation  which 
shall  involve  p  or  q  or  both,  the  .system  of  ordinary  equations 

dp        _       dq  dx         dy  d: 

dx     '■  oz    -dy        dz         op         cq  op        dq 

is  foruKHl :  if 

»  (.<•,  y,  z,  p,  q)  =  constant 

be  any  integral,  distinct  from  /'=0,  involving  p  or  q  or  bi)th,  then 
the  equations 

f{x,  y,  z,  p,  q)  =  0,     u  {x,  y,  z,  p,  q)  =  a, 

where  a  is  an  arbitrary  constant,  are  resolved  with  respect*  to 
p  and  q.     These  values  make  thi'  equation 

dz  —pd.c  —  qdy  =  0 

exact.     For  from  the  equationsy=0,  u  =  a,  we  fin«l 

3 (/. ") .  „  ^nf,  >i)    (>u',  <o      9(/, »)  _  /'/'/  _  dp\  a_(./>) . 

d  (x,  p)^Pd  (z,  p)  ^  d  iy,  q)^^d  (z,  q)      [dx      dy)  d(p,q)' 

and  because  u{x,  y,  z,  p,  </)  =  ct»nstant  is  an  integral  of  the  system 
of  ordinary  equations,  the  left-hand  side  of  this  equation  vanishes, 
so  that 

fdq      dp\  d  (/,  u)  ^  ^^ 


dx     dy)  d{p,q) 

*  Or  with  rc8poct  to  other  variableH,   with  a  moditication  in  the  rest  of  the 
proce.<u<,  similar  to  that  in  §§  58,  59. 
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and  therefore,  as  the  Jacobian  of/  and  u  with  regard  to  p  and  (i 
does  not  vanish*,  we  have 

^  _  ^^  =  0 
dx      dy        ' 

the  necessary  and  sufficient  condition.     Effecting  the   necessary 
quadrature  of  the  equation 

dz  —  pdx  —  qdy  =  0, 

we  have  an  equation  giving  z  in  terms  of  x,  y,  and  two  arbitrary 
constants. 

This  mode  of  obtaining  the  integral  of  the  original  equation 
by  means  of  a  single  integral  of  the  subsidiary  system  was  first 
devised  by  Charpiti". 

The  method  of  Jacobi,  whether  in  its  original  form  as  developed 
by  himself  or  in  the  amplified  form  as  developed  by  Lie  and 
Mayer,  and  (for  the  case  of  two  independent  variables)  the  method 
of  Charpit,  aim  at  the  construction  of  an  integral  containing  a 
number  of  arbitrary  constants;  and  the  results  do  not  indicate 
any  particular  suggestion  of  Cauchy's  existence-theorem.  The 
association  will  be  made  later,  partly  by  a  modified  use  of  the 
equations  of  the  characteristics;  and  it  will  be  necessary  to 
indicate  the  kinds  of  integi-als  which  can  be  deduced  fi-om  those 
provided  by  the  methods  of  Jacobi  and  of  Charpit. 

69.  All  the  examples,  that  follow,  have  been  chosen,  so  as  to 
give  some  initial  indications  of  one  investigation  hitherto  practi- 
cally omitted  by  mathematicians.     When  an  equation 

f{x,  y,  z,p,q)  =  0 

is  resolved  with  regard  to  p,  or  is  given  in  a  resolved  form,  so  that 

it  may  be  written 

p  =  g(x,y,z,  q), 

Cauchy's  existence-theorem   can  be  applied  only  if  the   function 
g{x,  y,  z,  q)  is  a  regular  function  of  its  arguments  within  the 

*  It  would  vanish  if  u  involved  neither  jj  nor  q. 

t  In  a  memoir,  presented  30  June,  1784,  to  the  Acad^mie  des  Sciences,  Paris; 
he  died  soon  afterwards,  and  the  memoir  was  never  printed  :  see  Lacroix,  Traitedu 
calcul  dijf'eretiticl  et  du  calcul  integral,  '2"  t-d.,  1814,  t.  ir,  p.  548.  Lacroix  indicates 
{ih.,  p.  5G7)  that  Charpit  tried  to  extend  his  metliod  to  partial  differential  equations 
of  the  first  order  and  dey:ree  higher  than  the  first,  involving  more  than  two 
dependent  variables. 
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domains  of  the  initial  values  adopted :  it  ceases  to  apply  if  initial 
values  are  selected  in  the  domains  of  which  the  function  g  {x,  y,  z,  q) 
is  regular. 

In  all  these  examples,  it  is  possible  to  choose  initial  values 
which  make  p  infinite  or  indeterminate:  the  known  method  of 
constructing  an  integral  has  been  used  so  as  to  give  indications  of 
the  kind  of  integral  (if  any)  which  exists  in  association  with  such 
initial  conditions. 

What  is  required  for  the  full  discussion  of  an  equation 

f(x,  y,  z,  p,  q)  =  0, 

(and,  a  fortiori,  of  an  equation  in  more  than  two  independent 
variables),  is  a  classification  of  all  the  non-regular  forms  arising 
out  of  the  resolution  of  the  equation  with  regard  to  p  or,  what  is 
the  same  thing,  a  classification  of  all  the  non-regidar  forms  of 
g{x,  y,  z,  q)  in  an  equation 

Kich  of  these  would  need  to  be  considered  in  turn,  as  wa.s  done* 
for  the  non-regular  forms  of  an  equation 

dw      . 

the  following  set  of  examples  give  a  few  of  the  simplest  tj'pes. 

Meanwhile,  some  indications  of  results  can  be  given :  the 
methods  of  Charpit  and  of  Jacobi  are  entirely  independent  even  of 
the  results  given  by  Cauchy's  theorem. 

Ex.  1.     Consider  the  equation 

p{ax-\-bij-\-cz)  =  \. 

It  is  clear  that  Cauchy's  general  iheoreui  will  not  apply  to  this  equation  if, 
when  .r=0.  we  require  z  to  acquire  the  value  of  a  function  of  y  regular 
in  the  vicinity  of  y  =  0  and  vanishing  there:  the  initial  value  of  p  is  infinite 
and  the  proof  no  longer  is  valid. 

But   an    integral   can   l>e   oVitained   by   Chaq)it's    method.     One   of   the 
subsidiary  equations  is 

dp       _       dq 
ap-\-cp^     bp  +  cpq^ 


so  that 


dp    _    dq 

a  +  cp      b  +  cq^ 

*  In  Chapters  iii  aud  iv  in  Part  ii  of  this  work. 
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an  integral  of  which  is 

b  +  cq 

=a> 

a  +  cp 

where  a  is  an  arbitrary  constant.  Accordingly,  we  combine  this  equation 
with  the  original  equation,  and  we  resolve  them  for  p  and  q :  substituting 
these  found  values  in  dz-pdx  —  qd^  =  0,  we  have 


and  therefore 


,  dx  (      b      a         /  a         \]    , 

dz= i [-  \ l--a+ 1 ) y  dy, 

ax  +  by  +  cz      {     c      c         \ax  +  by-\-czJ) 

adx  +  bd>/  +  cdz=( r +  a](dx+ady). 

-^  \ax+by  +  cz        J^  ^ 


Writing 

u  =  ax  +  by  +  ez, 

a  simple  quadrature  leads  to  the  equation 

u  —  log  (c  +  cm)  =  ^+a{x  +  ay). 

The  value  of  z  thus  provided  is  an  integi-al  which  contains  the  two  arbitrary 
constants  a  and  /3. 

In  order  to  see  whether  any  integral  2  exists,  which  vanishes  when  x  —  0 
and  y  =  0,  these  being  values  which  make  j»  infinite  initially,  we  note  that  the 
foregoing  equation  is  satisfied  by  2=0,  x=0,  y=0,  provided 


Assuming  this  value  of  /3,  we  have 


e"  (  1  +  -?f  j       =e  ; 


and  therefore,  in  the  vicinity  of  the  initial  values  assigned,  we  have 

(.a  a" , 

a    \     --U         -  —  {.v-^ay) 
1+-M]e    c    =e    '^^  , 

that  is, 

i<2  +  ...  =  2c(.r  +  a_5/)  +  ..., 

so  that,  unless  c  —  0  (and  this  will  be  excluded),  we  have 

ax+by-^cz  =  u  =  {x  +  ay)-  R  {{x  +  ay)^}, 

where  72  is  a  regular  function  of  its  argument  and  does  not  vanish  when 
.r  =  0  and  y  =  0. 

Ex.  2.     In  the  same  way  it  may  be  proved  that  an  integral  of  the  equation 

p  {ax+ by  +  czj^  =  1, 
where  »i  is  a  positive  integer,  is  given  by 


/ ;;  dzi  =  8  +  x  +  ai/, 
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wliere  a  and  /3  arc  arbitrary  constants,  and 

and  that  an  integral,  which  vanishes  when  x=0  and  y  =  0,  is  given  by 

1  1 

a.r  +  6y  +  C2  =  (ar  +  ay)i+"«  /?  {(x+ay)^+"»}, 

whore  R  is  a  regular  function  of  its  argument  and  does  not  vanish  with 
.r  and  y. 

Ex.  3.     It  is  easy  to  see  that  the  integral  of  the  equation 

(p  +  a'g)  (aj: +  %  +  «)"•=  1 , 

where  a'  is  a  constant  and  m  is  a  positive  integer,  is  of  the  same  type  as  in  the 
preceding  example :  obtain  the  integral. 

/i.e.  4.     Consider  the  equation 

p{a.v+hi/  +  cz  +  i-q)  =  \, 
where  a,  b,  c,  k  are  constants. 

Proceeding  from  subsidiary  equations  as  in  Ex.  1,  we  find  that  they  have 

an  integral 

ft  +  ry 

a-\-cp 

where  a  is  an  arbitrary  con.staiit. 

Tliere  are  two  ways  of  continuing.  We  may  cither  resolve  the  original 
equation  and  the  new  equation  for  p  atid  y,  and  introduce  a  new  dependent 
variable  f,  where 

and  then  wo  have 

d^=pd.r-)jdq: 

we  substitute  for  p  and  y ;  and,  effecting  the  necessary  qujulrature,  we  elimi- 
nate q  by  the  relation 

Or  wc  may  resolve  the  two  equations  for  p  and  y,  substitute  in  d:=pdj'-\-qdyy 
and  eft'ect  the  quadrature.     The  result  is 

"  "  x  +  ay     ^ 

=  -» 77, :  +  ^/-+/9. 

wljcrc  n  and  /3  are  arbitrary  constants,  u  =  ax  +  by  +  cz,  and 

A  =  {at  +  bk-  rti-a)*  -  4ct  {{b  -aa)u-  ca}. 

It  is  ])o.ssible  (but  the  analysis  is  somewhat  lalwrious)  to  deduce,  from  this 
result  when  t=0,  the  integral  of  the  equation  in  Ex.  1. 
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We  can  make  one  more  inference.  If  it  were  possible  that  the  equation 
could  j)ossess  an  integral  such  that  when  x=0,  the  dependent  variable 
acquires  the  value  of  a  function  of  y  such  that  z  and  q  vanish  when  y=0, 
iheu  p  would  become  infinite  for  the  initial  values  a:=0  and  y=0:  Cauchy's 
theorem  no  longer  applies.     Now  we  are  to  have 

b  +  cq 

==a  ; 

a  +  cp 

therefore  for  such  integral  (if  any)  we  have  a  —  0  because  initially  p  is  infinite, 
and  then  b  +  cq  =  0.  But  q  is  to  vanish  initially,  so  that  b  =  0;  and  thus 
q  —  0  always;  or  z  is  merely  a  function  of  j:,  vanishing  with  x  and  given  by 

x=~e<"--„{l  +  az). 

Excluding  this  trivial  case,  it  follows  that  the  given  equation  has  no  integral 
of  the  kind  indicated,  provided  c  is  different  from  zero. 

£'x.  5.     Integrate  the  equation 

p(aa;+bt/  +  cz  +  /ci/q)  =  l ; 

and  discuss  the  question  whether  it  possesses  an  integi-al  which,  when  x=0, 
acquires  the  value  of  a  regular  function  of  _y  that  vanishes  when  ,y=0. 

[An  integral  is  given  by  eliminating  q  between  the  two  equations 

c 


(  ax      1\  ,,       ,  ^  -"/ 


ac      aa^ 

^+^+>^''^^'A    '-^—  =  ^.lo^{l-aaib  +  c'q)-h 

{b  +  c'qy'  -aa 

w^here  a  and  /3  are  arbitrary  constants,  and  c'  =  c  +  k.] 

Ex.  6.     Obtain  an  integral  of  the  equation 

a 

p  = ^ 

in  the  form 

iz^  =  {x-^){ay-a), 

where  a  and  H  are  arbitrary  constants  ;  and  discuss  the  integrals  of  the 
equation  (if  any)  which  are  such  that  i/q  and  z  vanish  when  x=0. 

Ex.  7.     As  another  example,  consider  the  equation 

_      eg 

with  a  view  to  inquiring  whether  it  possesses  an  integral  which,  when  .r=rO, 
can  be  a  function  of  y  that  vanishes,  when  y  =  0,  in  an  order  higher  than 
the  first,  so  that  then  q  may  vanish  when  .r  =  0,  y=0. 

F.  V.  11 
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Forming  tliu  .sulwidiary  equations  in  L'ljarpit'8  method,  we  find  one  integral 
of  them  in  a  form 

where  a  is  an  arbitrary  constant.  Re.Holving  this  equation  and  the  original 
equation  with  regard  to  p  and  q,  substituting  in 

cU=p{Lt  +  qdi/, 

and  effecting  the  quadrature,  we  find 

3ac  (2ar  -  t/z)  -  /3  =  (a*/  -  2c2)'  -  a^, 

where  /3  is  an  arbitrary  constant.  This  equation  gives  an  integral  involving 
two  arbitrary  constants. 

If  the  equation  is  to  provide  an  integral  of  the  kind  indicated,  it  is  clear 
that  ^  =  0.  To  discu.ss  the  consequent  vahie  of  z  when  .r=0,  we  proceed  from 
the  equation 

{a-Y  -  2C2)'  =  aY  -  ^acyz. 

This  equation  certainly  gives  a  value  of  z  which  vani.shes  when  y  =  0;  two 
roots  are  zero,  and  the  third  is 

3a2    , 

which  is  of  the  required  ty|>e. 

Accordingly,  the  equation  pos.sesses  an  infinitude  of  int^rals  (because 
of  the  parameter  a)  which,  when  .t=0,  give  z  and  q  as  functions  of  y  that 
vanish  when  i/  —  0;  these  integrals  are  provided  by  the  equation 

{aY  -  '2czf  =  {aY  -  ^acyz  +  6ac«j)«, 

where  a  is  an  arbitrary  constant,  that  is,  by  the  equation 

Sc^zS  _  ^n^cYi-  -  Je  (36a V^*-  -  1 2a*r2y3)  +  36«2c<x«  =  0. 

It  is  ea.sy  to  sec  that,  though,  wlion  .r  =  0,  the  integral  becomes  the  simple 
regular  function  for  the  vicinity  of  .y  =  0,  the  integral  itself  is  not  a  regiilar 
function  of  x  and  y  in  the  specifietl  domains. 

Ex.  8.     Prove  that  an  integral  of  the  equation 

pz  =  aq-\-.r, 

where  a  is  a  constant,  can  bo  obUiincd  by  eliminating  p  and  q  l>etween  the 
equation  itself  and  the  expiations 

r(;,«-l)»+ay  +  /3  =  «a|/>  +  ilog(^|)},     q=a{p-^-\)\ 

where  a  and  ti  'ire  arbitrary  const'xnt.s.  Discuss  the  integrals  in  the  vicinity 
of  j:  =  0. 

IC.r.  !>.     Consider  the  equation 

p  (oo:  +  6y  +  cz)  +  a'x  +  b'y  +  cz  =  0. 
Changing  the  deix^ndent  variable  so  that 

;  =2  — o  x  —  oy, 
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where  a"  and  h"  are  constants,  we  can  choose  a"  and  h"  so  that  the  new 
equation  has  the  form 

Accordingly,  we  consider  the  equation  in  the  form 

jD  {ax  •^hy-\-cz)-\-  c'z  =  0 ; 

as  it  is  homogeneous  in  the  constants  a,  b,  c,  c',  we  can  imagine  it  multiplied 
by  such  a  constant  factor  as  to  make  a+c'  =  l  unless  a  +  c'  =  0. 

Firstly,  if  a  +  c'  =  l,  prove  that  an  integral  is  given  by  the  elimination  of 
p  between  the  equations 

p{ax-'rhjj  +  cz)  +  c'z  =  0  ^ 

p\p  +  -)  J 

where  A  and  B  are  arbitrary  constants. 

Secondly,  if  a  +  c'  =  0,  prove  that  an  integral  is  given  by  the  elimination  of 
p  between  the  equations 

p  {ax  +  hy  +  cz)  +  c'z  =  0  "| 

--p  +  -^-{Ay-\-B)e~ep  =  0  j 

*h  C  J 

where  A  and  B  are  arbitrary  constants. 

Discuss  these  integrals  in  the  vicinity  of  .r=0. 
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CHAPTER   V. 

Classes  of  Integrals  possessed  hv  EkjUATiONs  of  the  first 
ORDER:   Generalisation  of  Integrai-s. 

The  custoniarj'  classification  of  integrals  of  a  j)artial  differential  equation 
of  the  first  order  into  three  kinds  \v;is  first  made  h\  L«grange  :  see  his 
(Euvres  Completes,  t.  Ill,  p.  572,  t.  iv,  pp.  65,  74.  A  full  exi>o.sition  is  given 
in  Inischenetsky's  memoir,  quoted  on  p.  100  :  it  will  be  found  in  chapter  i  of 
the  memoir.  Other  expo.sitions  are  given  by  Goursat,  Le^is  rur  Vinte'gra- 
tion .. .premier  ordre,  by  Mansion,  The'orie  de«  equations... premier  ordre,  and 
by  Jordan,  Court  d Analyse,  t.  lii. 

That  the  theory  is  not  complete  even  for  the  simplest  case  is  jx^inted  out 
by  Goursat,  in  the  book  just  quotetl,  §  18.  Some  further  exceptions  are 
indicute<l  in  the  present  chapter. 

70.  Bi-'fore  proceeding  to  the  exposition  of  further  nieth«Ml.s 
of  integration,  and  partly  in  order  to  facilitate  the  discussion 
of  characteristics  in  ])articular,  it  is  convenient  to  develop  the 
relations,  to  one  another,  of  the  different  integrals  that  have  been 
obtained  or  have  been  proved  to  exist. 

We  have  seen  that,  in  the  ea.sc'  ol  a  homogeneous  linear 
equation  of  the  fii-st  «)rder,  it  is  jxissible  to  construct  an  integral 
which,  on  appropriate  determination  of  it-s  arbitmiy  element^s, 
comprehends  any  integral  of  the  equati»in  :  also  that,  in  the  avse  of 
a  linear  non-hi>mogeneous  equation  of  the  fii-st  order,  it  is  jxjssible 
to  con.struct  an  integial  which  similarly  comprehends  any  int^^-gral 
that  is  not  of  the  tyjx'  called  special.  Consequently,  no  further 
di.scussion  is  necessiiry  in  tho.se  cases. 

Hut  in  the  case  of  equations  that  are  not  linear,  it  has  been 
seen  that  there  certainly  are  two  kinds  of  integrals.  On  the  one 
hand,  then-  is  Cauchy's  existence-theorem  according  to  which 
an    arbitrary  functional  element  occurs  in  the  expression  of  the 


70.]  VARIATION'   OF    PARAMETERS  165 

integral  proved  to  exist.  On  the  other  hand,  Jacobi's  method 
of  integration,  either  in  its  original  form  or  in  any  of  its  modified 
forms,  has  led  to  integrals  which  contain  arbitrary  constants  in 
their  expression.  It  is  natural  to  enquire  what  is  the  relation, 
if  any,  between  integrals  of  such  widely  distinct  types  and,  further, 
whether  integrals  of  other  types  exist. 


Variation  of  Parameters. 

71.  Accordingly,  beginning  Avith  a  single  equation  which 
(after  the  preceding  explanations)  may  be  taken  as  not  linear, 
we  shall  suppose  it  given  in  the  form 

J  yOCi,    ...,   Xn,  Z,  2h>    •••>  ^Ji)  ~  0  ; 

and  we  may  imagine  that  it  has  been  integi'ated  by  the  Jacobian 
method,  with  a  result  that  z  is  given  as  a  function  of  the  variables 
and  of  n  arbitrary  constants  tii ,  ...,«„  by  means  of  an  equation 

(}>{2,  ./'i,  ...,  Xn,  a,,  ...,  a,i)  =  0. 

The  values  of  the  derivatives  are  given  by  equations 

d<f>  d<f>       „ 

for  m  =  1,  ...,  n;  these  values  of  p,n,  together  with  the  value  of  z 
deduced  from  (f>  =0,  will,  when  substituted  in  the  differential 
equation,  make  it  satisfied  identically.  Moreover,  the  elimination 
of  the  n  arbitrary  constants  between  the  n  +  1  equations 

<j>  =  0,     cf),  =  0,   ...,  </)„=0 

leads  to  the  differential  equation,  and  to  that  differential  equation 
alone,  provided  that  not  all  the  Jacobians 


VV    Oi,   ...,  an    11 


vanish ;   and  conversely,  when  there  is  only  a  single  differential 
equation,  the  Jacobians  do  not  all  vanish. 

In  the  process  of  returning  from  the  n  +  1  equations 

0  =  0,     (^1=0,   ...,  <^„  =  0 

to    the  differential  equation,  the  quantities  a^,  ...,  fl„  are  to  be 
eliminated :  but  no  regard  is  paid,  during  the  operation,  to  their 
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constant  values ;  and  the  resulting  differential  equation  will  be 
the  siime,  provided  the  u  +  1  equations  have  the  same  fonn,  when 
these  quantities  are  made  variable.  We  therefore  make  a,,  ...,  «„ 
functions  of  a-,,  ...,  a-,,,  subject  to  this  proviso.  This  change  leaves 
the  equation  <^  =  0  unaltered  in  fonn:  in  order  that  4>m  =  0  (for 
m=l,  ...,«)  may  remain  nnaltcrrd  in  fomi.  it  is  n<-ces.'«iry  that 
the  equation 

d^   daj_^  d<f>  dun  ^  ^ 

should  be  satisfied,  for  each  of  the  «  values  of  m :  and  if  these 
equations  are  satisfied,  then  (f>  =  0  (with  the  changed  values  of 
tti,  ...,  On)  will  still  give  an  integral  of  the  differential  equation. 

Multiplying  the  n  equations  by  da-^,  ...,  da:^  resj^ectively  and 
adding,  we  find 

^  doi  +  . . .  +  ^  dcin  =  0, 

where  rfa, ,  .,.,  dit^  are  the  complete  variations  of  the  quantities 
Oi,  ...,  ff„;  and  cnnversely  this  equation,  when  satisfied,  yields 
the  n  conditions.  The  coefficients  of  the  differential  elements  are 
functions  of  2,  a-,,  ...,  .r„,  ff,,  ...,  a,,  in  general:  but  z  is  given  by 
</)  =  0  in  terms  of  the  other  quantities;  and,  as  (/, ,  ...,  a^  are 
(unknown)  functions  of  a-j,  ...,  .r„,  so  the  latter  maybe  regsirded  in 
the  most  general  case  as  functions  of  a^,  ...,  a„:  that  is,  the 
coefficients  may,  in  the  most  general  cn.se,  be  reganled  as  functions 
of  a,,...,a„.  Thus  we  have  a  Pfaffian  equation:  by  the  general 
theory  of  Pfaffian  equations*,  the  integral  eijuivalent  consists  of  one 
equation  or  of  several  equations  connecting  the  quantities  a,,  . . . ,  a„. 

Ill  the  argument,  one  exce])tional  case  hjvs  been  omitted:  it 
may  be  that  the  Pfaffian  ecpiation  is  evanescent,  on  account  of 
vanishing  coefficients  :  we  then  have 

9tt,       '       '  8a„       ' 

concurrently  with  0  =  0. 

After  noting  this  exceptional  c<vse,  we  return  to  the  integral 
equivalent  of  the  Pfaffian  ((jiiation.     Let  it  consist  of /*  equations 

(7,(0,,  ....  f^,)  =  0,  ...,  g^^iih,  ...,  a„)  =  0, 

•   See  Part  1  of  this  work,  passim. 
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and  of  these  solely  :  then  the  only  relations  among  the  differential 
elements  are 

dg,  =  0,  . . , ,  d(/^=0, 

and  the  Pfaffian  equation  must   be   satisfied   in  virtue  of  these. 
Thus  /Lt  quantities  Xj,  ...,  X^  must  exist  such  that 

~-  da^  +  . . .  +  TT^  dctn  =  XjcZ^i  +  . . .  +  ^^%(n ; 


and  therefore 


3<^=x,|2l  +  ...  +  x,^-''' 


dUm  darn  '  '  3",/;  ' 

for  the  n  values  of  m.     These  n  equations,  together  with 

</>  =  0,     (/i  =  0,   . . . ,  r/^  =  0, 

make  up  ?;  + /a  +  1  equations,  involving  a-y,  ...,  a^,  \,  ..-,  X^: 
eliminating  the  quantities  a  and  X,  we  have  a  single  equation 
as  the  result,  and  it  expresses  z  in  terms  of  ^i,  ...,  a'n-  The  value 
oi'  2  determined  by  this  final  equation  is  an  integi-al  of  the  original 
differential  equation:  the  functional  forms  gi,  ...,^^are  involved 
in  its  expression. 

72.  It  might  appear  as  if  there  were  integrals  of  a  character 
intermediate  between  those  of  the  two  kinds  considered.  Thus  we 
might  have  a„i+i,  ...,  a„  as  constants,  so  that  the  differential 
relation  would  then  be 

-—  rftti  +  , . .  +  --^  da,n  =  0. 

If  the  integral  equivalent  of  this  relation  consists  of  o-  equations  in 
the  form 

9i  («i,  ...,  ci,„)  =  0,  ...,  [f„(a,,  ...,  a„i)=  0, 

and  of  these  only,  then  the  same  argument  as  before  leads  to 
equations 

^A=p  ^li+  ,,,  +  pJll^^ 

for  r"  =  1,  ... ,  in,.     Those  m  equations,  together  with 

</)  =  0,     (/i  =  0,  . . . ,  g^  =  0, 

are  ///  +  cr  +  1  equations  involving  z,  a\ ,  . . . ,  ;r„,  rtj ,  . . . ,  a^,  pi ,  ...,  p^: 
eliminating  these  m  quantities  «i,  ...,  a^  and  the  a  quantities  p, 
we  have  a  single  equation  between  2,  .Tj,  ...,  or,t.     The  value  of  z 
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thus  given  is  an  integral  of  the  original  equation.  The  functional 
forms  ^f,,  ...,  Qa  are  involved  in  its  expression;  and  the  arl)itrary 
constants  a,rt+,,  ...,  a„  also  occur.  The  latter  can  be  regarded  as 
given  by  n  —  in  relations 

''i  («»n+i ,  . . . ,  fln)  =  0,  . . . ,  //„_,„  (a^+i ,  . . . ,  a.„)  =  0, 

involving  the  n  —  in  constants  :  they  are  such  that  the  equations 

dJi,  =  0,  ...,  (l/i„-,„  =0 

are  satisfied  identically.  Now  it  is  known  from  th<'  theory  of 
Pfaffian  equations  that 

(T  +  n  —  VI  '^  fi. 

so  that  the  total  number  of  equations  among  the  quantities  a,,  ..., 
a„  is  gieater  than  before :  their  range  of  value  is  therefore  more 
restricted  than  in  the  preceding  cjise.  Accordingly^  we  am  regard 
the  present  mode  of  satisfying  the  differential  relation  as  a 
specialisation  of  the  preceding  mode  or  as  a  special  instance  of 
the  preceding  mode  involving  a  greater  number  of  relations  some 
of  which  are  of  restricted  forms. 

In  this  argument,  as  in  the  preceding  argument  in  §  71,  one 
exceptional  cjise  is  omitted :  it  may  be  that  the  reduced  l*taftian 
equation  is  evanescent,  on  account  of  vanishing  coefficients :  we 
then  have 

^^=0....,-^  =  0, 
9a,  '  da,n 

concurnmtly  with  ^  =  0. 

It  thus  appears  that,  while  the  completed  process  leails  in 
every  case  to  a  single  equation  providing  an  integral,  there  are 
intrinsic  differences  according  to  the  circumstances  of  the  crises. 
It  is  clear  that  distinctions  will  arise  according  to  the  number  of 
relations  postulated  among  the  quantities  «, ,  . . . ,  a„  ;  it  is  customar}' 
to  regard  a  cliuss  of  integrals  as  being  defined  according  to  the 
number  of  relations  so  postulated.  When  fx  relations  of  the 
inflieated  character  occur,  the  corrosj)onding  chvss  of  integrals  is 
frequently  called  the  fith  chi.ss:    and   if 

0  <  ^  <  », 

the  integrals  of  all  the  clius.ses  may  be  ngardi-d  svs  falling  within 
the  category  of  what  will  pre.sently  be  called  general  integrals. 
Thus  there  will  be  n  —  I  classes  of  general  integrals. 
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The  extreme  cases  must  also  be  taken  into  consideration.  It  is 
possible  that  /x  =  n:  there  are  then  n  functional  relations  con- 
necting the  n  quantities  a^,  ...,  Un,  independent  of  one  another; 
all  these  quantities  are  constants  and,  when  the  relations  are 
quite  arbitrary,  the  constants  are  arbitrary:  the  integral  then 
provided  is  what  will  be  called  the  complete  integi'al.  It  is 
possible  that  /z  =  0 :  if  the  equations  can  be  satisfied,  and  an 
integral  is  provided,  we  have  what  will  be  called  the  singular 
integi'al. 

Of  the  general  integrals,  the  most  comprehensive  is  that  in 
which  only  a  single  functional  form  occurs,  say 

and  i/r  can  be  taken  as  the  most  general  and  arbitrary  function  of 
its  arguments.     The  equations  which  determine  the  integral  are 

</)  =  0,     ai  =  i/r  («.„  ...,  a„), 

for  m  =  2,  ...,n;  and  the  integi'al  itself  is  given  by  the  elimination 
of  fli,  ...,  a,i  among  these  n  +  1  equations. 

That  it  is  the  most  extensive  class  of  general  integral  can 
easily  be  seen  by  the  following  argument,  whereby  it  is  proved  to 
include  all  the  other  classes.  When  /x  relations  are  postulated 
among  the  n  quantities  aj,   ...,  «»  in  the  form 

gr(ch,  ■•■,  an)  =  0, 
for  r=l,  ...,  jM,  the  integi'al  is  given  by  these  equations,  together 

with 

(/)  =  0, 


for  m  =  1,  ...,  n.     Let 

6 {a,,  ...,  an)  =  \[h  +■■■  +  V5'm. 

so   that   the  relation   ^  =  0  is  certainly  satisfied  for  the  integi'al 
in  question  ;  moreover,  the  equations 

d<f)  _  dd 
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are  certainly  s;itisfied  for  this  integral.  Now  let  ^  =  0  be  resolved 
for  Oj  so  as  to  express  it  in  tenns  of  o.^,  .,.,  a„  in  a  fonn 

"i  =X("2 ««): 

we  have 

\- ^  =  0 

Hence,  for  the  integral  in  (|iU'stion,  the  equations 

d<t>    ^  d<f>  dx  ^  Q 

are  satisfied :  and  conversely,  when  these  are  satisfied,  the  original 

set  of  equations  also  is  satisfied.     Now  in  the  case  when  there  is 

only  a  single  relation 

«,  =  i/r(rt,,  ...,  a„), 

yfr  is  the  most  general  function  possible :  so  that  the  relation 

is  included  as  a  special  Ciise,  and  consequently  the  equations 

d<f>    ^d<t>  dx  ^Q 
da„      aa,  da,n 

are  a  special  case  of  the  equations 

d(f)    ^   d(f>  dyjr  ^^ 

dcUm       dUi  ddm 

that  is,  the  general  integral  in  question  is  a  special  case  of  the 
general  integral,  which  arises  when  there  is  only  a  single  relation 
between  the  quantities  a,,  ...,  a„.  The  latter  general  integral  is 
accordingly  the  most  comprehensive. 

In  ])assing,  we  may  note  that  the  general  integral  includes  the 
exceptional  ease  noted,  in  which  a„, .,,  ...,  On  are  arbitrary  con- 
stants and  the  equations 

da,  '  d(i„, 

are  satisfied.     We  can  represent  it  by  relations 

for  fi=  tn  +  \ ,  ...,  }i,  and  by  restricting  the  functions  yjr^  to  be  con- 
stants ;  for  then 
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for  i  =  1,  . . . ,  w,  and  the  relation 


simply  becomes 


9a; 


which  (for  i=l,  ...,  ni)  arc  the  equations  for  the  exceptional  case. 


Classes  of  Integrals. 

73.  Three  kinds  of  integrals  may  thus  arise.  One  of  them  is 
given  by  an  equation  containing  n  arbitrary  constants ;  it  is  called 
the  complete  integral.  Another  of  them  is  given  by  equations  that 
involve  a  functional  form  or  several  functional  forms,  and  in  the 
most  general  type  these  forms  are  arbitrary;  these  integrals  are 
called  general  integrals  and  often,  when  there  is  only  a  single 
functional  form  so  that  the  widest  range  of  variation  is  provided, 
the  integral  is  called  the  general  integral.    And,  lastly,  the  equations 

da,  dan 

may  be  possible  and  be  consistent  with  one  another ;  if  the  residt 
of  eliminating  Oj,  ...,  Un  among  them  provides  a  single  equation 
involving  no  arbitrary  element,  and  if  the  equation  determines  an 
integi-al*,  the  integi'al  thus  furnished  is  called  the  singular  integral. 

It  must  however  be  noticed  that  an  integi-al,  containing  the 
appropriate  number  of  arbitrary  constants,  is  not  necessarily  the 
complete  integral,  any  more  than  one  which  contains  no  arbiti'ary 
element  is  necessarily  a  singular  integral.  On  the  one  hand,  since 
an  arbitrary  function  can  be  regarded  as  containing  any  number 
of  arbitrary  constants,  a  general  integral  may  be  simply  specialised 
so  as  to  contain  the  appropriate  number  of  arbitrary  constants :  it 
will  not  thereby  necessarily  become  a  complete  integral,  for  it  may 

*  The  reason  for  this  limitation  will  appear  subsequently :  meanwhile,  it  may 

be  sufficient  to  point  out  that,  while  the  equations  ^—  =  0,  ... ,  ;--  =0  are  consistent 

with  the  existence  of  an  integral,  it  has  not  been  proved  (and,  indeed,  cannot  be 
proved)  that  their  significance  is  only  co-extensive  with  that  existence.  Even 
in  the  case  of  ordinary  equations  of  the  first  order,  the  corre^<pondlng  process 
frequently  gives  rise  to  relations  tliat  do  not  provide  integrals  of  the  equations  in 
question  :  and  the  same  holds,  to  a  wider  extent,  in  partial  equations. 
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be  only  a  special  ciise  of  the  general  intc^al.  On  the  othiT  hand, 
by  iVHsigninj^  particular  values  to  the  arbitrary  constants  in  a  com- 
plete integral,  the  latter  becomes  free  from  all  arbitrary'  elements: 
it  will  not  there])y  become  a  singular  integral  (even  if  such  an 
integral  is  possessed  by  the  equation),  for  it  is  only  a  special  case 
of  the  complete  integial.  It  is  therefore  imjxtrtant  to  devise  tests 
which  shall  shew  to  what  category  any  given  integnil  should,  if 
possible,  be  ;vssigned  :  and  this  necessity  raises  a  further  question 
as  to  how  comprehensive  is  the  retained  aggregate  of  integrals. 

Special  IxTE(iRAi>;. 

74.     Suppose,  then,  that  we  have  an  integral  of  the  <liiferrntial 
equation 

/(./•,,  ...,  ./•„,  2,  pi,  ...,  pn)  =  0 

given  by  the  equation 

^ (./•,,  ...,  ./•„,  z)  =  0; 

and  let  the  \alues  of  z  thus  determined  be  denoted  by  ^.  Also, 
let  a  complete  integral  be  given  in  the  form 

g(^u  ...,  .r„,  z,  o,,  ...,  o„)  =  0; 

and  let  the  value  of  z  thus  determined  be  denoted  by  Z.  We 
have  to  consider  whether  it  is  possible  to  jxssociate  with  ^'  =  0 
e(|uations  or  relations  which  will  change  Z  into  f ;  if  this  should 
be  possible,  then  the  character  of  the  added  equations  or  relations 
will  indicate  the  character  of  the  integral  f. 

In  oi"der  to  obtain  the  tests  that  may  be  both  sufficient  and 
necessjuy,  assume  that  </,,  ...,  a„  are  changed  into  functions  of 
j^i,  ...,  .r„,  such  that  /  is  still  an  integral  of  the  differential 
equation  and  such  that,  if  possible,  it  becomes  the  integral  ^.  As 
the  two  integrals  are  now  hypothetiwilly  the  same  functions  of 
a\,  ...,  .'•„,  the  derivatives  of  these  functions  with  regard  to  the 
vari.ables  are  respectively  the  sjime.  For  the  integial  ^,  they  are 
given  by 

d.r,„  dz 

f«)r  m  =  1,  ...,  »,  when  z  is  replaced  by  ^  in  these  equations;  and 
for  the  int<'gral  Z,  they  are  given  by 

dXm  dz  '       3a,   djTm        ' ' '        3fl.n  3j*m 
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for  m=l,   ...,  n,  when  z  is  replaced  by  Z  in  these  equations. 
Consequently,  we  must  have 

B-z'wi  dz      dz  dx^        ' 
dg_  da^^  dg_   da^^ 

da,dx,„      "       dttndx^     ^' 

for  wi  =  1,  ...,n,  when  z  is  replaced  by  the  supposed  common  value 
of  ^  and  Z. 

Now  when  this  common  value  is  substituted,  the  n  equations 

dx,n  dz      dz  dx^ 


^m  ^^        VA   ua,^ 


are  a  set  of  equations  involving  the  quantities  a^,  . . . ,  a„.  If  they 
determine  values  for  these  quantities,  we  can  proceed  to  the 
identification  of  the  integi-al ;  but  they  do  not  necessarily  deter- 
mine such  values,  and  then  we  cannot  proceed. 

Suppose  that  such  values  are  determined.  If  they  are  con- 
stants, then  ^  is  a  more  or  less  particular  form  of  the  complete 
integral :  all  the  equations 

dOi   dx,n        ' ' '        dcin  dx,n 

are  satisfied.  If  values  are  found,  so  that  some  at  least  have 
the  form  of  functions  of  x,,  ...,  x,,,  there  may  be  some  functional 
relation  or  several  functional  relations  among  them  :  let  these  be 
denoted  by 

Then  the  other  n  equations  are  satisfied  by  means  of  the 
equations 

for  m  =  1 ,  . . . ,  n,  with  appropriately  determinate  values  of  X, ,  . . . ,  X^ . 
All  the  conditions  then  are  satisfied;  and  f  then  is  a  more  oriels 
particular  form  of  the  general  integral.  If  on  the  other  hand 
the  variable  values  found  (say  m  in  number)  are  such  that  no 
functional  relation  subsists  among  these  m  quantities,  the  n 
remaining  equations  can  only  be  satisfied  bv  havino- 

da,     "■ 
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for  each  ot  the  m  quiintities  a,-  found  to  be  variable  ;  the  integral  f 
would  then  be  a  degenerate  form  of  the  general  integral  of  the 
differential  equation.  I^xstly,  if  all  the  quantities  a  an.'  variable 
and  if  there  is  no  functional  relation  among  them,  the  n  remaining 
equations  Ciin  only  be  satisfied  by  having 

1^  =  0 |a  =  0: 

the  integral  ^  would  then  be  a  singular  integral  of  the  differential 
equation. 

It   thus   appears   that,  subject   to    the    determination   of  the 
quantities  a^,  ,..,  «„  from  the  equations 

9a-„i  dz      dz  bx^ 

the  integral  ^  is  comprehended  within  the  aggregate  of  the 
complete  integral,  the  general  integral,  and  the  singular  integnil. 
This  aggregate  is  widely  comprehensive :  it  cannot  be  declared  to 
be  completely  comprehensive,  because  occasions  arise  in  which  the 

equations  refuse  to  provide  a  consistent  set  of  values  of  a, On 

needed  to  secure  inclusion.  The  whole  of  this  theory  is  formal: 
it  does  not  take  account  of  the  pecidiarities  of  equations :  and 
examples  will  be  indicated  to  which  it  fails  to  apply. 

Such  integrals,  as  do  occur  but  are  not  included  in  any  of  the 
three  clas.ses,  will  be  cjilled  f,j)ecial. 

Ex.  1.     It  i.s  CA.sy  to  sec  that  the  equation 

p,a:,  +  ...+/J„J-„  =  2 

has  ail  integral 

z=a,,r,  +  ...+a,x,, 

which  i.s  a  complete  integral.  To  obtain  a  general  integral,  the  most  general 
po.s.sible,  we  take  only  a  single  relation  among  the  quantities  «,,  ...,  «,  in  the 

form 

«l=/("2 "■•)» 

where /is  an  arbitrary  function  of  its  arguments.  The  associated  equations 
are 

for  «  =  2,  ...,  h;  these  give 
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where  the  character  of  <7,.  is  dominated  by  the  arbitrary  form  of/.     Inserting 
these  values  of  a,  we  have 

where  F  is  an  arbitrary  function. 

This  is  the  integral  which  would  be  obtained  by  the  process  of  §  30  ; 
accordingly,  the  most  comprehensive  integral  given  by  that  process  is  the 
general  integral. 

The  equations,  which  would  give  the  singular  integral  if  it  existed,  are 

2=ai.i-i  +  ...+a„,r„, 

clearly  there  is   no   singular   integral   of   the   equation,   though   z=0   is  a 
particular  case  of  the  complete  integral. 

Ex.  2.     The  equation 

has  been  discussed  (§  34,  Ex.  3) ;  in  particular,  it  was  shewn  that  the  integral 

x'' 

z  =  — 

y 

was  not  derivable  from  the  general  integral  there  obtained.     The  equation 
does  not  possess  a  singular  integral. 

Is  the  integral  z  =  —  comprehended  in  the  complete  integral  \ 

Ex.  3.     At  the  end  of  §  59,  it  was  shewn  that  the  equation 

Zfx  ■\-qy-\-  (fx'^ = 0 
possesses  two  complete  integrals 

z  =  a  —  ^  h^x  +  bx~^y, 
z=^A  +  -y^{x-  +  2Bx)~^. 

The  general  integral  deduced  from  the  first  of  these  complete  integrals  is 
obtained  by  associating  with  it  the  equations 

a  =  (f){b),     (f)'{b')-xb'-+x~^y=0, 

where  (p  is  arbitrary :    the   general   integral   deduced   from    the   second   of 
them  is  obtained  by  associating  with  it  the  equations 

A  =>/.  (B),     V''  {B)--iyKv{x^  +  2Bx)-K 

where  \jr  is  arbitrary.     Clearly  there  is  no  singular  integral. 

To  obtain  the  relations  to  one  another  of  the  two  complete  integi'als,  we 
adopt  the  method  in  the  text.  When  we  equate  the  different  respective 
derivatives,  we  have  the  relations 

-  1  63  _  1  i.^.  -  *^  =  _  1^^  (.^^'  +  22?.,;)  -^(x  +  B), 

bx~^=yi(x^  +  2B.v)~^; 
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these  relations  are  consiHtcnt  with  one  another,  in  virtue  of  the  single  relation 

When  we  equate  the  two  integrals  theniselveM,  we  find 

a  =  A--^  Bxy^  (x-«  +  2i3x)  ~  ^ 

The  values  of '»  and  b  are  thus  variable  quantities  ;  and  it  is  easy  to  see  that 
they  are  connected  by  the  relation 

In  virtue  of  this  relation,  and  of  the  values  of  a  and  b,  the  other  necessary 
relations 

dz  da  dz  cb 

da  d.r  cb  dx      ' 

dz  da      cz  db     „ 
da  c>/     ab  (>/ 
are  Siitisfied. 

Hence  each  of  the  two  complete  integrals  is  a  particular  case  of  the  general 
integral  deduced  from  the  other  :  the  generalising  relation  is 

0-^  +  5^3=0. 

£x.  4.     The  equation 

pq  =  4xi/ 


has 


z  =  —  +  a>/-  +  b 
a 


for  a  complete  integral ;  it  has  no  singular  integral  :  and  its  general  integral 
is  given  by 

z=:^+af  +  b,     0=-.^,'+y»+/'(«).     b=f{a). 

Another  integral  is  given  by 

z  =  2xi/  +  b. 

To  investigate  its  relation  to  the  coujplete  integral,  we  proceed  as  before. 
E(iuating  the  derivatives,  we  find 

2x 

-^  =2v,     2ay  =  2x, 

giving 

.r 

«=-  ; 

y 

with  this  value,  the  two  quantities  z  are  the  ssxmc. 
The  other  equations 


are  satisfied  bv 


dg  da     ^ff  ^b  _        dg  da      ^9  db  _ 
da  dx     db  dx~  ^     dady     db  djf~   ' 

^  =  0,     /»  =  arbitrary  constant. 
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The  new  integral  is  a  special  case  of  the  general  integral ;  for  we  have 

z  =  -„+ay^  +  b,     h^f{a\     -^::+y2+/'(a)=0, 

as  the  equations  of  the  general  integral ;  and  they  lead  to  the  new  integral, 
when  f{a)  is  regarded  as  a  pure  constant. 

Ex.  5.     Classify  the  integral  3  =  3^1*^^2*^3*  +  ^  of  the  equation 

Ex.  6.     Consider  the  equation 

{l  +  {z-x-yf}p  +  q  =  2, 

which  has  already  (§  34,  Ex.  4)  been  discussed  from  the  point  of  view  of  the 
general  integral.     The  equation  is  clearly  satisfied  by 

z  =  x-\-y : 

the  question  is,  does  this  integral  fall  within  the  three  classes  of  integrals 
considered  ? 

Proceeding  to  integrate  by  Charpit's  method,  we  find 

q-\ 

as   one  integral   of  the  subsidiary  equations.     When  this  relation  is  com- 
bined with  the  original   equation,  we  have   values  of  p  and  q :   these   are 

substituted  in 

dz=pdx  +  qdy, 

and  the  quadrature  is  effected  :  the  result  is 

3+(«-  l)y  +  2  (a+1)  {z-x-yf=h, 
where  a  and  h  are  arbitrary.     "Writing 

%t=z  +  {a-\)y  +  <2{a-\-\){z-x-yf, 
the  singular  integral  (if  any)  is  given  by 

da      ~   '  fb  ' 

the  latter   equation  shews  that  the  singular  integral  does  not  exist:   con- 
sequently 

z=x+y 
is  not  a  singular  integral. 

The  general  integral  is  given  by  the  elimination  of  a  between 

tt=0(a). 

If  0  can  be  determined,  so  that  the  result  of  the  elimination  is  to  give 

z  =  x+y, 
the  second  of  the  equations  for  the  elimination  must  become 

y=<^'(«), 

and  the  first  of  them  must  become 

x+ay=(f){a). 
F.  V.  12 
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The  former  of  these,  for  any  function  </>,  makes  a  a  function  of  y  only ;  the 
latter,  instead  of  lacing  identically  svitisfied  (a.s  it  should  l>c/  if  the  integral 
z=x-\-y  could  thus  arise,  leads  to  a  relation  between  x  and  y.  Any  such 
relation  is  excluded.  Hence  z=x-\-y  is  not  a  particular  case  of  the  general 
integral. 

It  is  clear  that  constant  values  of  a  and  6  cannot  Ije  chosen  such  that 
the  eqiuition  u  =  h  leads  to  the  equation  z=x+y:  hence  the  integral  is  not 
a  particular  case  of  the  complete  integral. 

It  follows  therefore  that,  while  z=x+y  is  an  integral  of  the  equation 

{l+(z-x-y)*};>+y  =  2, 

it  does  not  belong  to  any  of  the  three  usual  classes  of  integrals:  an  instance 
is  thus  provided  in  which  the  general  theorem  due  to  Lagrange  does  not  hold. 

If  the  differential  equation  is  rationalised,  .so  that  it  takes  the  form 

^.x-y  =  (^-iy, 
the  complete  integral  is 

{z  +  {a-l)y-b'i^  =  A{a+l)Uz-JC-y); 
and  z=x+y  is  ejisily  seen  to  be  a  singular  integral.     The  explanation  of  the 
difference  is  left  to  the  student  as  an  exercise. 

Hx.  7.     Given  the  equation 

where  A,  B,  C\  D  are  functions  of  x  and  y  only,  investigate  the  conditions 
necessary  and  sufficient  to  secure  that  it  possesses  a  complete  integral  of 
the  form 

z=^au^+  - 17-  +  6, 
a 

where  u  and  v  are  functions  of  x  and  y,  and  a,  b  are  constant-s. 

Verify  that,  if  the  conditions  are  satisfied,  it  also  jMisse-sses  an  integral 

z  =  uv-\-b. 

What  is  the  character  of  this  integral  ? 

Tests  for  a  Complete  Ixte«:ral. 

75.  In  the  })ivceiliiig  investigation,  it  has  been  {issunied  that 
a  complete  integral  of  the  difi'erential  equation  is  kn«»\vn,  so  that 
it  is  possible  to  proceed  from  that  integral  to  the  differential 
equation,  and  to  that  ecjuation  alone :  and  it  hjis  been  pointed  out 
that  an  integral,  containing  the  proper  number  of  arbitrary  con- 
stants, is  not  necessjxrily  complete.  The  important  limitation  is 
that  elimination  among  the  equations,  denoted  in  §  71  by 

<^  =  0.     <^,  =  0 <^„  =  (), 

should  leful  to  one,  and  to  only  one,  equation. 
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For  this  purpose,  it  is  necessary  that  not  all  the  Jacobians 
should  vanish  :  if  they  do  vanish,  then  the  elimination  of  the 
n  quantities  a,,  ...,  cin  will  load  to  at  least  two  equations. 

Again,  if  all  the  Jacobians  but  one,  say 

J /(f),    (p.j,    ...,    (f>n\ 

Vh,   ,  a>J' 

are  known  to  vanish,  then  either  that  Jacobian  vanishes  or  else 

da,      ^"■"  dan       ' 

that  is,  either  that  Jacobian  vanishes,  or  4>,  involves  none  of  the 
constants.  The  first  of  these  two  alternatives  is  the  preceding 
case.     As  regards  the  second  alternative,  we  at  once  have 

as  an  equation.  The  constants  a,,  ...,  a^  may  or  may  not  be 
eliminable  between  </>  =  0,  </>.,  =  0,  ...,</>„  =  0  ;  so  that  there  would 
be  only  one  equation  if  they  cannot  be  eliminated,  and  there 
would  be  at  least  two  equations  if  they  can  be  eliminated.  If 
there  is  only  one  equation,  the  integral  is  complete;  if  there  is 
more  than  one,  the  integral  is  not  complete. 

If  a  Jacobian,  say 

j(^'    02>    •••>    ^nN 

is  known  not  to  vanish,  then  the  equations 

can  be  resolved  for  f/j,  ...,  a,,;  their  values,  substituted  in  0i  =  0, 
if  it  involves  any  of  them,  lead  to  a  single  equation ;  while,  if 
^1  =  0  does  not  involve  any  of  the  constants  a,,  ...,  «„,  it  is  itself 
one  equation  involving  derivatives.  We  have  only  a  single 
equation:  the  integral  is  complete. 

Ex.  1.     Consider  an  integral  equation 

it  is  easily  seen  to  be  a  complete  integral  of  the  differential  equation 

the  elimination  being  immediate. 
An  integral  equation 

2  =  {x\  -  a{f  +  {x.y  -  aof + .ra  -  a^ 

12—2 
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leads  to  a  Hingle  equation 

and  nu  other  elimination  is  ixtssible:  the  integral  is  complete. 
An  integral  equation  • 

2  =  {(j:,  -  a,)2  +  (J.-2  -  Oj)*}* +a3  -  03 

leiuls  to  two  equations 

/>!*+/>•/=  I1      f>3=l; 

it  is  not  a  complete  integral  of  either  equation,  nor  of  an  equation  such  as 

Ex.  2.     The  equation 

z  =  a.Vi  +  b.i\  +  cr3 

is  a  complete  integral  of  the  equation 

T,  p,  +  .I'apa  +  X3P3  =  z. 

Another  integral,  containing  three  arbitrary  constiints,  is 

z  =  ax  I  +  /3.r«  +  y  —  . 

X\ 

To  determine  its  significance,  we  equate  the  values  of  p,,  p.^,  p^  derived  from 
the  two  values ;  and  we  have 

ft  =  ^  +  2y^% 

c=0, 

giving  variable  values  for  a  and  h.     These  variable  values  are  subject  to  the 
two  equations 

4y(a-a)  +  (6-/3)2=0,       c=0; 

and  these,  as  two  equations  connecting  the  assumed  variable  magnitudes, 
shew  that 


2  =  aj-,+/3:r2  +  y 


x^* 


is  not  a  complete  integral  of  the  equation,  but  is  a  special  case  of  the  general 
integral  derived  from  the  coini)lete  intogrjil 

In  ix)int  of  fjict,  the  equation 

leads  to  two  equations 

jr,/>,+.r../>2=r,       />3=0, 

thus  verifying  the  conclusion  that  it  is  not  a  complete  integral  of  the  original 
equation. 

Ex.    3.     To   illustrate  a  diftercnt   asjiect  of  the  relations  of  intt^grals, 
consider  the  equation 

•  This  example  is  given  by  Goursat,  Lt^ont,  p.  98. 


75.] 


BETWEEN    INTEGRALS 


181 


which  occurred  in  Ex.  1.     It  possesses  an  Integral 

z  =  {xi-  aif  +  {x-i  -  a2)2  +  {.vs  -  a^f, 
which  is  easily  seen  to  be  complete :  it  possesses  an  integral 

_  {Xi  +  ayX)  +  a-jX-i  +  a.-j)- 

which   also  is  easily  seen  to  be  complete.     What  is  the  relation,  if  any, 
between  the  two  integrals  ? 

To  determine  it,  we  first  equate  the  values  of  Pi,  p2,  p^  for  the  two  values 
of  z,  and  resolve  the  three  equations  for  (say)  oj,  a>,  a^;  and  we  find  the 
three  variable  values 


Xo  —  a> 


a 


a-2- 


.^3  -  «i 
Xi  —  «!  ' 


x.j  -  ttj         x^-a^ 
"2 a^ . 

Xi  —  Oi  Xy—  «! 


These  are  connected  by  a  functional  relation 

«!  +  a.yai  +  a.-iao,  +  a^  —  0. 
If  then  we  construct  the  general  integral  to  be  associated  with  the  complete 


integral 


the  integral 


z={xi-  ai)2  +  {x2  -  a-if + {Xi  -  a^f, 
{xi  +  01.^2  +  02X3  +  03)2 


z= 


h' 


l+ai^  +  aa"^ 

is  a  particular  case  of  that  general  integral  given  by  the  particular  equations 

<?!  =  —  aiU2  —  0-2(13  —  03 

z={xi-  «!  )2  +  {x.^  -  a-yf  +  (^3  -  asY 

0  =  (•»!  -  «i )  ai  -  (a-2  -  a-i) 

0  =  (.ri-ai)a2-(^3-O3) 
when  fflj,  a~i,  a^  are  eliminated  among  them. 

On  the  other  hand,  if  we  construct  the  general  integral  to  be  associated 
with  the  complete  integral 

,  ^  (-''i  +aiX2-^a-iX3-{-a3Y 

"    ■  l  +  ai^  +  aa^ 

the  integral 

z  =  {xi  -  rti)"^  +  (av  -  a.,f  +  (.t-3  -  a^y- 

is  a  particular  case  of  that  general  integral  given  by  the  particular  equations 

03= —a.Mi  —  a^ay— cii 

_  {Xi  +  a\X-i  +  02X3  +  03)^ 


l+ai^  +  aa^ 
O^X^  —  'i-i  —  ai 


Xi  +  uiX-i  +  02.^3  +  03 


)■. 


Q—x-i  —  a-i  —a-. 


1*1  +  a\X>>  +  02^3  +  03 
l+a,'-  +  a22 


when  ai.  02,  a^  are  eliminated  among  them. 
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It  thus  aj)i>car8  that  a  single  equation,  of  degree  higher  than  the  first, 
may  have  quite  distinct  complete  integrals ;  and  that  a  complete  integral 
may  l)e  a  particular  case  of  a  general  inu'gral  derive*!  from  another  complete 
integral,  and,  u  fortiori,  may  he  a  particular  c^usc  of  the  general  integral 
derived  from  itself.     (See  also  E.x.  3,  §  74.) 

Ex.  4.     Discuss  the  character  of  the  integral  of 

(;>,-l)2+;,,2  +  ...+p„^'=l, 

as  given  l)y  the  equation 

z  -  a,  =.r,  +  {(j-2  -  02)2  + ...  +  (.r„  -  «,)«}*. 


Singular  Inte(;hai>;. 

76.     Wr    have    seen    th;it,   wIil-ii    ;i   singular    intfgral    of  the 
equation 

/(.ri,   ...,  •'•,.,  z,  /'],  ...,  ;>..)  =  0 

exists,  it  can  be  obtained  from  the'  conipk-t*.'  integral 

4>{z,  a\,  ...,  ./•„,  «,,   ...,  a„)  =  0, 

by  eliminating  a,,  ...,  a^  between  the  equations 

d(i>  ?d> 

«^  =  0,    ^-  =  0,  ....   'f  =0. 
^  da  I  dOn 

But  when  it  exists,  it  may  also  be  obtained  from  the  differential 
equation  itsi'lf:  the  formal  argument  is  as  follows. 

The  values  of  yjj,  ...,  pn  brlonging  to  any  integral  given  by 
<l>  =  0  are 

d<l)  (Xf) 


for  7'=  1,  ...,  /J ;  when  these  are  substituted  in  the  differential 
equation /=  0,  the  latter  becomes  a  relati(»n  between  z,  Xi,  ...,Xn 
and  the  (juantitics  </,,  ...,  (/„  intrtwluced  by  the  derivatives  of  <^. 
When  the  value  of  z  given  b}-  ^  =  0  is  substituted  in  this  relation, 
it  becomes  an  identity :  for  it  is  thus  that  the  original  differential 
equation  is  satisfied  in  connection  with  <^  =  0.  Hence  some  value 
of  ^  given  by  the  changed  form  of /  =  0  is  the  sjime  as  a  value  of  z 
given  by  ^  =  0  ;  for  all  such  values,  the  two  equations 

/=0,     </,  =  () 

are  equivalent  to  one  another, /' biing  tnin.sformed  by  the  intro- 
duction of  the  values  of  p^,  ...,  p„. 
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Now  suppose  that  the  integral  is  the  singular  integral,  assumed 
to  exist ;  we  know  that  the  equations 

9a 1        '       '  dttn 
are  satisfied.     As  the  transformed  expression  for/  is  equivalent  to 
(f)  for  this  integral,  we  must  therefore  have 

?t  =  0,    ....^=0: 

hence,  as  the  quantities  a^,  ...,  an  have  been  introduced  into  this 
transformed  expression  solely  through  jOi,  ...,  p^,  we  have 

dpi  dur      dpi  Bar      '"      dpn  day 
for  r=\,...,n. 

These  are  an  aggregate  of  n  equations,  linear  and  homogeneous 
in  the  n  derivatives  of/' with  regard  to^. 

They  could  be  satisfied  by  non-zero  values  for  these  deriva- 
tives, if 

Vh,  ...,  a  J 
when  this  is  the  case,  there  exist  m  relations,  where  m^  n  —  1, 
connecting  these  derivatives  of  f  linearly  and  homogeneously.  As 
our  pui-pose  is  the  derivation  (if  possible)  of  an  integi-al  fi-om  the 
differential  equation  itself  without  assuming  knowledge  of  the 
actual  form  of  the  complete  integral,  we  shall  omit  any  further 
discussion  of  this  alternative. 

The  aggi'egate  of  n  equations  could  also  be  satisfied  (and  if 
the  preceding  alternative  Avere  inadmissible,  the  aggregate  could 
only  be  satisfied)  by 

dpi  '  dpn 

and  these  nmst  coexist  with/"=  0.     It  may  be  possible  that  these 

■n  +  1  equations  determine  z,  pi,  ...,  pn  as  functions  of  x^,  ...,  Xn', 

but  the  value  of  z  so  obtained  cannot  be  an  integi'al  of  the  original 

equation,  unless  the  values  of  ^i,   ...,  p^   are    the   same  as  the 

oz  Bz 

values  of  ;r— ,  ...,  ;r—   derived  from  that  value  of  z.     To  test  this 
oxi  d.r„ 

possibility,  suppose  that  the  n  equations 

dpi  '  '   dpn 
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can  be  resolved*  with  regard  to  p,,  ...,  ])„,  and  that  the  vahies 

of  pi pn  thence  deduced  are  substituted  in/=0;  the  latter 

tWen  becomes  a  relation  between  z,  ./•, ,  ...,  ./„.  If  th<'  relation 
provides  an  integral  of  the  original  equation,  then 

dz 
for  r  =  \,  ...,  Hy  the  values  of  p^,  ...,/)«  being  the  above  values, 

uZ  vZ 

and  the  values  of  ^,  ...,  ^  -  being  di-ducod  from  the  integral 
relation.     The  latter  are  given  by 

dXr      dz  dXr      i  =  \  \^pi  \dxr       Bz    dxj) 
for  r  =  1,  ...,?<;  hence  we  must  have 

dXf.     dz 

Conversely,  if  this  equation  is  s;itisfied,  and  if  the  initial  iussump- 
tion  that  the  </  +  1  equations  determine  z,pi,  ...,pn  as  functions  of 
Xi Xn  is  justified,  we  have 

dz 

df 

for  r  =  1,  ...,  ?i,  provided  ^  is  not  zero.     In  that  case,  we  have  an 

integral  of  the  differential  equation :    it  is  the  singular  integral. 

df 

But  if  the  valui.'S  of  z,  jw, ,  ...,  yj„   make   ---  vanish,  the  inference 

cannot  be  made :  separate  investigation  is  then  re(juired  and  will 
come  later.     We  thus  have  the  following  theorem : 

//*  the  e<i nations 

f{xi .r„,  z,  pi y>,,)  =  0, 

dpi                  dpn  o.'-,  dz  r',/„      '    dz 

ore  consistent  with  one  another,  and  if  the//  determine  z,  pi,  ..,pn 
as  functions  of  Xt, /„,  such  that  /-  does  not  vanish  identicaUy, 

*  This  Hupposition   requires  that  the  Heswian  of  j  does  not  vanish  simulta- 
neously with  the  n  +  1  quantities/,  .-  ,   ... ,  !^-  . 
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the  value  of  z  thus  given  is  an  integral  of  the  equation,  being  the 
singular  integral. 

Of  course,  if  the  2n  +  1  equations  are  not  consistent  with  one 
another,  no  integi'al  of  the  differential  equation  can  be  found 
bv  this  avenue. 

And  it  must  not  be  assumed  that  the  locus,  given  by  the 
elimination  of  p^,  ... ,  pn  among  the  equations 

•^    "•   dp,    "■  ••-  dp,    "' 

is  the  singular  integral :  if  it  exists,  it  will  be  included  in  the 
locus,  but  the  locus  may  include  other  equations  which  do  not 
provide  integrals. 

£Jx.     Discuss  in  the  preceding  manner,  so  as  to  obtain  singular  integrals 
(if  any),  the  equations 

(i)      z=piXi+  ...  +pnSn  +  api  ...jt)„  ; 
(ii)     {api  -  z)  {api  -  z)  {aps  -  2)  =  ((■^Pipops ; 
(iii)     z=f{pi,  ...,p^), 
where,  in  the  last  equation, /is  a  polynomial  in  its  arguments. 


Exceptional  Integrals. 
77.     Now  it  may  happen  that  the  2n  +  1  equations 

'^-^'  dfr  '-"'din'  '  K^^^''dz-^'--'du::^^''^dz-^ 

are  consistent  with  one  another,  but  that  (contrary  to  the  h}^o- 
thesis  in  the  preceding  theorem)  they  do  not  determine  all  the 
quantities  z,  p^,  ...,  pn  in  terms  of  .Xi,  ...,  x^',  they  may  determine 
only  a  number  of  these  quantities  in  terms  of  the  remainder,  say 

Pr  —  (Jr  ('^1  >  •  •  •  >  *» »  ^!  pm+1  >   •  •  •  >  pn)> 

for  r=  1,  ...,  m.  When  these  values  are  substituted  in  the  above 
equations,  each  of  them  becomes  an  identity,  z,  pm+i,  •••,  Pn  being 
regarded  as  functions  of  d'l,  ...,  .r„.  In  particular,  /  =  0  is  an 
identity ;  and  therefore 


df     df  dz       '» 
dxg     dzdxg     ,.=  x 


df  \dgr  ^  dgrdz   ^^  f   dgr    dpm+^ 


dpr  [dxs      dz  d.rg     ^  \dpm+^     dx, 
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But  the  equations 

?^  =  o      ^f   =0 

are  satisfied  identically,  for  /•  =  1 .  ...,  in,  and  /i  =  1 n  —  m,h\ 

the  values  in  question  ;  alsi) 

dx,     dz  dx, 

for  s=l,    ...,   n :    hence,    unless   ^    vanishes  for    the    values    in 

oz 

question,  we  have 

dz 

for  all  the  values  of  s. 

Thus  the  set  of  2/(  +  1  equations  may  be  replaced  by  a  set 

Pr  =  gr{^i,  ...,x„,z,pm^„  ...,/)„), 

for  ;*  =  1,  ...,  m  :  and,  from  their  source,  we  have  seen  that 

dz 
du,, 

that  is,  the  (quantities  p  are  the  derivatives  of  z.  Thus  the  set 
of  m  equations  is  a  complete  system :  it  |X)ssesses  an  integral 
containing  /;  —  ni  +  I   arbitrary  constants. 

Although  such  an  integral  h-.xs  attinities  with  the  complete 
integral,  it  can  haidly  be  claimed  as  a  specialised  ca«e  of  the 
complete  inti'gral :  and  althtnigh  it  has  affinities  with  the 
singulai-  integral,  it  can  hardly  be  claimed  sis  a  generalised  case  of 
the  singular  integral.  It  may  lu-  regarded  as  belonging  to  the, 
{IS  yet,  unclassified  aggrt'gate  of  special  int^'gnils. 

Examples  will  be  given  later. 

Intk<;r.\i>;  ok  Iv^uations  ok  first  oudeu  in  two 
i n del'en  dent  v a ri a  hlf>s. 

78.  Alter  the  general  di.scussion  f«)r  equations  in  ?/  inde- 
jx'udent  variables,  it  is  unnecessaiy  to  enter  ujion  the  similar 
discussion  for  tquations  in  two  independent  variables:  but  the 
residts  are  s«»  imj)«)rtJint  for  the  latter  set  of  equations,  particvdarly 
in  connection  with  the  geometry  of  ordinary  space,  that  they  are 
worthy  of  separate  statement. 
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Accordingly,  an  equation  of  the  first  order  in  two  independent 
variables,  represented  as  usual  by 

f{x,  y,  z,  p,  q)  =  0, 

possesses  a   complete  integral  involving  two  arbitrary  constants, 
which  may  be  represented  by 

4>  {x,  y,  z,  a,  b)  =  0. 

In   addition,   it   possesses   a  general    integral,   obtained   by   the 
elimination  of  a  and  h  between  the  equations 

(^  {X,  y,  z,  a,  6)  =  0 1 

h-e  (a)  =  0  i 


where  0  is  an  arbitrary  function:  frequently,  the  elimination 
cannot  explicitly  be  performed,  and  then  the  three  equations  give 
the  general  integral. 

The  differential  equation  may,  but  does  not  necessarily,  possess 
another  integi'al  derivable  from  the  complete  integi-al.  If  the 
equations 

'^  =  ^'     d^t.-^'     db-^' 

furnish  values  of  z,  a,  b  in  terms  of  x  and  y,  such  that  z  is  an 
integral  of  the  differential  equation,  then  if  b  can  be  expressed  in 
terms  of  a  alone,  the  integral  so  furnished  is  a  particular  case  of 
the  general  integral :  but,  if  b  cannot  be  expressed  in  terms  of  a 
alone,  the  integral  is  a  singular  integral. 

Moreover,  a  differential  equation  may  possess  integrals  of  the 
unclassified  aggregate  called  special ;  they  are  not  derivable  from 
the  complete  integral. 

Further,  if  the  equation  possesses  a  singular  integral,  it  is  given 
by  the  equations 

''  op  dq  OX     ^  dz  dy      ^  dz 

provided  these   equations  are   consistent  with   one    another   and 

determine  j),  q,  z  as  functions  of  x  and  y,  such  as  to  leave  ~ 

different  fi'om  zero :  the  value  of  z  so  determined  is  the  singular 
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integral.  If  the  five  equation.s  are  incon-sisteiit  with  one  another, 
there  is  no  singular  integral.  If  the  five  equations  are  consistent 
with  one  another  but  are  equivalent  to  two  equations  only,  which 
may  be  regarded  ivs  determining  p  and  q  in  tenns  of  j-,  y,  z,  then 

the  eijuation 

dz  =  pd.i-  +  iidij 

is  e.xact  after  the  values  o^  p  and  ry  have  been  substituted:  a 
quadrature  leads  to  an  equation,  involving  one  arbitrary  consUint 
and  providing  an  integral  of  the  equation.  Such  an  integral  will 
be  called  special. 

Kx.  Examples  of  the  ordinary  integrals  that  i)ccur  niont  fre<niently  in 
connection  with  the  siuiple.st  fitrni.s  of  equations  are  found  freely  in  text- 
]x)ok.s. 

As  an  illu.stration  of  the  integraLs  here  called  special,  when  they  arise 
through  the  proce-ss  that,  if  otherwise  favounible,  allows  the  deduction  of  the 
.singular  integral  from  the  equation  itself,  consider  the  equation 

The  five  equations 

r-p  fq       ^      dx     ^  dz  dy      ^  dz 

are  .satisHed  by  :=(),  which  is  a  singular  integral.     They  also  are  satisfieil  by 

xz  yz 

P  "i^*  -  1 '     y  =  .r*  +  /  -  1  ■• 

and  they  then  do  not  determine  z  in  terms  of  x  and  y.  When  these  values 
of /J  and  q  are  substitute*!  in 

dz=pdx-\-qdy, 

and  the  quadrature  is  effected,  we  have 

f^  =  a='(.r-'+.yi-l), 

where  <i  is  ;ui  arbitrary  constant.  It  is  easy  to  verify  that  this  value  of  z 
satisfies  the  dirterontial  equation,  and  therefore  is  an  integral. 

In  order  to  consider  the  relation  of  the  integral  thus  deduced  to  other 
integrals  of  the  equation,  we  u.se  Charpit's  metluxl  (5^  68)  for  the  solution  of 
the  equation.     Writing 

C=px-\-qy-z,        H=3*-\-y^-\, 
and  o<piating  to  \ilt  ejuh  of  the  fractions  in  Charpit's  suKsidiary  equations 

these  become 

</,r  dy 

dr^-'^^  dr'^-y^^ 

dz      .-'•' 
dt^u~'^' 


dp      z  (         z    \        dq      z  (         z    \ 


78]  SPECIAL    INTEGRAL  189 

after  slight  reduction  and  using  the  equation /=0.     Hence 


and  therefore 


that  is,  one  integral  of  Charpit's  equations,  involving  the  derivatives  p  and  q, 
is  given  by 


where  «  is  an  arbitrary  constant.     When  this  is  combined  with  the  original 
equation,  and  the  two  equations  are  resolved  for  p  and  q,  we  find 

p  {x- +y'^)=xv— yau-, 


where 


and  these  are  to  be  substituted  in 

dz=pdx-\-qdy^ 
which  then  becomes  an  exact  equation.     We  have 


that  is. 


,      ,    du    (         u-ir\\      xdy-ydx      i 
d(^\=U~    '^''  :^dy~ydx^ 


z\_i         dii 
u^)     "    (m  +  1 


after  a  quadrature,  we  have 

~-^  =  a  {tan - 1  «^  +  tan-i -^j  , 

which  may  be  regarded  as  the  complete  integi-al,  expressed  in  a  form  that  is 
both  transcendental  and  irrational. 

Writing 

X = r  cos  6,      y  =  r  sin  6, 

this  complete  integral  becomes 

— ^  =  ^  +  a  [^  +  ta,n-'  {{r^-lM 
The  general  integral  is  expressible  in  the  form 

The  special  integral,  which  was  obtained  in  the  form 

z^=a^{x^+y''-l), 

can  be  deduced  from  the  complete  integral  by  assuming  a=0,  /3=a,  and 
rationalising  the  result :  it  can  also  be  obtained  from  the  general  integral  by 
assuming  F{^)  =  d-. 
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The  siiif^iilar  integral  z=0  cah  be  derived  from  the  complete  integral,  taken 

in  the  form 

z»  =  (r2 -  l)[;3+n^  + a  Uur>J(r* -!)*}>', 

by  thr!  customary  proccHw:  it  ain  also  be  deduced  as  a  particular  awe  of  the 
si^cial  integral,  by  the  a8.sumption  a  =  0. 

79.     A  whole  clas.s  of  equations  p)s.s('ssin^  special  integrals  of 
the  in(lic;it»'d  type  win  be  constructed  ;is  follows*.     Let 

/(x,  I/,  z,  p,  <j)  =  0 

be  an  equation  which  has  a  singular  integral  according  to  the 
formal  Lagiangian  theory :  the  values  of  z,  p,  q  given  by  this 
integi'al  must  satisfy  the  equations 

¥=0    ¥=0.   ¥+p¥=o.   ¥+J^-  =  o. 

dp       '     ^q        '     djr         dz       '     ^y         ^z 

Let  the  tiret  two  (or  any  two)  of  the  last  four  consistent  eijuations 
be  resolved  so  as  to  express  p  and  </  in  terms  of  the  rest  of  the 
variables ;  and  let  the  result  of  substituting  these  expressions  for 
p  and  7  in/(j-,  y,  z,  p,  q)  he  g{x,  y,  z) :  then 

g  (■'•,  y,z)  =  o 

provides  the  singular  integi'al  of  the  etpiation 

f{'^>y.z>P><l)  =  ^. 
on  the  Lagiangian  theory. 
The  equations 

dx^^dz        •     dy^^dz       ' 

are  consistent  with  the  preceding  five  etjuations.  Moreover,  as 
g(a;  y,  z)  is  the  value  oi'/(x,  y,  z,  p.  q)  when  thi'  vahu-s  of  p  and  q 

given  by  v  =  ^  <'ind    •    —0  are  substituted  in /*(.c,  y,  z,  p,  q),  we 
dx     ^  dz     dx     '  dz     dx  dp     dx  dq 


_  df        df 

~ix^^iz' 


and,  similarlv, 


dg        dg  ^  df        df 
dy        dz     dy        dz' 


*  The   process   was    suggested   to    me  by  a   remark  in   a   letter   from  Prof. 
Chrystal,  dated  18  May,  1896. 
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both  identically ;  that  is,  these  equations  are  satisfied  identically 
by  values  of  p  and  q  given  by 

dp        '      dq         ' 
when  in  addition  to  these  two  relations,  we  take 

f{x,y,z,2i,  q)  =  <i{x,  y,z), 
where  g  (.r,  y,  z)  is  the  result  of  substituting  the  values  of^j  and  q 
'mf{x,  y,z,'p,q). 

Now  consider  the  equation 

F{x,  y,  z,  p,  q)  =f(x,  y,  z,  p,  q)-g  {x,  y,  z)  =  0. 

If  it  possesses  a  singular  integral  according  to  Lagrange's  formal 
theory,  this  integral  must  be  such  as  to  satisfy,  not  merely  F=0, 
but  also 

dF     ^      dF     ^      dF        dF    ^      dF        dF     ^ 

dT  '   ^     '   Tx^^'Tz^^'    %  +  ^a.-  =  ^- 

The  first  two  of  the  last  four  are 

dp         '      dq  ' 

when  these  are  resolved  for  p  and  q  in  terms  of  x,  y,  z,  the  values 
of  p  and  q  are  such  that 

f{x,y,z,p,  q)=g{x,  y,  z), 

that  is,  the  three  equations 

dF  dF 

^=»'  %='•  rr'- 

are  equivalent  to  two  equations  only,  expressing  p  and  q  in  terms 
of  X,  y,  z. 

Moreover,  it  appears  that  when  the  specified  values  of  p  and  q 
are  substituted  in  fix,  y,  z,  p,  q),  the  latter  becomes  g(x,  y,  z): 
hence,  after  the  preceding  explanations  and  taking  account  of  the 
source  of  g  (x,  y,  z),  the  two  equations 

df         df     dq  da 

dx     ^  dz      dx  dz ' 

dy  ^  ^dz     dy      ^dz' 
are  satisfied  identically,  that  is,  the  equations 

dF        dF     ^      dF        dF     ^ 
dx+^dz=^'      d-y+'^dz^^' 


192  IXTEGRAI-S  INVOLVING  [79. 

are  sjitisfied  identiciilly.     Htnce  the  five  equations 

?F     ,       dF     ,,     ?F        dF     ,,     dF        dF     „ 

'=^'   a;>=^'    ar''    a:r^^az  =  ^'    ay  +  ^^a.=^' 

aiv  ecjuivalent  to  two  equations  only,  expressing  p  and  «/  as 
functions  of  x,  y,  z:    the  equation 

has  a  s])ecial  integral. 

Note.  In  what  preced(»s,  there  is  a  t;icit  assumption  that 
^=0  is  irreducible;  if,  however,  F=0  can  be  resolved  into 
distinct  equations,  the  argument  is  no  longer  valid. 

Ex.  1.     Apply  the  prcceiiing  process  to  construct  from  the  equation 

^2  (1+^  +  ^2)^x2  ;(x+/jr)«  +  (^  +  yr)«}, 
which  has 

for  a  singular  integral,  another  equation  which  has  a  si)ecial  integnil. 
Ex.  2.     Can  the  method  be  applied  to  the  etjuation 

for  any  value  of  n  ? 

80.  The  preceding  (liscus.sion  has  l)een  concerned  with  the 
integrals  that  are  derivable  from  the  complete  integral  of  a  partial 
differential  equjition ;  a  distinctive  property  of  the  complete 
integral  is  that  the  number  of  parameters  which  it  involves  is  the 
same  jvs  the  number  of  independent  variables.  But  integi-al 
equations,  not  distinguished  by  this  property,  may  be  projK>unded 
for  consideration  :  thus  the  number  of  pirameters  may  exceed  the 
number  of  independent  variables ;  and  we  have  seen  how  an 
ecjuation  wvn  arise  as  an  integral  of  a  set  of  simultaneous  diffe- 
rential ecjuations,  and  tht'U  the  number  of  panimetei-s  involved  is 
less  than  the  number  of  indejx'ndent  variabU'.s. 

A  very  brief  discussion  is  sufficient  to  deal  with  an  equati«in 

</)(^,  x,,  ...,x„,  (/,,  ....  f/„,)=0. 

when  ///  >  /(.  It  may,  of  course,  be  assumed  that  the  m  parameters 
are  essential*,  that  is,  are  not  reducible  to  a  smaller  number:  the 
neces.sar}'  and  sufficient  test  is  that  the  equation 

ad>  a0     - 

aa,  ?(»„ 

•  In  the  sense  adopted  in  Lie's  theory  of  proaps. 
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is  not  identically  satisfied  for  any  non-zero  values  of  «3f,,  ...,  «,„  as 
functions  of  a^,  ...,  «„, .     Forming  the  equations 

d(f>  ^4>      (\ 

for  r=  1,  ...,  n,  it  usually  is  not  possible  to  eliminate  a  number  of 
constants  greater  than  n  among  the  n  +  1  equations 

^  =  0,     ^1  =  0,  ...,  0,i  =  0; 

so  that  usually,  on  proceeding  to  the  eliminant  equation,  we  shcjuld 
find  that  it  contained  m  —  n  parameters.  If,  however,  the  appi"o- 
priate  Jacobian  conditions 


are  satisfied  for  each  selection  of  n  +  1  parameters  fi:-om  the  set  of 
m,  then  the  single  equation  resulting  from  elimination  contains  no 
parameters.  The  integral  equation  is  then  a  special  case  of  the 
general  integral  of  the  partial  equation. 


&.     The  equation 

leads  to 

xp-\-yq=z. 
it  i.s  a  special  form  of 


z=ax-\-hi-\-c'^~-\-  q'— 


"^Ki)' 


which  is  the  general  integral. 


Classes  oy  Integrals  of  a  Complete  System. 

81.     Coming  next  to  an  equation 

<^{z,  ,ri,  ...,  Xn,  a„  ...,  «,„)  =  0, 

for  which  m  <  n,  we  shall  assume,  as  before  in  §  80,  that  the 
parameters  a, ,  . . . ,  «„j  are  essential.  We  shall  also  assume  that 
the  m  constants  can  be  eliminated  between  ^  =  0  and  the  n  derived 
equations 

^  dXr  OZ 

for  /•  =  1,  ...,  n,  so  as  to  give  7?  —m-\-\  equations  involving  z,  x^, 

...,  Xn,  Pj,  ...,  pn.     And  we  assume  that  -^  does  not  vanish  in 

cz 

F.  V.  13 
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association  with  0  =  0.  We  then  have  th.i'  cas4',  which  hivs  ahx'iidy 
been  considered,  of  a  niuiiber  (»f  siniultaneou.s  differential  equations; 
the.se  eijuations  t'onn  a  complete  set,  be«iu.se  <»!'  their  s»>urce ;  and 
th«'  Jacobian  int/thod  of  integnition  has  shewn  how  to  construct  an 
integral  </>  =  0  containing  m  constants  that  are  arbitrary.  Having 
regard  to  the  investigation  in  the  case  when  m  =  n,  which  niiide 
the  derivation  of  other  integrals  from  ^  =  0  j>ossible,  we  proceed 
to  a  similar  quest  and  seek  to  derive  other  integrals  from  ^  =  0  in 
the  jnesent  case  when  in  <  n. 

We  proceed  as  before.  The  n  —  in  +  I  differential  equations 
are  the  result  of  eliminating  a,,  ...,  a,„  aniong  tht-  ecjuations 

(t>  =  0,     cf>,=0,  ...,cf>„  =  (). 

The  course  of  the  elimination  takes  no  account  of  the  quality  of 
«T,  ...,  Ufn-  it  will  lead  to  the  same  result  if  these  quantities  be 
changed  in  such  a  way  that  each  of  the  /»  +  1  equations  is  unaltered 
in  form.  Accordingly,  subject  to  this  limitation,  we  make  a,,  ..., 
a„,  functions  of  the  independent  variables  a-,,  ...,  r,, :  and  the 
limitation  requires  that  the  u  relations 

i=i  dui  dXf 

for  ?•  =  1,  ...,  »,  shall  be  .satisfied,  conditions  that  clearly  are  suf- 
ficient as  well  as  necessary  to  secure  the  invariability  of  form  of 
the  7J  +  1  equ.ation.s.  Multi])lying  the  n  relatit)ns  by  rf,r,,  ...,dx^ 
respectively,  and  adding,  we  obtain  a  single  relation 

S  l*  da,  =  0 

,=1   OUi 

in  the  differential  elements :  it  is  equivalent  to  the  n  relations  and 
therefore,  when  siitisfied,  it  suffices  for  the  present  pui-pose. 

This  differential  relation  can  be  .s;itisfied  in  various  ways. 

In  the  first  place,  all  the  <juantities  (/(/,,  ...,  da,,,  may  vanish,  so 
that  all  the  (piantities  </,,  ...,  a,„  are  constant.  We  then  resume 
the  original  integral :  on  the  analogy  of  the  corres|)onding  integral 
for  a  single  equation,  we  call  it  the  complete  iutegnd. 

In  the  .second  place,  an  integral  ecpiivalent  of  the  difi'erential 
relation  may  consist  of  fi  equations 

!7i(«i.  •••-  "m)  =  0 g^W^,  ....  (/;»)  =  0, 
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and  of  these  only.  Obviously  jx  cannot  be  greater  than  m.  If  fi 
be  equal  to  m,  then  there  are  m  equations  involving  m  quantities 
a :  each  of  these  quantities  is  a  constant,  and  so  we  fall  back  upon 
the  preceding  case.  Hence  we  need  consider  only  values  of  /j,  that 
are  less  than  w.  As  there  are  /i  integi'al  equations  in  the  complete 
equivalent  of  the  differential  relation,  the  only  relations  among  the 
differential  elements  are 

and  the  differential  relation 

1  =  1  0(-li 

must  be  satisfied  in  virtue  of  them.  Consequently,  fx,  quantities 
Xj ,  . . . ,  X^  must  exist  such  that 


and  therefore 


S    — -  dtii  =  Xi  rf^i  +  . . .  +  X^  d(j^ ; 
^  =  X  ^'  +     .  +  X  ?^ 


for  1=1,  ...,  VI.     These  vi  equations,  together  with 

(fi  =  0,     (/i  =  0,  ...,(/^  =  0, 

make  up  m  +  /j,  +  l  equations :  eliminating  the  m  parameters 
tti,  ...,  «„,  and  the  /u,  multipliers  Xj,  . . . ,  X^  among  them,  we  obtain  a 
single  equation  among 2,j-i, ...,  a'n.  The  value  of  z  thus  determined 
is  an  integral  of  the  original  differential  equation :  as  before,  we 
call  it  a  general  integral. 

In  the  expression  of  a  general  integral,  the  functional  forms 
ffi,  ••■,  [/h.  occur;  and  so  there  are  various  classes  of  general 
integrals,  which  arise  according  to  the  number  of  postulated 
relations.     It  is  clear  that 

0  <  fj,  <  in  ; 

and  it  is  customary  to  describe  a  general  integral,  ass«3ciated  with 
/u.  forms,  as  of  class  fi. 

The  extreme  case,  when  /x  =  m,  has  already  been  mentioned : 
the  integi-al  is  then  complete.  The  other  extreme  case,  when 
fi  =  0,  will  be  discussed  immediately. 

As  in  the  case  of  a  single  differential  equation,  it  might  be 
supposed  that  a  class  of  integral,  intermediate  between  the  com- 

13—2 
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plete  inti'pral   .hhI    the  general   integrals,  would  be  obtained  by 

taking 

o,+,  =  Constant,  ... ,  a„i  =  ctjnstant, 

and  then  postulating  a  nninbcr  of"  idations 

7,  (a,,  ...,  a,)=  0 //,(«, a,-)  =  0, 

where  t  <»',  among  the  remaining  parameters  a,,  ....Of.  Effect- 
ively, these  equations  amount  to  in  +  t  —  r  relations  among  the 
])arameters  a,,  ...,  a^.  of  which  m  —  i  are  special  in  torm  :  the  cor- 
responding integral  would  Ik-  a  sjx'cialised  general  integnil  of  cIjvss 
in  ■\-  T  —  i. 

Moreover,  it  can  be  proved,  as  in  the  cjise  of  a  single  differential 
equation,  that  the  most  comprehensive  general  integral  is  of  the 
first  class  when  the  single  relation  is  quite  arbitrary:  on  this 
account,  it  is  .sometimes  called  tlie  ffeneral  integral. 

There  is  (me  other  mode  of  securing  that  the  differential 
relation  is  satisfied.     It  is  po.ssible  that  the  equations 

^1  =  0  ^  =  0 

oa^  da, 


'HI 


could  hold;  the  differential  relaticm  then  becomes  evanescent,  and 
so  it  cejises  to  have  any  necessary  influence  u]>on  the  organic 
variatitms  under  consideration.     The  equations 

^  =  0,    ^*=0 |t  =  o 

c'«,  da,„ 

may  coexist  and  may  be  consistent  with  one  another:  if  the  result 
of  the  elimination  of  a,.  ...,  a,„  among  them  provides  a  single 
equation  involving  no  arbitrary  element,  and  if  that  single  e(juation 
determines  an  integral*,  the  integral  thus  furnished  is  ciilled  the 
singular  integral. 

Kr.   1.     The  simplest  cascH  arise  when  there  are  only  two  iiulei>en<ient 

variuhlcs.     Thu.s  let 

<f)  =  z-  (i^y  +  a.i's=0 ; 

the  Viilue  of  z  thu.s  provided  .satistica  the  two  equations 

z=p.v  +  qi/ 

*  The  reason  for  tbiti  limitation  is  similar  to  the  reason  in  the  former  case 
(g  TA).  Even  when  the  process  is  possilili-,  the  locus  provided  by  the  eliminant 
frequently  is  composite :  some  of  its  comjjonents,  even  all  the  components,  may 
not  be  integrals  of  the  differential  equation  bat  may  be  loci  of  singularities  on  the 
complete  integral. 
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The  elimination  of  a,  between  (f>  =  0  and 

oa  ^       ' 

leads  to  an  equation 

It  is  easy  to  verify  tliat  the  value  of  z  given  by  this  last  equation  satisfies  the 
two  differential  equations :  accordingly,  it  is  a  singular  integral. 

Geometrically  interpreted,   the  complete  integral  is  a  family  of  planes 
through  the  origin  touching  a  cone  which  is  the  singular  integral. 

Ex.  2.     Obtain  the  simplest  diflferential  equations  satisfied  by  the  value 
of  2  given  by 

and  prove  that  they  possess  a  singular  integi-al  represented  by 

£x.  3.     Discuss  similarly  the  equation 

z  =  ax  +  a^y  +  a?, 

obtaining  the  two  simplest  differential  equations  which  it  satisfies,  in  the 

form 

z=px  +  qy-\-pq  ] 

z=px+p^y-irp^) 

Prove  that  the  equation 

2702  +  2  (lary  -  4y3)  -  .»y  +  4^73 =0 

provides  a  singular  integral. 

Shew  also  that  the  value  of  z  given  by  the  original  equation  satisfies  the 
two  partial  equations 

z  =p.v  +p^y  +^^  ] 

{z-qyf=q{x  +  qf         j 
Is  the  original  equation  the  complete  integral  of  these  two  equations  ? 

Ex.  4.     Integrate  the  equations 

Z=PlXl+P'>X.i-\-p^X-i\ 
P3=Plp-2  I   ' 

and  shew  that  they  possess  a  singular  integral 

ZX3  +  XiX2  =  0. 

Ex.  5.     It  has  been  seen  (^  57)  that  the  simultaneous  equations 

possess  two  complete  integrals 

z= \-ax.^^-^^b,       z=-=j^  +  AxiX\-{-B. 
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The  i-eHjiective  general  integrals  are  evidently  given  by 

and  there  is  no  singular  integral.     There  is  a  qu&stion  a.s  to  tho  rolatiim  of 
the  two  complete  integrals  to  one  another. 

If  they  can   be  brought  int^j  such  relation  that  one  of  them  can  be 
changed  into  the  other,  then  (after  the  preceding  discussion)  we  must  have 

^,=  -=.lx„      ;,,=  -^-=-^, 
P-2  =  axi=:j,       pt  =  ajL-i  =  yl.r, , 


all  of  which  are  satisfied  by  the  values 


/x,.r3\i 


\.ViXj 


In  order  that  the  two  values  of  z  may  be  equal,  we  must  (with  these  values 

of  a  and  ..1 )  have 

b=B. 

The  other  equations  require  that  the  relation 

cz  ,  cz  ,,  ^ 
—  da+^,clb  =  0 
ca  CO 

be  satisfied :  that  this  may  be  the  case,  we  must  have 

db  =  0, 
that  i.s,  b  must  be  a  pure  constant. 

We  thus  see  that  the  conditions,  necessary  to  secure  that  each  of  the 
complete  intogi-als  can  be  transformed  into  the  other,  are  not  sati.stied  :  the 
values  of '/  and  b,  which  have  Itocn  obtained,  do  not  lojid  after  siib.stitution  to 
the  other  integral.  The  complete  integrals  are  distinct  from  one  another:  it 
will  be  seen,  on  reference  to  the  construction  of  the  integrals,  that  they 
belong  to  different  resolutions  of  the  original  system. 

But,  on  the  other  hand,  by  the  substitution  of  the  values  of  a  and  A, 
b<jth  complete  integrals  load  to  a  new  integral 

r  =  2(j:,j-jX»r,)*  +  6, 

which  is  a  particular  form  of  each  of  the  general  integrals. 

82.  The  aggregate  (»f  integrals,  composed  of  the  coin})K'te 
integral,  the  general  integrals,  and  (wh«'n  it  exists)  the  singular 
integral,  is  widely  coinj)rehen.sive :  hut  tor  a  complete  set  of 
difterential  e<juation.s,  as  for  a  single  equation  in  the  earlier  dis- 
cu.ssion,  the  aggregate  cannot  be  declared  wholly  comprehensive. 
The  argument  is  similar  to  the  .argument  in  the  case  of  a  single 
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equation  and  therefore  hardly  needs  to  be  repeated  in  the  present 
connection. 

If  an}?^  given  integi-al  is  included  in  the  above  aggregate,  the 
determination  of  its  character  is  easily  effected.     Let 

<p  \Z,  Xi,   ...,  x-f^,  d-y,  — ,  a.fji)  =  \j 

be  the  complete  integi'al  of  a  given  complete  set  of  n  —  m-\-\ 
partial  differential  equations;  and  let 

-^{Z,    Xy,    ...,    Xn)  =  Q 

be  any  other  integral  of  that  set.  If  -v/r  =  0  is  included  in  the 
aggregate,  it  must  be  possible  to  assign  values  (constant  or 
variable)  so  that  the  equations  are  satisfied,  and  so  also  that  the 
values  of  z  given  by  the  two  equations  are  the  same.  If  the 
latter  condition  be  satisfied,  the  values  of  p^,  ...,  p^  must  be  the 
same.     For  ^|r  =  0,  they  are  given  by 

OXr        OZ  ^ 

for  r=l,  ...,  n:  and  for  0  =  0,  with  values  assigned  to  a^,  ..,,  a,„ 
such  that  the  differential  equations  still  are  satisfied,  the  quantities 

Pi,  ...,pn  are  given  by 

d^      d(f)      _ 
dxy      dz 

for  7-=l,  ...,  n.  If  they  are  the  same  for  the  two  integrals, 
we  have 

d(f>  B-v/r  dyjr  d4>  _ 

dXf.  dz  dxr  dz 

for  ?'=  1,  ...,  n.  Hence  the  quantities  Ui,  ...,  a„,  must  be  such  as 
to  satisfy  these  n  equations  and  also  the  condition  that  the  value 
of  z  given  by  ^  =  0  is  the  same  as  the  value  of  z  given  hy  ■\fr  =  0. 

If  these  ?i  +  1  conditions  give  constant  values  for  a^,  .,.,  a,„, 
the  integral  furnished  by  -v/r  =  0  is  a  pai'ticular  case  of  the  complete 
integral. 

If  the  n  +  1  conditions  express  a, ,  . . . ,  a,„  as  functions  of  the 
variables,  such  that  these  functions  are  connected  by  a  number  of 
relations  of  the  type 

g{a-,,  ...,  0=0, 

the  number  of  these  relations  being  less  than  m,  the  integral 
furnished  by  t/t  =  0  is  a  general  integral. 
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If  the    /(  +  1    conditions  express  (/, (t,„   in    terms  of  the 

variables,  the  vahies  being  iinconiK-cted  by  any  functional  reUition 
or  relations,  the  integral  fuinishtd  by  \|^  =  0  is  a  singular  integral. 

But  as  ///  <  }i,  we  cannot  aflfirni  that  the  »  +  1  equations  must 
certainly  determine  the  (juantities  a,,  ...,  a^^  without  the  intro- 
duction of  relations  among  the  inde})endent  variables.  In  all 
instances,  when  a,,  ...,  a,n  are  not  determined  in  one  or  other 
of  the  foregoing  forms,  the  integial  furnished  by  ■>/r  =  0  is  not 
included  in  the  aggregate  of  integrals  jussociated  with  <^  =  0;  it 
belongs  to  the  unclassified  set  of  inti'grals  previously  cjilled  .special. 
In  such  an  event,  the  retained  aggregate  of  integrals  jissociated 
with  (f>  =  {)  is  not  wholly  comprehensive. 

Ex.  1 .     Tlie  two  equation.s 

fi=P2-P3=0 

A = -^1  Pi  +  2.r.^/^i  +  2.r;,/>3  -  2  (  z  -    -^-     )  =0, 

\      •Tj-t-.'Ja/ 

are  a  completti  .set :  for 

[A,A]=o, 

in  virtue  of/i  =0. 

A  complete  integral  is  furnished  by 

''«+'^'        =a  +  6  3— -log(.r,+X3): 


ft  general  integral  is  furnished  by 

ye«r(x,+x,)-x,»=o/'_5.«_     \ 

where  [/  is  an  arbitrary  function ;  and  there  is  no  singular  integral. 
It  is  wusy  to  verify  that  the  two  equations  are  sati.sticd  by 

Xy* 

z=    --' — ; 
J^i+Xj 

no  definite  values  can  Iw  ft.ssignetl  to  a  and  b,  and  no  definite  form  can  be 
assigned  to  g,  so  that  this  integral  can  l>e  included  in  the  foregoing  aggregate. 

Ex.  2.     Discuss  the  character  of  the  integral  <jf 

y".'-/',i  =  <»,       11  +(5-Jr,-.rj,-.r3)*};),+;>2+;>3  =  3, 
which  is  given  hy 


83.]  singular  integrals  201 

Singular  Integral  of  a  Complete  System. 

83.  When  a  complete  set  of  simultaneous  equations  possesses 
a  singular  integral,  the  knowledge  of  the  property  of  a  single 
equation  in  similar  circumstances  makes  it  natural  to  enquire 
whether  the  singular  integral  can  be  derived  from  the  complete 
set  itself,  without  the  intervention  of  the  complete  integral.  It 
is  possible  to  do  so  in  cases  when  the  equations  possess  (or  when, 
without  extension  of  their  significance,  they  can  be  transformed  so 
as  to  possess)  a  particular  form,  as  will  now  be  proved.  Partly 
owing  to  the  elaboration  of  the  conditions  even  when  the  particular 
form  is  possessed,  and  partly  owing  to  the  fact  that  a  set  of 
simultaneous  equations  in  one  dependent  variable  has  nothing 
like  uniqueness  of  form,  an  investigation  into  the  general  case  will 
not  be  pursued. 

Suppose  that,  by  appropriate  combinations  of  the  members  of 
a  complete  set  of  n  -  m  +  1  equations,  it  is  possible  to  deduce  one 
equation  (or  more  than  one  equation)  in  an  equivalent  set  which 
involves  m,  and  not  more  than  m,  of  the  derivatives.  As  the 
complete  set  is  assumed  to  possess  a  singular  integral,  we  shall 
further  suppose  that  the  equation  in  question  is  not  resolved  with 
regard  to  any  of  those  derivatives*;  and  so  we  may  take  the 
equation  in  the  form 

J\Z,    Xi,    ...,    Xn,  pi,    ...,  Pm)^=^^} 

the  remaining  n  —  m  equations  involving j9„,+i ,  ...,pn,  or  some  of 
them  in  each  equation,  as  well  as  possibly  j^i,  ...,  p„,.  Let  the 
complete  integral  be  denoted  by 

fp  \Z,  Xi,  ...,  x-n,  ctj,  ...,  a,„)  =  U : 

the  values  of  the  derivatives  are  given  by 

for  r  =  l,  ...,  n;  and  the  complete  set  of  n  —  m^-\  equations 
results  from  the  elimination  of  a^,  ...,  a„,  among  the  n  +  1 
equations 

cf>  =  0,     4>,  =  0,  ...,  <^„  =  0. 

*  It  will  appear  from  the  analysis  that  a  resolved  equation  of  the  indicated  type 
would  exclude  the  existence  of  a  singular  integral,  because  it  would  lead  to  impossible 
conditions. 
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In  iMuticuliir,  the  equati<»n  /*=  0  selected  fmin  the  set  must 
result  from  the  elimination:  .as  it  involves  only  p,,  ...,pm  but  not 
Pm+i,  •  ••'  7'/!'  't  iiHist  result  from  the  elimination  of  a,,  ,..,  o^ 
among  the   m  +  1    e(juations 

<^  =  (),     </),  =  0 0„,  =  O. 

If  we  jissume  that  all  the  quantities  <f>,  <f),,  ...,  (f),„  are  mtional  and 
integral,  quantities  X,  X,,  ...,  X„,  will  exist  such  that 

/=  X<^  +  X,<^,  +    ...    +  \,„<t>m- 

Now  /'  (lues  iml  involve  any  of  the  parameters  a,,  ...,  (/,„ :  hence, 
in  connection  with  f)ur  integral,  we  have 

Vtt;  OOi  0(1  i 

for  ?'  =  !,  ...,  w.  The  singular  integral  is  given,  in  connection 
with   <^  =  0,  by 

and  therefore  the  singular  integral,  in  connection  with  ^  =  0, 
requires  that  the  e(juations 

for  ?  =  1 Ill,  be  ssiti.sfied.     These  m  equations  are  linear  and 

homogeneous  in  X, , ... ,  X,„ ,  and  the  determinant  of  the  coefficients  is 

8  ((^,,  ...,  <^^) 

9  («1 f'm)  ' 

which  floes  not  vanish  (the  elimination  would  not  be  possible  if 
this  quantity  were  to  vanish);  hence  the  singular  integnil  requires 
that 

X,  =  0 x„,  =  0. 

Again,  /'  involves  y>, y>,„,  which  do  not  occur  in  <^  and  occur 

only  individually  in  «^,,  ....  <^^  respect  i  vily :  hence,  in  connection 
with  the  integral  <^  =  0, 

dpr  '  dz  ' 

for    /•  =^  1 III.     C'onsecjUently,   the   singular    integnil    requires 

that 

dp,       '  •••'  dp,„     ''• 


o  =  x,  — + ...  +x,„ 
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and  the  singular  intogi-al  satisfies 

hence  it  may  be  possible  to  obtain  the  singular  integral  by  the 
elimination  of  p, ,  . . . ,  p^  among  these  m+1  equations. 

The  equation  that  results  from  the  elimination  is  not  necessarily 
an  integral  of /=  0  :  if  it  is,  the  relations 

must  be  satisfied,  when  the  derived  values  of  p^,  ...,  pn  are 
substituted.  And  in  order  that  it  may  be  an  integral  of  the 
remaining  n  —  m  equations  of  the  system,  each  of  those  equations 
must  be  satisfied  when  the  values  of  jj^,  ..., p,i,  z  are  substituted. 

It  therefore  appears  that  when  a  complete  set  of  n  —m+1 
equations  jjossesses  a  singular  integral,  and  when  an  equation  can 
be  selected  or  compoimded  from  the  set  involving  only  m  of  tJie 
derivatives  in  a  form 

the  singular  integral  may  be  given  by  the  elimination  of  p^,  ■••,Pm 
betiueen  the  equations 

f=0      ^  =  0  -^  =  0- 

the  conditions  indicated  must  be  satisfied  in  order  that  the  eliminant 
may  provide  an  integral ;  and,  when  they  are  satisfied,  the  eliminant 
proves  tJie  singular  integral. 

Ex.  1.     Consider  the  system 

z=px+p^i/  I 

z=px  +  qy   y 
in  Ex.  1,  ^  81. 

An  equation  of  the  required  type  is  furnished  by 

f=p^y  +px  —  z=0; 


the  associated  eqtiation  is 


cp       ^^ 


Eliminating  p  between  these  equations,  we  have 

the  value  of  z  thus  given  satisfies  both  equations  of  the  system,  and  therefore 
it  is  a  singular  integral. 
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Another  e<iuation  of  the  required  type  is  furuiwhed  by 

.9=(^-23')*-*"*?=0; 

the  ajwociiitcd  equation  is 

Eli  minuting  q  l>etween  these  equations,  we  have 

The  equation  .i-  =  0  does  not  provide  an  integral.     The  equation  jfl-\-Ayz=0, 
as  before,  does  provide  an  integral  which  accordingly  is  the  singular  integral. 

Ex.  2.     Obtain  all  the  integrals  of  the  system 

22=.: 
0  = 


and  .shew  that  the  singular  integral  can  be  deduced  from  the  differential 
equations. 


CHAPTER  VI. 

The  Method  of  Characteristics  for  Equations  in  two 
independent  variables  :  geometrical  relations  of  the 
VARIOUS  Integrals. 

For  the  material  of  this  chapter  and  the  next,  which  are  Hmited  to 
equations  in  two  independent  variables,  reference  should  be  made  in  the  first 
place  to  Cauchy's  discussion  as  given  in  the  section  of  his  Exercices  ^analyse 
et  cle  physique  mathematique  (quoted  in  §  84),  and  to  the  exposition  of 
Cauchy's  method  given  by  Mansion,  in  his  treatise  already  quoted  (p.  100). 

A  considerable  portion  of  the  chapter  is  devoted  to  the  geometrical 
interpretation  of  the  analysis,  particularly  to  the  interpretation  of  results  by 
the  geometry  of  ordinary  space.  For  this  portion,  reference  should  be  made 
to  Darboux's  memoir,  Mhn.  des  Sav.  Etrang.,  t.  xxvii  (1880),  deahng  with  the 
singular  solutions  of  partial  equations  of  the  first  order ;  ample  use  has  been 
made  of  the  memoir.  Reference  may  also  be  made  to  Monge's  treatise, 
quoted  in  §  97  ;  to  Goursat's  treatise,  (quoted  on  p.  55),  particularly 
chapter  ix  which  is  based  upon  Darboux's  memoir;  and  especially  to  a 
memoir  by  Lie,  Math.  Ann.,  t.  v  (1872),  pp.  145 — 256. 

84.  It  has  been  seen  that,  in  the  method  of  Charpit  as 
applied  to  any  equation  of  the  first  order  in  two  independent 
variables,  and  in  the  method  of  Jacobi  for  any  equation  in  n 
independent  variables,  the  first  step  towards  the  solution  of  the 
equation  consists  in  the  construction  of  an  integral  of  a  simultaneous 
system  of  ordinary  equations. 

As  introduced  by  these  methods,  the  system  of  ordinary 
equations  is  subsidiary  to  the  integration  of  a  homogeneous  linear 
partial  equation  of  the  first  order ;  there  are,  however,  other  ways 
in  which  they  can  arise.  Two  of  these  will  now  be  expounded  ;  in 
presentation,  and  in  significance,  they  seem  distinct  fi-om  one 
another,  but  they  will  be  found  to  be  fundamentally  the  same. 
Partly  for  the  sake  of  simplicity,  and  pai'tly  because  of  the  associated 
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geometry,  we  shall  bc^in  with  e(|uati<)ns  that  involve  only  two 
independent  variables;  the  discussion  of  equations  involving  n 
iiide|M'ndent  variables  can  bi-  inadi-  biirt'i-r,  after  the  ex{)lanations 
ill  thr  simplest  case. 

The  method  adopted*  by  Cauchy  for  the  construction  of  the 
equations  wjis  originally  proptMindedf  by  Ampere  ;  it  is  based  upon 
a  change  of  independent  variables,  chosen  so  as  to  simplify  relations. 
Let  these  be  changed  from  x  and  y  to  x  and  u  ;  then  y,  z,  p,  q  can 
be  regairled  as  functions  of  a-  and  n,  and,  whatever  be  the  ditierential 
equation,  we  have 

dz  oy 

dz  _  dy 

As  u  and  x  are  independent  variables,  it  follows  that 

a  /a^x  ^_a  /a£\ 

du  \dxj      dx  \du/  ' 

substituting  in  the  former  relation  and  using  the  latter,  we  have 

dp  _  v<j  dy     dq  dy 
du      cix  du      du  dx ' 

When  the  proper  values  of  y,  2,  p,  q  as  functions  of  x  and  u  are 
substituted  in  a  differential  equation 

it  must  become  an  identity;  hence,  writing 

^        df        df        df        df_  y    y    J.    Q 

dx'    dy'    dz'    dp'    dq~         ^    ^ •  '^     V. 
resjx'ctively.  we  have 

X  +  Y^Z  +  Z^^+pf  +  Qp^O. 
OX  ox  ox  ox 

ou  ou  ou  ou 

•  F.Tfrcici*  d'aiiahjse  et  de  phyxiquc  maOu'matique,  t.  11,  pp.  238 — 272.  This  is 
dated  1841  ;  hut  the  ineiuoir,  which  contained  a  first  exposition  of  Cauchv's  theory, 
was  j-'blished  in  1819. 

+  In  his  memoir  of  1814,  to  which  references  will  be  given  sabsequently. 
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Inserting:  the  above  values  of  r-  and  J    in  the  second  of  these 
°  du  du 

equations,  it  becomes 

As  the  variable  u  is  thus  far  at  our  disposal  let  it  be  chosen,  if 
possible,  so  that 

then,  as  v  cannot  be  a  function  of  cc  alone  so  that  ^^  cannot  be 
zero,  and  as  ~  cannot  be  a  permanent  infinity,  we  have 

^  ox 

Inserting  in  the  fii'st  of  the  two  derived  equations  the  above  value 
of  ^ ,  and  the  values  of  ^  and  ^  given  by  the  equations  just 
obtained,  we  find 

dx 

Hence  there  are  four  equations  involving  derivatives  of  y,  z,  p,  q 
with  regard  to  x  alone :  they  can  be  taken  in  the  form 

4-1= «•  4l=-(-^-+^'^>' 

These  do  not  contain  derivatives  with  regard  to  u  nor  do  they  contain 
u  itself;  hence,  if  we  take  these  equations  in  the  form 

dx      dy  dz  dp  d(/ 

~P^Q^pP  +  qQ^~{X+pZr-{Y  +  qZ)' 

and  obtain  their  integrals,  the  arbitrary  elements  that  arise  in 
those  integi-als  will  be  functions  of  ii  in  the  most  general  case.  So 
far  as  these  equations  are  concerned,  the  arbitrary  elements  may  be 
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iMjuK'  arbitrar}'  functions  of  u:  but  other  equations  must  be  satisfied, 


VIZ. 


f{^,y,z,p,q)  =  o,    1  =  73^. 

and  these  may  impose  limitations*. 

It  will  be  noted  that  the  ab<tve  set  of  ordinary  ecjuations  is  the 
siime  JUS  the  set  in  Charpit's  method  (§  G8). 

85  To  sjitisfy  the  requirements,  we  proceed  from  th«-  known 
theory  of  (titlinary  equations.  If  P  is  not  an  identiwil  zero  for  our 
problem,  that  is,  if  it  does  not  vanish  for  all  values  of  five  argu- 
mtiits  ,r,  If,  z,  p,  <i,  tied  by  a  condition 

f{^y  y>  z,  p,  7)  =  0, 
then  values  a-^  i/o,  Zo,  Po,  <Jo  can  be  assigned  to  the  arginnents  such 
that  P  does  not  vanish,  provided 

f  {^0,1/0,  2o,Po,  7o)  =  0. 
Further,  suppose  that  P,  Q,  X,  V,  Z  are  regular  functions  of  x,  y,  z, 
p,  q  in  the  vicinity  of  these  values.  Then  it  is  known,  by  Cauchy's 
theorem t  on  the  integrals  of  oitiinary  equations,  that  a  unique 
system  of  integrals  exists;  they  give  y,  z,  p,  q  ixa  regular  functions 
of./'  and  these  acquire  values  ^o,  ^0,  Pa,  qo  when  .r  =  j-,. 

If  P  is  an  identical  zero  in  the  sense  explaino(l,  then  we  con- 
sider Q.  If  Q  is  not  similarly  an  identical  zero,  we  pnx^ed  as 
above  making  //  the  inde])endent  variable  for  the  ordinary  system : 
and  with  the  .sjime  hypotheses,  we  obtain  a  set  of  integrals. 

If  Q  is  an  identical  z*i-o  in  the  sense  explained,  then  we  sh«»uld 
proceed  to  consider  X  +  pZ,  making  y>  the  indiqH'Uflent  variable; 
aiKJ  if  that  wtio  to  fail,  we  sht>uld  consider  V  +  qZ,  making  7  the 
iiuli|R-ndent  variable.  We  should  obUiin  a  set  of  integnils  save 
onlv  in  the  axsv,  when  all  the  equations 

7^  =  0,     1^  =  0.     X+pZ=0,     y  +  qZ=i) 

are  siitisfied  for  values  of  ;r,  y,  z,  p,  q,  which  obi-y  the  relation 

/(.r.  y,  z,  p,  q)  =  0. 

*  The  equation 

cp      dq  by      cy  dq 

bu  ~  ex  ?u      ?x  cu 

imposes  no  additional  limitation  :  it  is  satisfied  in  virtue  of  the  e«]UAtions  retained, 
beiuK  a  mere  deduction  from  them, 
t  See  vol.  It  of  this  work,  ch.  11. 
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This  case  is  obviously  exceptional :  it  provides  what  has  already 
been  recognised  as  the  singular  integral,  and  consequently  it  will 
be  set  aside  from  the  present  investigation.  It  may  or  may  not 
occur :  when  it  does  occur,  its  relation  to  other  integrals  will  be 
considered  subsequently. 

If  then,  setting  this  case  aside,  we  take  y^,  Zo>  Po,qo  as  functions 
of  u  satisfying  the  relation 

we  have  a  set  of  integrals  of  the  system  of  ordinary  equations ;  and 
these  are  further  to  satisfy  the  equations 


Let 


f(a^,y,z,p,q)  =  0,       %^  =  q% 

du      ^  dii 


so  that  E  is  to  be  zero  :  thus 


dE_^2__      d-y       dq  dy 
dx      dxdu      ■'  dxda      dx  du  ' 

But  the  quantities  already  obtained  satisfy  the  equation 


and  therefore 

Hence 

Now 


dz  du 


dxdu     du        dxdu      du  dx 


dE  _  dp      dq  dy      dy  dq 
dx      du      du  dx      du  dx 


d_y^Q         dq^  Y  +  qZ 

dx      P'       dx  P 
so  that 

dE      ^  f^rdy    ,  ^ydy  ^  -pdp       ^  dq 


OX      P  \     du       ^      ou  ou  ou 

Our   quantities   are  required  to  satisfy  f(x,  y,  z,  p,  q)  =  0,    and 
therefore 


hence 


du         du         ou  ou 

^  =  1.7  (    ?l^?l 
dx"  P      V  du      du 

-     ^p- 

F.   v,  14 
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Now  after  the  earlier  explanations,  we  may  assume  that  P  is  not 
identically  zero,  that  it  does  not  vanish  for  the  values  x^,  y,,  ^o.Po. 
^0  of  the  variables,  and  that  Z  and  P  are  regular  functions  of  the 
variables  in  the  vicinity  of  those  values  :  hence,  if 

7  =        ^dx, 

the  quantity  I  is  regular  in  the  vicinity  of  the  arguments,  and  it 
vanishes  when  x  =  x^.  If  we  denote  by  E(,  the  value  of  E  for  the 
values  Xq,  y^,  Zq,  p^,  q^  of  the  variables,  then 

E=E,e-^. 

Now  E  is  to  vanish,  and  e~^  does  not  vanish  :  hence  we  must  have 

^0  =  0. 

that  is,  we  must  have 

^^-n    ^-1^  =  0 

du      ^'  du      ''• 

86.    This  equation  am  be  satisfied  in  two  ways.    Fii-st,  suppose 

that  t/o  is  not  independent  of  u:  as  u  has  not  hitherto  been  made 

precise,  we  take 

ijo  =  u. 

Let  Zo  =  4>(n),  where  <f>  is  an  arbitrary  function  of  u  ;  the  equation 
will  be  satisfied  if 

and  the  value  of  po  is  then  determined  by 

/(•^o,  yo,Zo,Pt>,  qo)  =  0. 

With  these  values,  the  equation  ^£"=0  is  satisfied. 

In  the  second  place,  suppose  that  t/q  is  indepi'udent  of  « :  as  it 

is  a  value  of  i/  when  x  =  Xo,  we  take  it  to  be  an  arbitrary  constant. 

.    .       .    dz 
The  equation   is  then  ssitistiid   if  .  "  vanishes,  that  is,  if  z^  is 

'  ru 

similarly  an  arbitrary  constant.     Then  70  ^"^n  be  any  function  of 
u  ;  and  /)o  is  given  as  a  function  «if  u  siitisfying  the  relation 

f{Xa,yo,  2o,Po,  qo)  =  ^- 
With  these  values,  the  equation  E  =  0  is  satisfied. 

Now  the  integrals  of  the  system  of  ordinary  equations  are 

y=i/{x,x„,Zo,po,qo)y 
z  =  2  (x,  x^,  z^,  Po,  qo), 
p=p{x,Xo,Zo,po,  go), 
q  =  q{x,Xo,  Zo,Po,  q<>)' 
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In  the  former  of  the  above  cases,  when  u  is  eliminated  between 
the  first  two  equations,  a  relation  is  obtained  involving  x,  y,  z  and 
an  arbitrary  function;  if  it  gives  an  integral  of  the  original 
equation,  the  integral  so  given  is  general.  In  the  latter  of  the 
cases,  when  p^  and  q^  are  eliminated  between  the  first  two  equa- 
tions and/(a?o,  y^,  z^,  p„,  ^o)  =  0,  a  relation  is  obtained  involving 
X,  y,  z  and  two  arbitrary  constants :  if  it  gives  an  integral  of  the 
original  equation,  the  integi'al  so  given  is  com'plete. 

It  therefore  remains  to  prove  that  the  relations  thus  obtained 
actually  satisfy  the  equation 

fix,  y,  z,  p,  q)  =  0. 

Now  y  and  z,  obtained  above  as  functions  of  x  and  u,  satisfy  the 
equations 

dz  _  dy        ^^  _     ^y 

dx~^'^^dx'      du^^d^i'' 

hence,  when  u  is  eliminated  so  as  to  give  a  single  relation  between 
X,  y,  z,  the  quantities  p  and  q  are  the  derivatives  of  z  with  regard 
to  X  and  y  respectively.  Further,  the  values  of  x,  y,  z,  p,  q  are 
such  that  the  equation 

ox         c 
is  satisfied  identically,  that  is. 


t/w  U%V  Vdj  VUb 


Also,  as  JE"  =  0,  we  have 


"bx 

^y    9^    A 

ou     oil 


and  as  :r—  =  0,  we  have  seen  that 
ox 


that  is, 


cu     ^     du         du      ^  du 

y^I  +  z^^  +  p^J^  +  q'P^o, 

OU         ou         da         du 


or 


du 
Hence  /  is  constant :  its  value  when  x  =  x^  is  zero :    hence  its 
value  is  zero  always,  that  is,  the  quantities  so  obtained  satisfy  the 
equation 

/(«,  y,2,p,q)  =  0. 

U— 2 
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We  thus  obtain  the  general  iutegral  and  the  complete  integral 
in  the  respective  cases.  In  the  course  of  the  proof,  it  was  seen 
how  the  singular  integral  could  arise  exceptionally  :  when  it  arose, 
it  wsis  recogni.sed  :  and  the  analysis  proceeded  with  the  alterna- 
tives. Moreover,  it  was  fissunied  that  A',  Y,  Z,  P,  Q  are  regular 
functions ;  if  this  is  not  true,  the  results  are  not  neces-sjirily 
applicable  to  the  equation  and  then  integrals  may  arise  which  are 
special  integrals,  though  these  are  not  the  only  special  integrals 
that  may  arise*. 

Darboux's  modification  of  Cauchy's  method. 

87.  The  preceding  exposition  is  substantially  due  to  Cauchy  : 
a  modification  in  the  treatment  of  the  ordinarj'  equations  htis  been 
introduced  f  by  Darboux,  which  has  the  further  advantage  of 
permitting  an  easier  discussion  of  singularities.  The  equations 
are  taken  in  the  form 

dx  _dy  _       dz       _         dp         _         dq         _  , 

and  they  are  regarded  as  determining  the  five  variables  x,  y,  z,p,  q 
in  terms  of  t,  the  arbitrary  (juantities  that  cxjcur  being  m.ade 
functions  of  a  variable  u,  as  before.  The  establishment  of  the 
results  is  simpler  than  in  the  Cauchy  treatment. 

We  assume  that,  when^  t  =  0,  the  five  variables  acquire  values 
^0.  Vo,  ^0,  po,  7...  subject  to  the  relation 

/(^o,  yo,  Zo,Po>  </o)  =  0, 
and  that,  in  the  vicinity  of  these  initial  values,  the  functions 
P,  Q,  pP  +  qQ,  X  +  pZ.  V+qZ  are  regular.  Then,  by  the 
theory  of  systems  of  ordinary  (.(juations,  a  unique  set  of  integrals 
exists,  bi'ing  regular  functions  of  t  and  acquiring  the  ;\ssigned 
initial  values  when  1  =  0:    let  them  be 

.r  =  .r{t,  iVo,  yo,  2o,Po,  7o). 
y  =  y  {t,  x^,  yo,  Zo,Po,  7o). 
z  =  z  (t,  .To,  yo,  Zo,Po,  7o), 
p  =  p{t,  Xo,  yo,  Zo,Po,  qo), 
q  =  q  {t,  Xo,  yo,  Zo,Po,  </o)- 

•  See,  for  instance,  §  34. 

+  "  M6moire  sur  les  solutions  singulicrea... premier  ordre,"  Mem.  de  rintt.  de 
France,  t.  xxvii  (1880),  g  24. 

X  No  generality  is  gained  by  taking  ^(,  as  an  initial  value  for  t :  the  only 
difference  is  that  t  -  f,  comes  in  place  of  (. 
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Moreover,  we  have 

dt    ^  dt^"^  dt^^ dr-^ dt^^di 

=  0, 

'  on  substitution  :  thus 

f{x,  y,  z,  p,  g')  =  a  quantity  independent  of  t 
=  its  value  when  ^  =  0 

^^JK^Oi   Voy   ^0>  pO)   ([o)  • 

=  0, 
so  that  the  above  values  are  connected  by  this  relation. 

If  this  is  to  be  equivalent  to  the  original  differential  equation, 
then  p  and  q  must  be  equal  to  the  derivatives  of  z  with  regard  to 
cc  and  y :  the  requirement  is  met  as  follows.  Let  the  quantities 
^0,  Vo,  Za,  Po,  qo  be  functions  of  u,  a  new  parametric  variable,  so 
that  x,  y,  z,  p,  q  are  now  functions  of  t  and  u.  So  far  as  variations 
with  regard  to  t  are  concerned,  the  system  of  equations  gives 


Let 

then 

and 


dz  _     dx        dy 

„     dz         dx        dy 

dii         oil      ^  ou 


d'-z  d'X  d'-u       dp  dx     da  dy 

dtdu     ^  dtdii         dtdii      du  dt      du  dt ' 

dE      d-z  d'-x  d-y      dp  dx     do  dy 

dt      dtdu         dtdu         dtdu      dt  du      dt  du 

_dp  dx     dq  dy      dp  dx     dq  dy 
du  dt      du  dt      dt  du      dt  du 

du         du  ^      du  du 

on  substituting  from  the  equations.     But 

OU         ou         du         du         ou 
because  the  values  of  x,  y,  z,  p,  q  satisfy  the  equation 

f(x,  y,  z,  p,q)  =  0  ; 
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hence 

dE  „  (dz         dx         dy> 


so  that 


dE  _      ryfdz        dx        dy\ 
=  -  ZE, 


-  f  Zdl 


^vhtM^•  E^  denotes  the  vahie  of  E  when  t  =  0.     Now  Z  is  a  regidar 

function  of  t  in  the  vicinity  <>f  <  =  0,  and  therefore  I    Zdt  is  finite. 

Jo 

Hence  it  is  necessary  and  sufficient  that  the  equation 

^0  =  0 

should  be  satisfied  in  order  that  E  may  vanish,  that  is, 

dit  du  ou 

88.  This  equation  may  be  satisfied  in  three  distinct  ways. 
In  the  first  of  these  ways,  both  .r„  and  t/o  involve  u;  in  that 
case,  let 

•T«  =/(«).     1/0  =  0  1").     -^0  =  /'  ("). 

so  that  the  relation 

/''(«)=P«/'(«)+7o !/'(") 

becomes  an  equation  which,  with/(.ro,  i/o,  Zo,  Pu,  <Jo)  =  ^h  tletermines 
Pq  and  qo.  In  the  second  of  the  ways,  only  one  of  the  variables 
Xo  and  ?/u  involves  v,  say  t/oI  in  that  case,  let  Xo  =  a,  .Vo  =  «, 
^o  =  i/('^)j  then 

and  the  equation /(:r„,  y^,  z^,  po,  9«)  =  0  detennines  p,,.  In  the 
third  of  the  ways,  neither  of  the  variables  Xq  and  ^p  involves  « :  in 
that  case,  let  a?o  =  a,  ?/o  =  /S :  then  ^o  does  not  involve  ti,  and  we  may 
write  Zo  =  7,  where  a,  y3, 7  are  constants,  and  /(a,  )9,  7,  p^,  qt)  =  0. 

In  all  these  Ciises,  we  have  Eo  =  0  and  therefore  E  =  0,  that  is, 

dz         dx  By 

ou     ^  du  ^  du 
and  we  htui 

dz  _     dx  dy 

di'^di'^'^di' 

These  relatit)ns  shew  that,  when  z  is  expressed  in  terms  of  a;  and  y 
consistently  with  the  relations  obtained,  its  derivatives  with  regai-d 
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to  X  and  y  are  p  and  q.  Moreover,  we  can  prove,  exactly  as  in  §  86, 
that  the  equation 

f{x,  y,  z,  jj,  q)  =  0 

is  satisfied :  thus  we  have  an  integral  of  the  original  equation. 

Consider  the  three  cases  in  turn :  for  all  of  them,  we  have  to 
make  the  respective  substitutions  in 

x  =  x{t,  Xq,  2/o,  •2'(i,  Po,  qo)> 

y  =  y(t,x„  yo,2,,po,  qo), 

z  =  z  (t,  a-o,  yo,  Zo,Po,  qo)' 

In  the  first  case,  we  eliminate  t  and  u  between  the  three 
equations :  there  results  a  single  relation  between  x,  y,  z.  The 
assigned  initial  conditions  are  such  that  x=-x^,  y  —  Vo,  z  =  Za, 
functions  of  a  variable  parameter  u :  or  getting  rid  of  ii  by 
elimination,  we  can  say  that,  v/hen  some  relation 

(^  {x,  y)  =  0 

is  satisfied,  then  z  becomes  some  function  of  x  and  y.  No  limita- 
tion except  regularity  has  been  imposed  upon  the  functions :  thus 
z  becomes  an  assigned  arbitrary  function  of  x  and  y,  when  these 
are  connected  by  any  assigned  relation  ^  {x,  y)  =  0.  The  integral 
is  general. 

In  the  second  case,  for  the  initial  conditions,  we  have  x  =  Xq  =  ol, 
y  =  y(,  =  u,  z  =  Zfi  =  g  (u),  that  is,  when  x  =  a,  z  =  g  (y).  Here  g  can 
be  an  arbitrary  function.  We  have  a  special  form  of  the  first  case, 
obtained  by  writing  ^  (x,  y)  =  x  —  a.     The  integral  is  general. 

In  the  third  case,  we  have  to  eliminate  three  quantities  t,  po,  qo 
between  the  equations 

x  =  x{t,  a,  ^,  rY,po,  q^), 

y  =  y(t,a,/3,y,po,qa), 
z  =  z{t,  a,  /3,  y,po,  qo), 

0=fici,^,y,Po,qo)- 

The  resulting  equation  involves  a,  /8,  y  arising  as  values  of  x,  y,  z. 
One  of  these  may  be  taken  as  an  initial  value :  the  other  two  may 
be  arbitrary.  When  they  are  quite  arbitrar}-,  the  integral  is 
complete. 


21G  EXCEITIOXAL  [88. 

As  regards  the  derivation  of  the  result,  it  is  to  be  noted  that 
the  values  of  po  and  ^o  '^re  given  by 

if  y'  be  a  regular  function  ot  its  arguments,  the  two  equations  can 
be  resolved  forpo  '"^nd  q^,  provided  the  magnitude 

df  9yo  _  9/  9-^0 
dpo  du      dqo  du 

does  not  vanish.  We  may  assume  this  to  be  the  case  for  the  first 
two  of  the  three  alternatives,  because  we  have  excluded  the 
hj-pothesis  that  Po  «'ind  Qo  are  zero:  it  does  not  arise  for  the  thin! 
alternative. 

Again,  the  equations  for  x  and  y  may  be  resolved  for  t  and  u  in 
the  vicinity  of  ^  =  0  and  a  =  Mo,  provided 

d.r  dy      dy  dx 
dt  du      dt  du 

does  not  vanish  there,  that  is,  ])rovided 

p  dyo     ft  ^ 

du  Oil 

does  not  vanish :  this  is  the  above  magnitude,  assumed  not  to 
vanish.  The  values  off  and  u  so  obtained  are  substituted  in  the 
expression  for  z,  which  becomes  the  integral. 

It  might  of  course  happen  that  Po  =  0,  Qo  =  0,  without  A'o  +  Po^o 
and  Fo  +  qoZo  vanishing :  the  possibility  is  discussed  later  (Chap- 
ter VII,  §  109)  and  will  be  seen  to  provide  a  singularity. 

89.  The  preceding  analysis  an«l  argument  are  valid  in  estab- 
lishing this  result,  save  in  one  .set  of  circumstances  controlling  the 
hypotheses  adopted.  It  has  been  assumed  that  P,  Q,  X  -t-  j)Z, 
Y  +  qZ  are  regular  functions  of  their  arguments  in  the  vicinity  of 
the  values  a*,,  yo,  Zo,  Po,  ?ol  but  if.  for  all  sets  of  values  satisfying 
the  necessary  relation 

/(^o.  yo,  Zo,  Po,  ?o)  =  0, 
it  should  hajipen  that 

P  =  0.     Q  =  0,     X+pZ=0,     Y  +  qZ=0, 
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then  the  only  regular  integi'als  of  the  system  of  ordinary  equations 
are 

x  =  x^,    y=y^,    z  =  Zo,    p=Po,    q  =  q», 

and  the  results  can  no  longer  be  established. 

The  case,  as  before,  is  usually  that  of  the  singular  integral :  it 
is  put  on  one  side,  for  it  admits  of  other  treatment  as  follows.  The 
equations 

/=0,     P  =  0,     Q  =  0,     X+pZ=0,     Y+qZ  =  0 

coexist.  If  it  is  possible  to  eliminate  p  and  q  between  them,  there 
will  result  an  equation  between  w,  y,  z,  which  is  the  singular 
integral.  If  it  is  not  possible  to  eliminate  p  and  q,  then, /being 
supposed  irreducible,  they  will  serve  to  determine  ])  and  q :  the 
values  of  p  and  q  are  substituted  in 

dz  =  pdx  +  qdy, 

and  quadrature  leads  to  an  integral  involving  one  arbitrary  con- 
stant :  it  may  (§  78)  be  regarded  as  a  specialised  or  particular  form 
of  the  complete  integral. 

Further,  if  P,  Q,  X  -\-  pZ,  Y  +  qZ  are  not  regular  functions  of 
their  arguments,  the  inference  as  regards  the  ordinary  equations 
cannot  be  made  and  so  the  result  cannot  be  established.  Special 
integi-als  can  thus  arise :  but  it  is  not  the  only  source  of  such 
integrals. 

90.  One  other  exceptional  case  requires  special  mention,  viz. 
that  in  which 

2^P+qQ  =  0, 

though  neither  P  nor  Q  vanishes :  it  is  a  case  which  occurs  when 
f  is  homogeneous  in  p  and  q  of  any  degree.  An  integTal  of  the 
ordinary  equations  is  then 

z  =  quantity  independent  of  t 

and  if  it  should  happen  that  we  are  dealing  with  conditions  leading 
to  a  complete  integi-al,  it  is  clear  that  the  equation  z  =  z^  cannot 
be  used  for  purposes  of  elimination. 

As  in  corresponding  difficulties  (§§  58,  59),  we  use  a  Legendrian 
transformation,  introducing  a  new  variable  /  by  the  relation 

z'=s-px, 
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and  ;us.sigTiing  other  jissociated  variables  in  the  form 

y'  =  u,   q'  =  9'   «''  =  -;^.  p=^- 

The  (juantity  p'P'  +q'Q'  which  occiii-s  in  the  luodifiud  system  is 
obtained  from 

X{X  +  pZ)  +  qQ, 

by  making  the  above  substitutions  ;  this  does  not  vanish  in  general, 
and  so  the  process  can  be  applied  to  the  modified  equation  :  the 
integral  of  the  original  equation  can  be  deduced  as  before. 

Note  1.     Both  in  Cauchy's  method   and  in  Darbouxs  mo<li- 

fication,  an  integi'al  has  been  obtained  which  has  been  declared  a 

general   integi'al.      Its  expression  certainly  contains  an  arbitrary 

functi<»n  in  the  least  restricted  cjuse ;  but  this  property  is  not,  of 

itself,   sufficient    to    secure  the  character  in  the  customar}'  fonn. 

A  general  integral  is  given  by  the  elimination  of  a  between  the 

equations 

g{x,y,z,a,f{a)}  =0, 

that  is,  one  of  the  equations  is  the  derivative  of  the  other  with 
regard  to  the  parameter  which  is  to  be  eliminated.  Of  course,  when 
the  elimination  am  be  actually  achieved,  this  relation  between  the 
two  e<]uations  disappears ;  usually,  however,  the  expression  of  the 
general  integral  must  be  left  in  this  form. 

In  particular  instances,  the  result  win  be  verified  by  bringing 
the  last  two  equations  into  an  equivalent  form  which  exhibits  the 
relation  characteristic  of  the  general  integral. 

Note  2.  The  general  integral  that  h;us  thus  been  obtained  is 
the  integral  specified  in  Cauchy's  existence-theorem. 

Taking  the  sim])ler  form,  we  have  an  integral  such  that  y  =  »/« 
and  z  =  Zo  =  4>  {l/o)<  ^vhen  .r  =  .»'o,  when'  <f>  can  be  any  function 
subject  to  the  conditions  involved  in  the  exist4:'nce-the«>rem  for 
on li nary  differential  equations :  in  other  wonls,  the  integral  is 
such  that  z  acquires  a  value  <^  (//),  when  x=a'o.  The  conditions 
have  relation  to  the  regularity  of  the  coefficients  in  the  ordinary 
equations  and  of  the  integi'als  of  those  equations;  they  are  the 
s;ime  ivs  those  set  out  in  Cauchy's  existence-theorem,  .and  so  need 
not  be  repeated  here. 
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Of  course,  it  must  not  be  assumed  that,  if  all  the  conditions 
required  in  the  proof  of  the  theorem  are  not  satisfied,  the  integral 
does  not  exist :  in  such  a  case,  we  merely  are  not  in  a  position  to 
affirm  its  existence. 

Ex.  1.     An  example  is  given  by  Cauchy*:  he  discusses  the  equation 

pq-xy=Q. 
The  initial  vahies  must  be  such  that 

i'o5'o--^o»/o  =  0. 
The  subsidiary  system  of  ordinary  equations  is 

dx  _dy  _  dz  _dp  _dq 
q   ~  p  ~  2pq~  y  "  X  ' 

and   a  unique  system  of  regular  integrals  satisfying  all  the  conditions  is 
given  by 

y-y^Y+^-'qr-^^^'--] 

z  =  z,  +  ^{x^-x^), 
p=x^, 

the  same  branch  of  the  irrational  quantity  being  taken  in  q  as  in  ?/.    We  have 

{z-Zo)q(,=y(,{x'-x^^), 
{z  -Zof=(i/^-  y^?)  {x"^  -  X(? ) ; 
when  we  take,  in  accordance  with  the  preceding  theory, 

yo = ?«,   2,1 = ^  («)'   qo = <i>'  ( Wo), 

we  have  a  general  integral  given  by  the  two  equations :   and  when,  also  in 
accordance  with  the  preceding  theory,  we  take 

yo=a,     2o  =  /3, 
where  a  and  /3  are  arbitrary  constants,  the  second  equation  becomes 

{z-»f={y-af{x-x^Y, 
giving  rise  to  a  complete  integral.     And  there  is  no  singular  integral. 

If  the  subsidiary  equations  are  treated  by  Darboux's  method,  they  can  be 
taken  in  the  form  t 

dx  _dy  _  dz       dp  _  dq  dt 

q~  p~  ^pq~  y  ~  x~2pq  {  =  2xy) ' 

*  L.c,  t.  11,  p.  249. 

t  The  new  variable  t  is  at  our  disposal,  and  any  modification  tending  to  simplify 

the  equations  may  be  adopted;  accordingly,  - —  is  chosen  instead  of  dt,  as  the 

2pq 

common  value  of  the  fractions  in  the  subsidiary  equations. 
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Integrals  of  these,  which  give  Xo,  yo,  So»  Pot  9o  as  the  values  of  .r,  y,  z,  p,  q, 
when  t=0,  ure 

YO 
«  =  ?o  +  <, 

P  —P»  +t       I 
?o 

„2_„  2j./  25 
y  — ?o  T*        . 

yo 

The  fii-st  three  equations  give 

(«-2o)9o=yo(-r*-V)» 

(2-«o)*=(y^-yo«)(.r«-^u»): 
the  assumptions 

;/,)  =  «,     z,t  =  (f>{u),     9o  =  <^'(m), 

lead    to    the    general   integral    as    l)efore,   on    the    eliuiination    of    ?/:    the 
assumptions 

yo=-a,     2o=3. 

lead  to  the  complete  integral  Jis  contained  in  the  second  of  the  two  equations. 

Ex:  2.     Discuss  similarly  the  equation 

2xz  -  px^ +qay  +  q^x = 0, 

obtaining   its  complete   integral   and   its  general  integral.     Are  there  any 
limit-itions  upon  the  initial  conditions  caused  by  the  form  of  the  equation  ? 

(Mansion.) 
Ex.  3.     Integrate  the  equation 

pqt/-pz  +  aq  =  0, 
where  a  is  a  constant.  (Mansion.) 

Ev.  4.     As  a  slight  variation  in  the  detiils  of  working  in  any  jmrticular 
question  when  a  Caudiy  integral  is  rcijuiri'il,  we  obtain  tiie  integral  of 

xzp+yzq  =  x>/, 

which  is  such  that  ;  l)ecome.s  <p  (y),  when  x  =  Xq. 

The  ordinary  equations  are 

cti"  _  rfy  _       dz       _ 
xz  ~  yz     pxz  +  qyz 

both  y  and  z  can  be  expressed  in  terms  of  .c,  on  using  the  original  equation, 
by  integrals 

-  ^constant,     z-  -  .n/  =  constant. 
x  '' 

Wc  tike  y  =  "  and  z  =  (^{u),  when  .i'=.r„:  thus 

X        Xq 
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Eliminating  u,  the  relation  is 

•which  gives  the  integral  in  question. 

In  this  case,  there  is  no  limitation  upon  the  form  of  the  function  cf). 

Geometry  (3F  the  Integrals. 

91.  It  is  fuuncl  convenient,  particularly  for  equations  involving 
two  independent  variables,  to  associate  geometrical  considerations 
with  the  analysis.  A  slight  use  of*  this  association  has  already 
been  made  (|  21),  by  way  of  interpreting  an  integi-al  of  an  equation: 
we  shall  now  proceed  to  greater  detail,  particularly  in  order  to 
indicate  the  significance  of  the  various  equations,  to  illustrate  the 
relations  of  different  integrals  to  one  another,  and  to  discuss  some 
at  least  of  the  singularities  which  have  received  no  more  than 
passing  mention  in  the  preceding  sections.  The  differential 
equation,  when  there  are  two  independent  variables,  is  taken  to  be 

/{x,  y,  z,  I),  q)  =  0; 

its  complete  integral  is  taken  to  be 

<f)  (x,  y,  z,  a,  b)  =  0, 

where  a  and  b  are  arbitrary  constants ;  and  other  integrals  can  be 
deduced  by  methods  already  explained. 

The  equation  cp  =  0  is  the  equation  of  a  double  family  of  sur- 
faces. All  these  surfaces  are  such  that  y=  0  is  satisfied ;  con- 
sequently, they  are  said  to  satisfy  the  differential  equation.  Also, 
/=  0  is  given  by  the  elimination  of  a  and  b  between  the  equations 

Through  any  point  of  space  x,  y,  z,  there  passes  a  simple 
infinitude  of  the  surfaces.  The  tangent  planes  at  the  point  can  be 
represented  by  the  equation 

z  -z=p  {x  -x)-\-q{xj'-  y), 

where  x',  y',  z'  are  current  coordinates;   and  the  normals  to  the 
surfaces  are  given  by  the  equations 

X  —  X  _y'  —  y  _  z'  —  z 
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All  these  normals  lie  on  the  cone 

this  cone  of  normals  will  be  denoted  by  N.  The  recipnKiJil  of  the 
cone  of  normals  is  the  envelope  of  all  the  tangent  planes  at  the 
point  to  the  surfaces  satisfying  the  differential  equation  :.  this  cone, 
the  envelope  of  the  tangent  planes,  will  be  denoted  by  T. 

The   equation    of  the   cone   T  can   be  simply  constructed  as 
follows.     The  tangent  plane  is 

z'  -z=p  {u'  -a:)  +  q  {y'  -  y)  ; 
we  require  the  envelope  of  this  plane,  subject  to   the  condition 
f{x,  y,  z,  p,  q)  =  0,  and  therefore  we  have 

0  =  {x'-  x)  dp  +  {y'  -  y)  dq, 

0  =  •-  dp  +  r'-  dq, 
op  dq 

so  that  the  equation  of  the  cone  T  is  given  by  the  elimination  of 

p  and  q  between  the  equations 

z'  -z=p  {x  -  X)  +  q  {y'  -  y) 

■r  -  X  ^  y'  -  y 
df  cf 

dp  dq 

The  result  will  obviously  be  of  the  form 

\       "^  X   —  X       X  —  xj 

Moreover,  the  c(iuati<»ns  of  the  gt-UL-ratur  of  T,  which  lies  in  th(^ 
tangent  plane  in  question,  are 

x'  —  X      y'  —  y  z'  —  z 

dp  dq         '  dp     ^  dq 

this  generator  is  the  line  along  which  the  tangent  plane  touches 
the  cone  T,  and  it  obviously  is  perpendicular  to  the  corresponding 
normal  on  the  reciprocal  cone  N. 
Again,  take  any  plane 

z'=ax'  +  fiy'  +  7 
in  space  :  if  this  plane  touch<'s  an  integral  surface 

<j>  (.T,  y,  z,  a,  b)  =  0, 
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the  point  of  contact  is  given  by 

The  coordinates  of  the  point  of  contact  satisfy  the  equation 

f{x,  y,  z,  a,  ^)  =  0, 

whatever  a  and  h  may  be :  and,  of  course,  as  the  point  lies  in  the 

plane,  we  have 

z  =  ax  +  /3y  +  7. 
But  the  two  equations 

z^^jix  +  /3i/  +  j,    f(w,y,z,a,/3)  =  0, 

determine  a  plane  curve  :  owing  to  its  source,  it  is  the  locus  of 
points  of  contact  of  integral  surfaces  with  the  assumed  plane. 
This  curve  lying  in  the  plane  will  be  denoted  by  C. 

Moreover,  as  this  plane  touches  a  surface  at  the  point  oc,  y,  z,  it 
touches  the  cone  T  which  is  associated  with  the  point ;  we  may 
therefore  regard  the  curve  C  as  the  locus  of  those  points  in  the 
plane  at  which  the  plane  touches  the  associated  cones  T.  And, 
conversely,  a  cone  T  associated  with  a  point  is  the  envelope  of 
those  planes  whose  curves  G  pass  through  the  point. 

Consequently,  the  integral  surfaces  which  satisfy  the  differential 
equation  can  be  regarded  in  two  ways.  On  the  one  hand,  all  those 
which  pass  through  a  given  point  have  their  tangent  planes 
enveloped  by  a  cone  T :  on  the  other  hand,  all  those  which  touch 
a  given  plane  have  their  points  of  contact  with  the  plane  lying 
upon  a  curve  G  in  the  plane.  Each  of  these  is  obviously  deducible 
from  the  other  by  reciprocal  polars. 

Ex.  1.     Shew  that  if  the  curve  C  is  a  degenerate  curve,  composed  of  a 
number  of  straight  lines,  and  if  the  (Legendre)  transformation 

C=px+qy-z 

is  applied  to  the  partial  diftereutial  equation,  the  transformed  diflferential 
equation  is  linear. 

(Goursat.) 

Ex.  2.     Shew  that,  if  integral  surfaces  be  given  by  an  equation 

x"-  +y2 + 22 = 2ax + 26y  +  2cz, 
where 

(aa  +  6^ + cy  -  1  )2  =  (a2 + 6- +  O  (a2 + ^- + v^), 

a,  ,3,  y  being  given  constants,  and  a,  b,  c  arbitrary  constants  subject  to  this 
condition,  the  curves  C  are  circles. 

(Goui-sat.) 
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Characteristics:  their  properties. 

92.  Now  consider  a  guiu-ral  integral  ius  deduced  from  a  com- 
plete integral ;  it  is  given  by  the  equatioua 

(t)  =  <f>{x,  y,  z,  a,  g  (a)}  =  0, 
d4>     ?<f)      dd)    .      ^      ,. 

where  (/(a)  is  an  arbitrary  function:  the  surface,  represented  by 
the  general  integral,  is  obtained  by  eliminating  a  between  the  two 
equations.     The  equation  <^  =  0  is  one  of  the  surfsvces  included  in 

the  complete   integi'al ;   the  equation    j=^  tben  determines  a 

curve  on  the  surface  <^  =  0,  being  in  flict  the  intersection  of  <^  =  0 
with  the  surface  that  arises  from  a  consecutive  value  of  a;  the 
curve  thus  given,  for  any  value  of  a,  is  ctilled  a  characteristic  of  the 
surface  0  =  0.     The  general  integral,  arising  from  the  elimination 

of  a  between  (f>  =  0  and  V*  =  0,  is  thus  the  locus  of  the  chamcter- 
^  da 

istics  of  the  surfaces  0  =  0,  which  aris(>  for  any  one  function  g  and 
for  all  values  of  a. 

On  any  surface  represented  by  a  complete  integral,  there  is  an 
infinitude  of  characteristics :  they  arise  because  g{a)  is  an  aibitrary 
function  which  can  be  assigned  in  an  infinitude  of  ways.  Through 
any  ordinary  point  on  such  a  surfivce,  there  piv^sos  certainly  one 
characteristic :  for,  at  that  point,  there  are  two  independent  e(]ua- 
tions  to  determine  a  and  g{(i).  Moreover,  through  any  ordinary 
])oint  there  passes  only  one  characteristic  in  general:  because  the 

two  equations,  0  =  0  niid  '      =  0,  in  general  give  unique  values  for 

the  ratios  dx :  dy  :  dz. 

At  any  point  on  a  characteristic  of  0  =  0,  the  curve  is  touched 
by  the  tangent  plane  there :  it  is  also  touched  there  by  the  tangent 
plane  at  that  point  to  the  c(»nsecutive  surfsice,  because  it  lies  on 
that  surface.  Hence  the  tangent  line  to  the  characteristic  is  the 
intersection  of  the  tangent  planes  to  two  consecutive  surfaces 
thri»ugh  ihr  point,  that  is,  it  coincides  with  the  generator  of  the 
cone  T  along  which  the  cone  touches  the  tangent  plane  to  0  =  0. 
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The  general  integi-al  touches  the  surface  0  =  0  along  the 
characteristic.  On  the  surface  <f>  =  0,  the  tangent  to  the  surface 
is  determined  by  the  values  of  p  and  q  which  are  given  by 

d<fi        ^^  _  A      ^  I    ^  _  0 
dx     ^  dz        '     dy         dz 

At  that  point  on  the  general  integral,  the  value  of  a  is  given,  in 

terms  of  a:,  y,  z,  by  -~-  =  0 :  when  this  value  of  a  is  substituted 

in  0  =  0,  the  values  of  p  and  q  determining  the  tangent  plane 
to  the  general  integral  at  the  point  are  given  by 

dx      ^  dz      da  dx       '     dy      ^  dz      da  dy       ' 

that   is,   they  are  the   same   as   for  the   tangent  plane  to   0  =  0, 

because  -7-  =  0.     As  the  tangent  planes  are  the  same  at  every 

point,  the  general  integral  touches  the  surface  0  =  0  everywhere 
along  the  characteristic. 

Further,  if  two  integral  surfaces  touch  at  a  point,  they  touch 
ever3rwhere  along  the  characteristic  through  the  point:  for  each 
of  them  touches  the  general  integral  everywhere  along  the 
characteristic. 

Again,  general  integi-als  arising  from  the  assumption  of 
different  forms  of  arbitrary  function  represent  different  surfaces, 
being  the  loci  of  the  characteristics :  it  is  natural  to  enquire 
whether  two  different  surfaces  representing  general  integrals  have 
any  characteristics  in  common.     It  is  obvious  that  the  equations 

<f>(x,y,z,a,b)  =  0,     h  =  g{a),     9^  +  ^/(«)  =  0, 

0 {x,  y,  z,  a,  c)  =  0,     c  =  h  (a),     -^  +  J^  h' (a)  =  0, 

oa      cc 

will   represent  the  same  curve  on  the  two  different  surfjices  for 
each  value  of  a,  which  satisfies  the  relations 

g  (a)  =  h  (a),     g'  (a)  =  h'  (a) ; 

and  that,  if  there  are  m  such  values  of  a,  the  two  surfaces  will 
have  711  characteristics  in  common. 

Now  pass  to  the  limit  w^hen  these  m  characteristics  coincide : 
F.  v.  15 
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then  the  common  vahie  of  a  is  a  root  of  multijile  orrler  m  +  1  «>f 

the  equation 

g(a)  =  li{a), 

so  that  wc  have 

g{a)  =  h(a),     g\a)  =  li'{a) f7<""(a)  =  A<""(a). 

Then  along  this  common  characteristic  the  two  surfaces  repre- 
senting the  general  integral  have  contact  of  onler  m.  The 
derivatives  of  z,  up  to  and  including  those  of  order  m,  belonging 
to  the  surface 

4>{x,y,z,a,b)  =  0,     b=g{a),    lt+fs^'(^)  =  ^^' 

involve  derivatives  of  g{a)  of  order  not  higher  than  m ;  and 
similarly  for  the  derivatives  of  z,  given  by 

<f>(x,y,z,a,c)  =  0,     c  =  h  (a),     g^  +  9^  ^''(")  =  ^• 

derivatives  of  h{a)  of  order  not  higher  than  m  occur.  Owing  to 
the  relations  between  g  (a)  and  h  (a),  the  derivatives  of  ^  at  a 
common  point  are  the  same  for  the  two  surfaces  up  to  order  in ; 
and  therefore  the  two  surfaces  have  contact  of  order  m  along  the 
characteristic. 

It  is  an  immediate  corollary  that,  if  two  integral  surfaces  have 
conttict  of  order  m  at  any  point,  they  have  contact  of  that  order 
along  the  whole  characteristic  through  the  point. 

Ex.  1.  These  properties  are  u.seil  l>y  Durbou.x  to  detenuiiic  the  integral 
surface  or  surfaces  wliich  pjuss  through  any  given  curve  A'. 

We  may  assume  that  A'  does  not  lie  on  the  singular  integral,  if  any : 
otherwise,  a  single  surface  is  at  once  given  ;  and  other  surfiices  will  occur 
among  those  which  represent  complete  integrals  or  genpnil  intcgnvls. 

We  may  also  assimie  that  A'  docs  not  lie  on  a  comi»lete  integral :  otherAvise, 
a  single  siirfticc  is  at  once  given;  and,  if  A'  l>e  a  chamcteristic,  an  infinitude 
of  surf)vce.s  sjitisfies  the  required  condition. 

Accordingly,  tivkc  any  i>oint  /'  on  the  curve  A'  and  liraw  the  tangent  P(^ 
to  the  curve  at  tlie  point  /':  through  the  line  /'V  *hiiw  a  plane  to  touch  the 
cone  T  a.s.Hociato^l  with  the  iwint.  Then,  for  the  i>oint,  we  have  values  of 
.r,  V,  z,  p,  y,  the  two  latter  Iwing  given  by  the  tingent  plane:  l>y  means 
of  the  integrals  of  the  eqiiatioiis  of  the  characteristics,  we  constnict  the 
complete  integral  having  these  for  initial  values.  This  complete  integral 
touches  the  curve  A'  at  the  ^xiint  /'.  Through  this  jwint  /'  draw  the  charac- 
teristic on  the  complete  integral ;  it  touches  the ciu^e  A'  at  the  iK>int. 
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Now  let  P  travel  along  the  curve :  for  each  successive  position,  we  have 
a  characteristic ;  the  locus  of  these  characteristics  is  the  integral  surface 
required,  and  (being  such  a  locus)  it  is  a  general  integral.  It  can  also  be 
obtained  as  the  envelope  of  the  complete  integrals  touching  K. 

If  only  a  single  tangent  plane  can  be  drawn  through  PQ  to  the  cone  T, 
the  general  integral  thus  obtained  constitutes  the  whole  of  the  surface 
required.  If  several  tangent  planes  can  be  drawn,  the  general  integral 
consists  of  a  corresponding  number  of  sheets. 

Ex.  2.  Shew  that,  if  the  curve  K  lies  on  a  surface  representing  a  complete 
integral  though  it  is  not  a  characteristic  on  that  surface,  no  other  integral 
surface  can  be  drawn  through  K. 

(Darboux.) 

93.  It  is  convenient  to  consider  the  developable  surface 
circumscribed  to  an  integral  surface  along  a  characteristic :  it  is 
called  the  characteristic  developable. 

To  obtain  the  simplest  properties,  consider  less  particularly 
any  two  surfaces  8  and  S':  let  a  plane  touch  them  in  A  and  A' 
respectively ;  then  the  developable  surface  circumscribed  to  8  and 
8'  is  the  envelope  of  such  planes.  A  generator  of  the  developable 
is  the  intersection  of  two  consecutive  planes:  hence  A  A'  is  a 
generator,  because  a  plane,  consecutive  to  the  supposed  plane, 
touches  8  in  A  and  *S^'  in  A'. 

Take  a  plane  P  and,  in  that  plane,  the  curve  C  which  is  the 
locus  of  its  points  of  contact  with  integi'al  surfaces.  Suppose  that 
the  two  preceding  surfaces  8  and  8'  touch  the  plane,  and  let  their 
points  of  contact  be  Q  and  Q',  being  points  on  C;  then  QQ'  is  a 
generator  of  the  developable  circumscribed  to  8  and  8'.  Now  let 
8  and  8'  be  consecutive  surfaces :  the  circumscribed  developable 
becomes  the  characteristic  developable  circumscribed  along  the 
characteristic  which  is  the  ultimate  intersection  of  8  and  8' :  the 
points  Q  and  Q'  coincide,  and  the  line  QQ'  becomes  the  tangent  to 
C.  Hence  the  generator  of  the  characteristic  developable  through 
a  point  on  the  characteristic  is  the  tangent  to  G  at  that  point. 

Moreover,  the  cone  T,  being  the  envelope  of  the  tangent 
planes  at  the  point  to  all  the  integral  surfaces  through  the  point, 
touches  P  at  the  point :  the  generator  along  which  it  touches  P 
is,  as  seen  above,  the  tangent  to  the  characteristic  line. 

Take  the  characteristic,  being  the  intersection  of  two  con- 
secutive surfaces,  and  draw  the  tangent  planes  along  it :  the 
envelope   of    these   is    the    characteristic    developable,   and    the 

15—2 
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generator  of  this  developable  at  any  point  is  the  tangent  there 
to  the  CHrve  C.  Accordingly,  at  any  point  on  the  characteristic 
line,  draw  the  tangent :  construct  the  plane  which  touches  the 
cone  T  along  this  tangent:  in  this  plane,  obtain  the  curve  C :  the 
tangent  to  G  at  the  point  is  the  generat(jr  of  the  characteristic 
developable  through  the  point,  being  the  intersection  of  two  con- 
secutive tangent  planes  to  the  surface  along  the  characteristic. 

94.  On  the  basis  of  these  geometrical  properties  we  can 
obtain  the  differential  equations  of  the  characteristics :  these  will, 
of  course,  be  a  set  of  ordinary  equations,  becjiuse  each  chai-acteristic 
is  a  curve  and  therefore  admits  of  only  one  independent  variable. 

The  tangent  line  to  the  characteristic  at  any  point  x,  y,  z,  is 
the  generator  of  the  cone  T  lying  in  the  tangent  plane ;  the 
equations  of  this  generator  were  obtained  (§  91)  in  the  form 

'  '  _'      _ 

./■  —  ./•      //  —  ij  z  —  z 


8/     ¥    n^:+,r 

dp  dq        ^  dp      ^  dq 

and  therefore  the  direction  of  the  tangent  to  the  characteristic 
satisfies  the  equations 

dj-  _dy  _         dz         _  , 

dp      dq      ^  dp      ^  dq 

say.     Next,  the  curve  C  in  the  plane 

z'-z=p  (y  -  .*•)  +  q  (y'  -  y) 

satisfies  the  equation 

f{x',  y\  z,  p,  q)  =  0, 

where  p  and  q  define  the  plane :  hence  the  tangent  to  (7  at  the 

point  is  given  by 

8z=pSx  +  qBy, 


so  that 


.dy 

This  direction  is  to  be  the  same  as  the  intersection  of  the  tangent 
plane  at  the  point  with  the  tangent  plane  at  a  consecutive  point 
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on    the    characteristic :    at    this    consecutive    point,    the    tangent 
plane  is 

z'  -{z  +  dz)  =  {p  +  dp)  [x  -  (j;  +  dx)}  +  (</  +  dq)  [y'  -{y  +  dy)], 

and  therefore,  along  the  intersection,  we  have 

—  dz  =  {x  —  x)  dp  —pdx  +  {y  —  y)dq  —  q  dy. 

But,  along  the  characteristic, 

dz  =  pdx  +  qdy; 
and  therefore 

(x'  -x)dp  +  (y'  -  y)  dq  =  0, 
that  is, 

hxdp  +  ^ydq  =  0. 
Hence 

¥      ¥    ¥      ¥ 

dx     -^  dz     dy         dz 

say.     Also,  the  variations  along  the  characteristic  must  be  subject 
to  the  equation 

f(x,y,z,2),q)  =  0, 
and  therefore 

¥^       ¥  J       ¥  J       ¥  .1       ¥n       n 
{-  dx  +  ^dy  +  ^dz  +  ^-dp  +  ;^dq  =  0. 

ox  dy  dz  op   ^      dq    ^ 

Substituting,  we  find 

du  +  dv  =  0; 

consequently,  the  equations  of  the  characteristic  are 

dx     dy  dz  dp  dq 


¥    ¥    .  ¥^^¥    _(¥^   ¥]    _(¥+   ¥.]' 

dp      dq      ^  dp      ^  dq  \dx     ^dz)  \dy      ^  dz  J 

But  these  are  the  equations  which  occur  in  Cauchy's  method  of 
integration,  whether  in  its  original  form  or  in  Darboux's  presenta- 
tion: accordingly,  it  is  usually  described  as  the  method  of  charac- 
teristics. 

The  integi-ation  of  these  equations  gives  an  integrated  form  of 
the  equations  of  the  characteristic,  coupled  with  the  assignment  of 
initial  values  satisfying 

f(x,  y,  z,  p,q)  =  0,     dz  =  p dx  +  qdy; 
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these  initial  values  are  regarded  as  functions  of  a  variable  u : 
when  this  variable  is  eliminated  between  the  equations 

ij  =  II {x,  Xo,  yo,  Zo,Po,  qo)\ 

z=  z(x,  Xo,  yo.  Zo,Po,  9o)i  ' 
the  result  is   a    single   equation    representing   a    surface    which, 
whether  the   integral  be  general   or  be  complete,  is  a  locus  of 
characteristics. 

Ex.     Denoting  any  integr.il  of  the  partial  equation 

by  2,  the  derivatives  of  .r,  y,  z,  with  respect  to  a  variable  t  by  y,  r/',  z',  and  any 
arbitrary  function  of  t  by  T,  verify  that  the  conditions,  necessary  and 
sufficient  to  secure  a  stationary  (zero)  value  for  the  integral 


/; 


are  the  equations  of  the  characteristics  of  the  jKirtial  differential  equation. 
Apply  this  method  to  deduce  the  condition  that  two  equations 
/  (•^,  y ,  ^,  /',?)  =  0,    ff  (.1-,  y,z,p,q)=Q, 
may  possess  a  common  integral.  (Hilbert.) 

95.  In  the  preceding  investigation  of  the  equations  of  the 
characteristics,  they  have  been  associated  analytically  with  the 
original  partial  differential  equation:  it  is  desirable  to  associate 
them  also  with  the  integral  of  the  differential  equation. 

The  differential  equation  /*(•''.  y.  z,  p,  q)  =  0  is  the  result  of 
eliminating  a  and  h  between  the  equations 

</>  =  <^  (•^.  y,  z,  a,  6)  =  0  I 

aiul  /=  0  is  the  only  equation  which  results  from  that  elimination. 
The  only  independent  relations,  that  connect  differential  elements 
dx,  dy,  dz,  dp,  dq,  are 

d<f>  =  0,     d<i>,  =  0,     d4>,  =  0  ; 

and  d/=0  is  a  relatitm  connecting  these  differential  elements: 
hence  quantities  \,  ^,  p,  free  from  differential  elements,  must  exist 
such  that  the  relation 

df=  Xd(f)  +  fjid(f)i  +  pd<^.i 
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is  satisfied*,  and  therefore  we  have 

because/,  <^,  ^i,  <^o  vanish  together. 

As  a  and  b  do  not  occur  in /and  do  occur  in  (}>,  cf>i,  <^^,  we  have 

parts  such  as  0  ^ — \-  4>i  ^  +  ^2  ^  vanishing,  because  of  the  integral 

equations  under  consideration.     Moreover,  p  occurs  in  ^j ,  but  not 
in  (j)  or  0u :  and  q  occurs  in  <f)2,  but  not  in  <^  or  ^1 ;  hence 

dp~^dz'  dq      P  dz' 

Again, 

8/;_   a^      fd^       d"-(fi\        fd'<j)       d'(f>\ 

doc         dx  \dx-         dicdz)  \idxdy      ^  dxdz)  ' 

df         a<^         /a-^(^  d-(h\  ,d"-(b  0-6 


By        dy     '^  \dxdy     ^  dydzj      '^  \df   '  '  dydzj     ' 
hence 


8^  +  ^  a^  -  '"  U^--'  +  ^P  dxdz  +  ^'   dz^J 


df         df         fd'-<b  d-4>  d'<b  d'4> 

dy^'^tz^^Kd^y-^'^d^z^^dfdz^^'id^- 

.    /a^^    ^   a^<^      „a=<^ 
+  Ha/-''^a#.  +  ^  al 

Now  the  integral  equations  of  the  characteristics  are 
<^  =  (\>  {x,  y,  z,  a,  6)  =  0,     h=g (a), 

*  The  equation 

f—  \(f)  +  ^l.<py + p^., 

can  also  be  obtained  by  the  ordinary  theory  of  elimination. 
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We  have,  from  foregoing  equations, 

and  therefore,  ;ilt)ng  any  chunvcteristic, 
that  is. 

But  as  yjr  =  0  permanently  along  the  characteristics,  we  have 

-^  dx  +  -^  dy  +  3^  dz  =  0, 
ox  dy  oz 


that  is, 

\dx  '  ^  dz )  ^^   '  \dy 


f.-p^)'^-(S-^th-'^' 


and  therefore 

dx  _^dy  _ 

say,  where  dx  and  dy  are  elements  of  a  characteristic.     Conse- 
quently, 

/  a=rf>       a'A       a»(i        a'i\  , 
+  (aJ%+''si+''ayS+WaF'j'^^ 

=  ''(a^-'-a*)-|t''" 


2 

a^ 


because  the  relation  6\  =  -^  +  P  ^^"^  is  satisfied  in  connection 

C.r  OZ 

with  tuir  ('(juations;    and  similarly 

(df         df\  d<t>  J 

Also 

8/      30  ,  df      a</)  , 
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Hence,  gathering  together  the  various  results,  we  have 
dx  _  dy  __         dz         _  dp  dq 


dp      dq      ^'dp'^^dq  [dw'^Pdz)  [dy'^'^dz 

These  equations  are  satisfied  along  the  characteristics;  and  they 
have  been  derived  from  the  integral  equations. 

Ex.     As  an  illustration  of  the  elimination  process,  consider  the  equation 

(f)  =  z  —  ax^—by'^  —  ab=0: 
then 

(f)i=2)  —  2a.v=0,     (f>2  =  q-2b^  =  0, 

and  so 

Now  it  is  easy  to  verify  that 
1  1  P9 

=z  —  ax^  -  %2  -ah-\l-+x\  {p-  2ax) 

-i(^+i/)(?-%)-4^(i'-2«^)(?-%), 
identically :  and  therefore 

Thus 

-i^--2-  =  5^--i /^-       r\-~<h 
-        ixi/      dp         ^  \x      'J      Axy 

J         p    _  ?/_      ^  /a        \         1 

which  are  satisfied  in  virtue  of  the  equations  (f>i=0,  <f)2  =  0:  these,  together 
with  0=0,  lead  to/=0. 

96.     In  these  discussions  the  surface,  which  is  connected  with 
a  complete  integral,  has  been  given  by  a  single  equation 

(fi  (x,  y,  z,  a,  b)  =  0. 

In  the  general  theory  of  surfaces,  it  often  is  convenient  to  have 
a  parametric  representation,  whereby  x,  y,  z  are  expressed  in  terms 
of  two  independent  parameters  :  when  this  mode  is  adopted  for  the 
representation  of  the  complete  integral,  we  should  have  equations 
of  the  type 

X  =  h  (u,  V,  a,  b),     y  =  k  (u,  v,  a,  h),     2  =  1  (?f,  v,  a,  6). 
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The  single  equation  of  the  complete  surface  would  be  obtained  by 
the  elimination  <»f  u  and  v  between  these  three  equations;  hence, 

taking 

<^  (./•,  I/,  z,  a,b)  =  a(x-J,)  +  ^(t/-  k)  +y(z- 1), 
we  have 


dx 


?<f)  CXf) 

fty      ^       dz       ' 


0  =  0      +y8      +7n-. 
On        ou      '  ou 

_a0_    dh        dk        dl 
da        da        da        da' 

d4>        dh      ^dk         dl 

~dh^''db^^db-^^  db' 


The  chanicteristic  is  given  by 


IMt'-'<">="-  ''=y<"y 


hence 


(dh     dh  ,, 
''Kda'^db 


'dl    dl  ,; 


Accordingly,  the  equations  of  the  characteristic  are 

X  =  h,     y  —  k,     z  =  I 


)  =  0. 


r  > 


d{hjcj)  ^  d{h,k,i)  ^,.     ^  ^ 

d(u,  V,  a)     d{ii,  V,  by 
the  form  earlier  considered  would  he  given  by  the  elimination  of 
u,  t>,  b  among  th«'se  five  eciuations. 

As  regards  p  aii<l  <j,  we  have. 

dz  =  pii.r  +  'idy 
for  all  variations:  hence  />  and  7  are  given  by  the  equations 


dl         dh 


dk 


du     ■'  du      ^  du 

dl,  _  dh      a^ 

dv  ~  ^  dv         dv 
The  differential  equation 

/(.r,  y,  z,  p,q)  =  0 
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results  fi-om  the  elimination  of  w,  v,  a,  b  between  these  two  equations 

and 

x  =  h,     y  =  l>:,     z=l. 
Taking 

f{x,y,z,p,q)  =  A{x-h)  +  B{ij-k)  +  G{z-l) 

and  noting  the  explicit  occurrences  of  variables,  as  well    as  the 
disappearances  of  parameters  and  constants,  we  have 

do:  oy  cz 

¥.  =  D~  +  E  —  , 

dj}  du  dv  ' 

^A^D^  +  E-- 
dq  du  dv  ' 

du  du  da  V  on-         on-      cu-J 

f     d^  d-k        dH  \ 

V    dudv      ^  dudv     dudvj ' 

,dh       „dk       ^dl       ^  /     d-h  d'k        dH 

0  =  -A~-B  —  -C:^+D(p  ^-^  +  q  ;r-x-  -  ^— ^ 
ov  dv  dv  V    dudv      ^  audv      dudv. 

^(    d-h        d-k      dH\ 
0--  A^-^-  E  —  -C-     n  I    ^^         ^'^       ^'^ 

rifl  ?\n  7)fl  \  ^     7)llD(l  ^ 


da  da  da  \    duda        duda     duda 

\    dvda        dvda     dvdaj 
A  ^h       J.  dk      ,,  dl       ^  /     d-h  d-k        dH 


db  96  db  V  dudb      ^  dudb      dudbl 

/     dHi_         d^k       dH  \ 
^      K^dvdb^"^  dvdb     dvdbJ- 

The  last  four  equations  determine  the  ratios  A  :  B  :  C :  D  :  E.     The 
equations  of  the  characteristic,  being 

cLr  _  d>/  _         dp         _         dq 

j.dh  ^    ,-,dh'  j.dk  ^  j^dk~  -{A+pC)~  -(B  +  qC) 

ou  OV  du  dv 

dz 


ou  dv 
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^/«  ^^       Jl/*       ^/*       7\^ 

on  .substitutiiif'  tor  i- ,  :^- ,  {- ,  ^  ,  J- ,  take  the  simple  form 

"  dx  oy    oz     dp    c^<j 

du     dv  dp  dq  . 


D      E     -(^1 +/>(')     -(B-^qC)' 

when  the  vahies  of  a-,  y,  z  are  inserted.  While  the.se  are  the 
general  equations  of  the  characteristic,  it  is  clear  that  the  direction 
of  the  characteristic  at  any  point  on  the  surfcice  is  given  by 

du  _  dv 
I)  ~  ~E  ' 

where  the  quantity  D:E  is  given  by  the  preceding  equatiou.s  and 
where  the  magnitudes  ;)  and  q.  which  occur  in  that  quantity,  are 


P       _ 


1 


9  {u,  v)      d  {ii,  v)      d{H,  v) 


Edge  of  Regression  :   Integral  Curves. 

97.     Returning  now  to  a  complete  integnil  surface 

(f)(x,  y,  z,  a,  6)  =  0, 
we  have  the  characteristics  given  by 

As  has  been  seen,  these  equations  represent  the  general  integi~al 
surface  when  a  and  b  are  eliminated,  this  surface  being  the  locus 
of  the  characteristics.  When  a  and  b  are  not  eliminated,  the 
equations  represent  the  characteri.stics  which  lie  on  this  general 
integral  surface. 

Now  take  a  characteristic  on  the  general  integral  determined 
1)V  a  value  <f,  and  a  neighbouring  characteristic  detennined  by 
a  value  a  +  8a,  where  Sa  is  infinitesimal :  the  equations  of  the 
former  are 

*  =  «•    ^-a=«' 
and  those  of  the  latter  can  be  taken 
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keeping  8a  sufficiently  small :  hence  the  ultimate  intersection  of 
two  consecutive  characteristics  is  given  by 

The  three  equations  determine  the  point  of  intersection,  giving  its 
coordmates  as  functions  of  a.  When  a  is  eliminated  between  the 
three  equations,  the  two  resulting  equations  give  a  curve,  which  is 
the  locus  of  the  ultimate  intersections  of  the  characteristics  This 
curve  lies  on  the  surface 

which  represents  the  general  integi-al ;  on  the  analogy  of  develop- 
able surfaces,  Monge  called*  it  the  edge  of  regression  of  the  general 
integral  surface. 

This  locus  may  be  regarded  as  the  envelope  of  the  characteristics 
on  the  general  mtegi-al :  for  it  touches  a  characteristic  at  its  point 
of  ultimate  intersection  with  its  neighbour.  To  verify  this  state- 
ment, we  note  that  the  curve  passes  through  the  point  •  for  it  is 
the  locus  of  such  points.  Further,  to  obtain  its  tangent  at  the 
point,  we  assume  that,  for  it,  a  is  determined  as  a  function  of 
A',  y,  2  by  means  of  the  equation 

da'      ^' 
and  that  the  value  of  a  is  substituted  in  the  other  two  equations- 
the  values  of  dx  :  dy  :  dz,  derived  from  them,  are  then  given  by 

where 

and  so  for  the  others:  that  is,  the  values  are  given  by 

#=0,    .^-^  =  0. 

which  are  the  equations  determining  the  ratios  dx  :  dy  :  dz  for  the 
characteristic  at  the  point :  hence  the  two  curves  touch  at  the 
point.  Thus  all  the  characteristics  on  the  general  integral  touch 
the  edge  of  regression. 
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Ex.     The  simplest  exami.le  of  all  arises  when  the  complete  integral  is  a 

double  family  of  planes 

z  =  ax-\-hy+f{a,  b). 

The  general  integi-al  is  of  the  form 

2=x^(«)+y0(a)  +  V'(«)  1 

being  a  developable  surface,  for  it  is  the  enveloi*  of  a  plane  whose  equation 
contains  one  parameter.  The  characteristics  are  the  generators:  they  are 
the  intersections  of  consecutive  planes,  and  each  is  the  curve  of  contact  of  a 
plane  with  the  general  integral.  The  enveloi,e  of  the  generators  is  the  edge 
of  regression  of  the  developable  surface. 

98.  \Vl'  have  seen  that  the  tangent  to  the  characteristic  at 
any  point  P  is  a  generator  of  the  cone  T  associated  with  P;  hence, 
as  the  equation  of  this  cone  is 

F  l)eing  the  point  x,  y,  z,  the  tangents  to  the  charactei-istic,  and 
therefore  the  characteristic  itself  at  the  point,  satisfy  the  equation 

Curves  satisfying  this  equation  are  called  integral  curves. 

It  is  clear  that  characteristics  are  included  among  these  integi-al 
curves:  it  is  equally  clear  that  they  are  not  the  most  general 
integral  curves,  because  1^=0  is  only  a  single  equation  involving 
two  unknown  quantities  and  one  of  these  can  be  assumed  arbi- 
trarily, the  equation  then  determining  the  other.  Properties 
sufficient  to  distinguish  characteristics  among  integi-al  curves  have 
already  (§§  92,  93)  been  given. 

The  edge  of  regression  of  the  general  integiiil  is  easily  seen  to 
be  an  integral  curve :  for,  at  any  point  on  it,  the  tangent  is  the 
same  as  that  of  the  characteristic  which  touches  it  there.  Thi' 
latter  at  the  point  satisfies  F  =  0:  hence,  also,  the  equations  of  the 
edge  of  regression  satisfy  F=0. 

Conversely,  every  integral  curve  can  be  obtained  jvs  an  edg<-  of 
regivssi<^n.  Owing  to  the  equation,  the  tangents  to  the  integral 
curves  through  the  point  are  the  generators  of  the  cone  associated 
with  the  point.  Taking  any  integral  cur^•e,  its  tangent  is  a 
generator  of  the  cone,  and  the  direction  of  the  generator  deter- 
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mines  a  characteristic  through  the  point,  which  characteristic 
accordingly  touches  the  integral  curve  at  the  point:  moreover, 
It  is  the  only  characteristic  which  can  be  drawn  through  the  point! 
Now  it  has  been  proved  (Ex.  1,  §  92)  that  a  general  integral 
passmg  through  a  curve  is  generated  as  the  locus  of  the  character- 
istics drawn  through  the  points  of  the  curve :  and  the  result  is  not 
affected  by  the  angle  of  intersection  between  the  curve  and  the 
characteristic.  Hence  in  the  present  case,  taking  the  aggregate  of 
the  characteristics  tangent  to  the  integral  curve,  we  have  a  general 
integral  surface:  on  that  surface,  the  integral  curve  is  the  envelope 
of  the  characteristics  and  therefore  is  an  edge  of  regression. 
Hence  we  may  take 

*=«■  5!=«'  ^=0. 

as  the  comprehensive  integral  curve  satisfying  the  equation  F  =  0. 
The  contact  relations  of  the  various  integral  surfaces  with  one 
another  will  be  discussed  later:    it  is  worth  noting  the  contact 
relations  of  these  integral  curves  Avith  the  surface  <^  =  0. 

At  a  point  along  the  integral  curve  determined  by  the  relations 


we  have 


that  is, 


da 


Again,  because  d(f)  =  0,  we  have 
that  IS, 

and  therefore 

d-(})  =  0. 

Consequently,  along  the  integi-al  curve,  we  have 

0  =  0,     d(f)  =  0,     d-<f)  =  0: 
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shewing  that  the  integral  surftice  0  =  0  is  cut  in  three  consecutive 
points  by  the  integral  curve.  Thus  the  edge  of  regre.ssion  of  the 
general  integral  has  contjict  of  the  second  order  with  the  complete 
integral  surface  from  which  it  originates. 

The  edge  of  regression  of  a  general  intcgml  is  given  by  the 
equations 

^  =  0.     ''''■  =  0,     '''^  =  0; 
da  (la- 

the quantity  b  is  any  function  of  a,  and  the  equations  involve 
b',  b",  the  first  and  the  second  derivatives  of  b.  As  there  thus 
arises  a  curve  associated  with  any  assumed  function,  there  thus 
will  arise  an  infinitude  of  such  curves  tissociated  with  all  forms 
of  the  function. 

Let  those  curves  among  this  infinitude  be  selected  which  are 

such  that 

d'<f> 


da^ 


=  0; 


that  such  curves  do,  in  general,  exist  cjin  be  seen  as  follows.     For 
variations  along  any  edge  of  regression,   the    ratios  dx  :  dy  :  dz 

satisfy  the  I'quations 

d<b  +  ^ ,    (la  =  0, 
^      da 

^da'-dS'^'-'' 

da-      d(i^ 
hence,  if  the  edge  of  regression  be  such  that 

rfa>        ' 

its  direction  at  tlu'  point  is  given  Ity 

da  da^ 

Between  these  three  equations  and  the  equations 

*  =  "•  2  =  "'  ^=«' 

we  eliminate   a,  b,  b' ,  b",  and   we   have   two  resulting  equations 
involving  dx  :  dy  :  dz.     The  two  differential  equations  (which  will 
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be  algebraical  in  form  when  cf>  is  algebraical)  define  curves:  so  that 
curves  of  the  specified  type  do  exist  in  general.  Further,  along 
such  a  curve  w,  y,  z,  dx  :  dy  :  dz  are  expressible  in  terms  of  a  para- 
metric variable,  say  t :  hence  at  the  point,  the  foregoing  equations, 
when  resolved,  will  express  both  a  and  h  in  terms  of  t  and  so,  on 
the  ehmination  of  t  between  the  expressions,  will  give  h  in  terms 
of  a. 

To  find  the  order  of  contact  of  this  curve  with  the  integral 
surface  from  which  it  originates,  we  proceed  as  before.  Along  the 
curve,  we  have 

Also,  since  dcf)  =  0,  we  have 

.  d  (dcl>)  =  0, 

that  IS, 

and  therefore 

fZ-<6  =  0. 

And,  since  d-^  =  0,  we  have 
da 

that  is. 


so  that 


da 


And,  since  d^(fi  =  0,  we  have 

d  (d^<f>)  =  0, 
that  IS, 

SO  that 

d'<l>  =  0. 

Hence  along  the  curve  in  question,  we  have 

4>  =  0,     d(f>  =  0,     (/-</,  =  0,     d'<f>  =  0, 
at   the   point:    consequently,   the   curve   in   question   meets  the 
mtegi-al  surfece  in  four  consecutive  points :  that  is,  the  curve  has 
contact  of  the  third  order  with  the  surface. 

16 
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K.v.  1.  The  equation  of  a  sphere,  that  is  absolutely  unrestricted,  contains 
four  arbitrary  indci»endent  constants :  hence,  when  it  is  made  subject  to  two 
independent  eonditions,  the  equation  will  contain  two  arbitrary  constants 
and  may  be  regarded  as  giving  tlie  complete  integral  of  some  partial  diffe- 
rential equation. 

To  obtain  a  general  integral,  we  .select  a  family  of  these  spheres  and 
construct  their  enveloi*.  The  characteristias,  being  the  intersections  of 
con.secutive  spheres,  are  circles;  each  sphere  touches  the  enveloix;  surface 
along  a  circle.  The  edge  of  regre.s.sion  on  the  envelo|)e  surface,  which  is  the 
general  integral,  is  itself  the  enveloi^e  of  the  characteristic  circles;  and  the 
earlier  investigation  shewed  that,  where  the  sphere  meets  this  edge  of 
regression,  it  meets  the  edge  in  three  consecutive  points. 

But  there  is  one  general  integral  for  which  the  contact  is  closer.  By  an 
appropriate  choice  of  a  functional  relation  between  the  two  con.stants  in  the 
complete  integral,  we  obtain  the  envelope  of  one  selected  family  of  sphere* : 
each  sphere,  where  it  meets  the  edge  of  regression  on  this  envelope  surface, 
meets  it  in  four  con.secutive  points,  and  therefore  is  its  o.sculating  sphere. 
The  characteristics  are  the  circles  which  are  the  intersections  of  consecutive 
spheres :  hence,  for  this  general  integral,  they  are  the  osculating  circles  of  the 
edge  of  regression. 

Ex.  2.  As  a  particular  instance  of  the  last  example,  construct  the  various 
equations  of  the  complete  integral,  the  general  integral,  and  the  selected 
general  integral,  when  the  edge  of  regre.s.sion  is  a  regular  helix ;  and  obUiin 
the  partial  differential  equation  .satisfied  by  the  integrals. 

Ex.  3.  In  the  explanations  in  the  general  theory,  all  the  surfaces  .ind 
curves  concerned  are  unrestricted  in  proj)erties  ;  it  has  been  a.ssumcd  that 
the  various  contacts  are  jMissible. 

Consider,  in  particular,  a  plane.  Its  equation  involves  three  indej^ndent 
constants  when  completely  unrestricted :  if  the  plane  be  subject  to  one 
condition,  two  indei>endent  constants  will  remain  in  the  equation,  which  then 
can  be  regarded  as  giving  the  complete  integral  of  a  partial  differential 
equation.  To  obtain  a  general  integral,  we  make  one  of  the  con.stants  an 
arbitrary  function  of  the  otlier  and  proceed  to  obtain  the  envelojHJ  of  the 
planes  so  selected.  As  their  equation  involves  one  arbitrary  jxarameter,  this 
envelope  is  a  developable  .surface:  the  characteristics  are  the  generators, 
being  the  intersections  of  consecutive  pianos ;  and  each  plane  osculates  the 
edge  of  regression  of  the  surface. 

But  it  is  not  possible  to  .select  a  general  integral  so  as  to  have  closer 
conUict  between  the  plane  and  its  edge  of  regression  :  beaiu.se  not  more  than 
three  consecutive  points  of  a  curve  am  lie  in  a  plane,  unless  at  a  singular 
ix)int,  or  unless  the  curve  be  a  plane  curve. 

In  this  ca.se,  the  selected  general  integral  of  ^  98  docs  not  occur. 

99.  In  (U.scu!s.sing  the  selected  general  integral,  and  its  edge 
of  regi'es.sion  with  which  a  complete  integral  h;us  triple  contact, 
the  complete  integral  is  supposed  known  ;  and  the  equations  of  the 
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edge  of  regi-ession  in  question  are  deduced  from  that  of  the 
complete  integi-al.  It  is,  however,  possible  to  deduce  equations  of 
the  particular  edge  of  regression  from  the  original  differential 
equation. 

For  the  pui-pose  it  is  sufficient  to  note  that,  at  a  point  on  the 
particular  edge  of  regression,  there  is  triple  contact  between  the 
cui-ve  and  the  complete  integral  surface;  and  therefore,  when  the 
equations 

f{x,  y,  z,  p,  q)  =  0,     dz=  ji dx  +  qdy, 

are  regarded  as  determining  jt)  and  q  in  terms  of  x,  y,  z,  dx,  dy,  dz, 
(supposed  known,  as  belonging  to  the  required  curve),  they  must 
provide  a  triple  root.     Hence,  on  ^mting 

,  _dz^         ,  _dy 

^~dx'  y~dx' 

the  equation 

f{x,  y,  z,  z  -  qy',  q)  =  0 

must  provide  a  triple  root ;  so  that 

dq      ^  dp        ' 

dq^  "-y  dpdq  ^y  dp^-^- 

The  elimination  of  q,  between  the  last  two  equations  and 

f{x,  y,  z,  z  -  qy',  q)  =  0, 

leads   to    two   equations   which    are    the    (ordinary    differential) 
equations  of  the  curve  in  question. 

It  IS  clear  that,  if  the  equation  is  rational  and  integral  in  p  and 
q,  it  must  be  of  at  least  the  third  degree  if  the  curve  in  question 
is  to  arise. 

Ex.  1.  Prove  that,  if  such  a  curve  exists,  it  touches  the  edges  of  regres- 
sion of  the  cones  T  and  that  its  tangents  are  perpendicular  to  the  planes  of 
inflexion  of  the  cones  X. 

(Darboux.) 
Ex.  2.     Discuss  the  various  loci,  indicated  in  the  preceding  sections,  to  be 
associated  with  the  partial  differential  equation,  the  complete   integral  of 
which  is  ° 

{l-a^)x  +  {l+a^)kz  +  2ay  +  h  =  0, 
where  a  and  h  are  arbitrary  constants,  and  k  is  a  pure  constant. 

(Goursat.) 
16—2 
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Discuss  also  the  integrals  of  the  equation  which  has 

a.v«  +  6^* +  «■■«  =  1] 

a^  +  lP  +  c^^l) 
for  its  complete  primitive. 

Ex.  3.  It  ha.s  been  provinl  that  every  integral  curve  (§  98)  can  be 
represented  as  an  edge  of  regres-sion  of  a  general  integral :  it  has  also  been 
proved  that  an  integral  surface  touching  an  edge  of  regression  has  contact  of 
the  second  order:  hence  every  integral  curve,  touching  an  integral  surface, 
has  contact  of  the  second  order  with  that  surface. 

Verify  this  proposition  directly  from  the  equations. 

(Lie.) 

Lie's  Cl.\ssificatiox  of  Equations. 

100.  In  the  discussion  of  tho  characteristics,  regard  htxs  been 
paid  chietiy  to  their  a.s.sociation  with  the  surface  represented  by 
the  general  integral :  but  they  can  be  considered  also  in  their 
{association  with  the  surface  represented  by  the  complete  integral. 
It  is  in  this  connection  that  Lie  has  considered  them*,  in 
particular,  chissitying  partial  differential  equati(^ns  according  to 
the  nature  of  the  characteristics  as  curves  upon  the  complete 
integral  surface.  Some  of  his  results  can  be  obtained  very 
simply  as  follows. 

Among  the  various  curves  that  can  be  drawn  upon  a  surface, 
three  of  the  most  important  classes  are  asymptotic  lines  (being 
the  lines  touched  by  the  principal  tangents  of  the  surface  at 
successive  points),  lines  of  curvature,  and  geodesies ;  and,  accord- 
ingly. Lie  investigates  those  partial  differential  equations  of  the 
first  order,  the  surface  integrals  of  which  have  characteristics 
belonging  to  one  of  these  three  classes  of  curves  upon  the  surface. 

(i)     The  directions  of  the  Jisymptotic  lines  upon  a  surface  at 

any  point,  being  the  directions  of  the  principal  tangents  at  the 

point,  are  given  by 

pd.r  +  qdi/  =  dz, 

rdx"  +  2sd.rdi/  + 1  df  =  0. 

in  the  usual  notation  :  as 

dp  =  r  d.r  +  sdi/,     dq  =  sd.t  +  t  dy, 

the  latter  equation  is 

dpdx  +  d<idy  =  0. 

*  Math.  Ann.  t.  v  (1872),  pp.  188—200. 
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If  these  are  the  characteristics  of  the  surface  integral  of  an 
equation 

f{x,  y,  z,  p,  q)  =  0, 

they  must  accord  with  the  ordinary  differential  equations  of  the 
characteristics  (§  94).     Hence 

dx      ^  dz  j  dp      \dy      ^  dzj  dq         ' 

and  this  condition  is  sufficient,  as  well  as  necessaiy,  to  secure  the 
property.  Accordingly,  any  function  f,  which  satisfies  this  con- 
dition, will  lead  to  a  differential  equation  possessing  the  property 
that  the  characteristics  are  asymptotic  lines  upon  the  integral 
surface. 

Ex.     Verify  that  a  complete  integral  of  the  foregoing  equation,  which 
must  be  satisfied  by  /,  is 

.  ,       ac  +  b  ,  .      , 

f=ax+bi/--—-z+g{cp+q)  +  h, 

where  a,  b,  c,  ff,  h  are  arbitrary  constants:  obtain  other  integrals  of  that 
equation:  and  discuss  the  surface  integrals  of  the  equation  /=0  for  the 
respective  forms  of/. 

(ii)     The  directions  of  the  lines  of  curvature  at  any  point  of  a 
surface  are  given  by 

pdx  +  qdy  =  dz, 

{dx  +pdz)  dq  =  (dy  +  qdz)  dp. 

If  these  are  the  characteristics  of  the  surface  integral  of  an 
equation 

f{x,  y,  z,p,  q)  =  0, 

they  must  accord  with  the  ordinary  differential  equations  of  the 
characteristics ;  hence  (§  94) 


dy-^'^dzJldp^Py^dp-^'^dq. 

dq 


that  is, 


l{|-'0'l-'IMil-'('>|^4i)} 


ds  V    dq       ^  dpj 
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and  this  condition  is  sufficient,  as  well  as  necessary,  to  secure  the 
property.  Accordingly,  any  function  /',  which  sati.sfies  this  con- 
dition, will  lead  to  a  differential  equation  possessing  the  property 
that  the  characteristics  are  lines  of  curvature  upon  the  integral 
surface. 

{in}  The  determination  of  equations  such  that  the  integnil 
surfaces  have  geodesies  for  their  characteristics  is,  at  first  sight,  a 
problem  leading  to  equations  of  the  second  order.  Geodesies  are 
given  by  the  equations 

1  d^_l  d^__drz^ 
p  ds'^      q  ds^         ds'  ' 

and  these  can  be  replaced  by  the  equations 

dz  _     dx        di/ 
dt~^'  dt'^^dt' 

.,  (d-x  du      d'-u  dx\ 

^'^^■^^'Adf-di-iddt) 

-(  n  ^"^  -  «  ^^1  [^^^  ^-^  -U  ^^  ^^^\ 

~V  dt     P'dtJUt  dt^  dt  dtJ' 

where  t  is  any  variable.  When  the  partial  differential  equa- 
tion is 

f(^>  y>z,  p,  7)  =  0, 

the  characteristics  are  given  by 

dx     df      dy     df      dz        ?f         df 


dt~ 

-dp' 

dt       ?q  ' 

d 

dp 

dt'' 

dx 

df 
-i'dz' 

dq 
dt 

dy      ^  dz 

The  fii'st  of  the  two  equations  for  the  geodesies  is  satistitd 
identically ;  when  substitution  is  effected  in  the  other  equation, 
it  becomes  a  partial  differential  equation  of  the  second  oi-der — a 
result  to  be  expected,  when  the  curvature  property  of  the  geo<iesic 
is  used. 

But  an  equation  of  the  first  order  ciin  be  obtained,  by  using  the 
known  properties  of  geodesic  parallels  and  their  orthogonal  geo- 
desies*.    The  ck'ment  of  arc  upon  the  surface  is  given  by 

rf.s'  =  (\  ^p-^) d.r'  +  2pii dxdy  -I- ( 1  -f- 7') dy"" ; 

•  Darboux,  Thcoric  gen^rnle  des  »nrface»,  t.  11,  pp.  424  et  seq. 
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if  6  be  an  integral  of  the  equation 

containing  a  non-additive  constant  a,  the  geodesies  are  given  by 

^r-  =  constant. 
da 

On  the  basis  of  this  property,  the  equation  of  the  required  surfaces 
can  be  constructed. 

Let  <f>(x,  y,  z)  denote  any  function  of  x,  y,  z:  and  let  the 
(unknown)  value  of  z  of  the  surface  be  supposed  substituted  in  ^, 
so  that  it  becomes  the  foregoing  function  6 ;  then 

dx     dx         dz  '     dy     dy         dz ' 

When   these   values    are    substituted   in    the    above    equation,  it 
becomes 

,2 


(i^f)(^^J+a^P')m^(f.,') 


dy)  \dz 


or,  what  is  an  equivalent  lurm, 

When  a  value  of  z  is  obtained  so  as  to  satisfy  this  equation,  and 
when  it  is  substituted  in  the  assumed  function  (f){x,  y,  z),  the 
latter  becomes  a  quantity  0,  such  that  0  =  constant  gives  a  family 
of  parallel  curves.  The  orthogonal  geode.sics  on  the  surface  are 
given  by 

;—  =  constant 
da 

=  0, 

say,  for  one  geodesic,  where  a  is  a  non-additive  constant  in  d. 
Now 

<}>  {^,  y,  z)=6  {x,  y,  a), 

and  the  quantity  a  has  entered  only  through  z,  as  given  by  the 
integral  of  the  foregoing  equation  :  hence 

dz  da      da 
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d(b  . 

SO  that,  as  i~  is  not  zero,  we  have 

oz 

^  =  0- 
da        ' 

and  this  gives  a  geodesic  on  the  surface.     But 

z  =  function  {x,  y,  a), 

^  =  0 
da 

are  the  equations  of  the  characteristic  :  hence  the  surfaces,  obtained 
hy  integrating  the  equation 

where  cf>  (.r,  y,  z)  is  any  function  of  x,  y,  z,  have  geodesies  for  their 
characteristics*. 

Ex.  1 .  Shew  that,  if  the  normals  to  a  surface  touch  the  sphere  x^ +y*  +  z-  =  1 , 
its  equation  satisfies  the  partial  diflferential  equation 

integrate  this  equation,  discussing   the    characteristics    and    the    edge   of 
regression.  (Monge.) 

E.V.  2.  If  the  characteristics  of  a  non-linear  equation  are  straight  lines, 
the  equation  is  of  the  form 

z=p.t  +  gy+f(p,q). 

(Goursat.) 

E.V.  3.     Shew  that  the  characteristics  of  the  equation 

p  +  a={q  +  b}/{.v,i/,z) 

arc  curves  in  parallel  planes;    and  indicate  how  to  form  the  equation  of 
surfaces  whose  characteristics  are  plane  curves. 

•  Tliese  results  are  due  to  Lie,  who  gives  other  properties  in  his  memoir  quoted 
on  p.  244.  The  method  of  establishment  differs  from  Lie's,  which  is  based  upon 
properties  of  complexes  of  lines  and  curves. 


CHAPTER   VII. 

Singular  Integrals  and  their  Geometrical  Properties: 
Singularities  of  the  Characteristics. 

The  authorities  used  in  the  construction  of  this  chapter  have  been  quoted 
at  the  beginning  of  the  preceding  chapter. 

101.  We  now  proceed  to  consider  the  relations  of  the  Singular 
Integral  (which  will  be  assumed  to  exist)  with  the  various  integral 
surfaces  and  curves  that  have  been  discussed.  That  Singular 
Integi-al  is  given  by  the  equation,  which  results  from  the  elimi- 
nation* of  a  and  h  between  the  equations 

cf>(a^,y,,,a,b)=0,     ^  =  0,     ?f  =  0, 

da  oh 

or  by  part  of  that  resulting  equation ;  the  value  of  z  must  be  such 
that  the  differential  equation  is  satisfied.  In  that  case,  the 
resulting  equation  (or  the  part  of  the  resulting  equation)  repre- 
sents the  envelope  which  then  is  possessed  by  the  family  of 
complete  integral  surfaces :  as  the  values  of  p  and  q  are  the  same 

*  It  is  to  be  borne  iu  mind  that  the  singular  integral  is  assumed  to  exist, 
so  that  it  will  arise  as  indicated  in  the  text.  The  result  of  the  elimination  in 
general  is  not  to  give  an  integral  of  the  equation  ;  the  elhninant  contains  the  locus 
of  conical  points  (if  any),  the  locus  of  double  lines  (if  any),  and  other  loci,  which 
are  not  integrals  of  the  differential  equatiou.  For  a  discussion  of  such  matters, 
which  are  not  our  concern  at  this  stage,  reference  may  be  made  to  a  memoir  by 
M.  J.  M.  Hill,  Phil.  Trans.  A  (1892),  pp.  141—278. 

Moreover,  it  is  assumed  that  the  elimination  is  possible,  so  that  tbe  three 
equations  are  independent  of  one  another.  This  condition,  however,  is  not  always 
satisfied;  and  it  is  easy  to  construct  exceptions  of  tbe  type 

Ca  CO 

which  would  make  the  three  equations  equivalent  to  two  onlv.  Again,  such 
matters  are  not  our  present  concern:  we  assume  that,  the  elimination  is  possible, 
and  that  it  leads  to  the  singular  integral. 
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at  any  point,  cominon  to  the  envelope  and  the  complete  integral 
surface,  the  latter  surface  is  touched  by  the  envelope  at  a  common 
point.     Let  the  envelope  be  denoted  In'  E. 

The  three  equations  are  equivalent  to  the  equation  of  E  and 
to  values  (or  to  sets  of  values)  of  a  and  6:  by  each  such  set  of 
values  of  a  and  6,  there  is  given  a  point  on  E  where  it  is  touched 
by<^  =  0. 

Take  any  point  P  on  E,  and  let  the  values  of  a  and  h  at  P  be 
denoted  by  a^  and  b„.     A  characteristic  through  P  is  given  by 

</)  {x,  y,  z,  tto,  6o)  =  0,     6o  =/(ao), 

but  these  equations  are  satisfied,  whatever  be  the  form  f  (a^), 
because  the  equations 

^  =  0     ^^  =  0 

9ao       '     dho 

are  satisfied  at  the  point ;  hence  an  infinitude  of  characteristics 
passes  through  any  point  on  the  envelope.  Moreover,  all  these 
characteristics  through  P  touch  E  there :  for  they  pass  through 
P  as  a  point  on  the  complete  surface  which  touches  E  at  the 
point. 

Take  any  two  curves  PTand  PT'  on  E  passing  through  P; 
let  T  and  T'  denote  points  consecutive  to  P  on  those  curves 
respectively ;  also  let  a^  +  da^,  ho  +  dho  be  the  values  of  a  and  h  for 
T,  and  «o  +  3tt„,  6o  +  56o  be  their  values  for  T'.  Then  along  PT, 
the  values  at  P  of  the  differential  elements  rf,r,  dy,  dz  are  given  by 

0  =  ?*  d.r  +  ^^  dy  +  J^  dz  +  ^^  da,,  +  _f  dh^, 
C.C  dy    ^      dz  d(io  cbo 

0  =  -    ^-  dj-  +  ;.-^  dy  +  5"^  dz  +  ^^  rfa„  +  .    ^.   f/6„, 
daodx  ciiooy  oaoOZ  da„^  caf,do„ 

and  the  hist  two  terms  in  the  first  equation  vanish.  Now  the 
complete  integral  touching  E  at  T'  cuts  the  complete  integral 
touching  E  Hi  P  in  the  chaiacteristic  whose  liquations  are 

«  =  0.    '*+f^f  =  0: 
9«o     ouodbo 
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and  the  direction  of  the  tangent  to  this  characteristic  is  given  by 
the  two  equations 

doc  01/    ^      dz 

0  =  5^5"  dx  +  —^  du  +  ^-^  dz 


+ 


If  then  this  characteristic  touches  PT  at  P,  the  last  two  equations 
giving  the  ratios  da;  :  dy  :  dz  must  be  satisfied  by  the  values  of 
dx,  dy,  dz  belonging  to  PT:  hence 

that  is, 

as?  *'»^''" + ails.  (*•«"« + ''''•^''•) + "a^=  *•»■■  =  »■ 

Moreover,  this  relation  is  symmetrical  between  the  two  sets  of 
differential  elements  that  are  associated  with  T  and  T  respectively. 
Hence  we  have  Darboux's  theorem*: 

//  we  take  any  direction  PT  through  a  point  P  on  E  ivJiich 
represents  the  singular  integral,  and  if  PT  be  the  direction  of  the 
characteristic  which  is  the  intersection  of  the  complete  integrals 
touching  E  at  consecutive  points  P  and  T,  then  PT'  is  the  direction 
of  the  characteristic  tuhich  is  the  intersection  of  the  complete  integrals 
touching  E  at  consecutive  points  P  and  T. 

Characteristics,  in  directions  such  as  PT  and  PT  at  P,  may  be 
called  conjugate:  obviously,  any  characteristic  has  a  conjugate. 

When  a  characteristic  coincides  with  its  conjugate,  so  that  it 
may  be  called  self -conjugate,  its  direction  at  the  point  on  the 
envelope  is  given  by 

Hence,  in  general,  there  are  two  sets  of  curves  upon  the  envelope 
such  that,  at  every  point  upon  each  of  them,  the  tangent 
characteristic  is  self-conjugate ;  such  curves  may  be  called  asym- 

*  L.c.,Y>.  60. 
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ptotic  curves.  The  two  curves  through  any  point  touch  one 
another,  if  the  equation 

8ao*  o6o*      \daodbJ 

is  sati.sfied  at  the  piint.  If  the  equation  is  satisfied  evenrvvhere 
upon  the  envelope,  then  there  is  only  one  asymptotic  cur\e  through 
a  point,  and  there  is  only  a  single  set  of  such  curves  upon  the 
surface. 

The.se  results  are  the  analogue  of  the  results  in  the  ordinary 
theory  of  surfaces :  the  singular  integral  corresponds  to  a  surface, 
the  complete  integrals  correspond  to  the  tangent  planes,  the 
characteristics  to  the  tangent  lines,  conjugate  directions  to  con- 
jugate directions,  and  as3'mptotic  curves  to  asymptotic  curves. 

102.  These  properties  of  the  singular  integral  have  been 
derived  from  the  complete  integral  \\4th  its  associated  cun'es 
and  surfaces:  they  can  be  used  to  bring  the  singular  integi-al 
into  relation  with  the  original  partial  equation 

fix,r/,  z,p,  (/)  =  0. 

We  have  seen  that,  through  any  point  on  the  singular  integral 
surface,  there  passes  an  infinitude  of  tangent  characteristics:  the 
direction  therefore  of  a  chanvcteristic  through  such  a  point,  jvs 
given  by 

dp      dq      ^  dp        dq 
must  be  indeterminate,  and  .so 

dp       '     ?q 
Moreover,  the  equati(Ui    must  be   identically  sjitisfied   when   the 
values  of  z,  p,  q  belonging  ti»  the  singular  integi-al  at  the  jxiint  are 

substituted ;  hence 

df        ?f       ?f        cf     ^ 
dx     '  0z         dp        dq 

df        df      ^df^^df^^ 
dy     ^  dz     '  dp       dq 

tli;it  is,  in  connection  with  the  former  equations,  w.-  \\\\\-<\  Iiom- 

df        df     ^      df        df     ^ 
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We  thus  have  the  former  aggregate  of  equations :  every  singular 
integral  must  satisfy  the  equations 

It  does  not  follow  that  these  equations  definitely  determine 
a  singular  integral.  We  have  already  indicated  one  class  of 
exceptions,  when  the  five  equations  are  satisfied  in  virtue  of  two 
only,  so  that  p  and  q  cannot  be  eliminated  among  them.  But,  as 
pointed*  out  by  Darboux,  there  may  be  other  exceptions.  Thus, 
suppose  the  five  equations  do  determine  z,  p,  q  as  functions  of  x 
and  y;  then,  along  the  surface  expressing  z  in  terms  of  x  and  ?/, 
the  equation 

IS  satisfied,  that  is,  in  virtue  of  the  five  equations,  we  must  have 

f^(dz-pdx-qdy)  =  0. 

If  ~  does  not  vanish,  by  virtue  of  the  values  of  ^,  ;j,  q  in  terms  of 
a;  and  y,  then 

dz  -  pdx  —  qdy  =  0; 
the  relation  between  z,  x,  y  is  then  a  singular  integral.     But  if 
^  does  vanish  by  virtue  of  these  values,  we  are  not  justified  in 

making  the  inference;  the  general  case  then  requires  separate 
consideration,  though  in  any  particular  instance  the  test  of 
satisfying  the  equation  can  be  applied  immediately. 

Ex:  1.     Prove  that  the  normal  to  the  singular  integral  surface  i.s  a  double 
line  on  the  cone  N  of  normals  at  the  point.  (Darboux  ) 

Ex.  2.     Obtain  the  partial  differential  equation  of  the  lirst  order  which 
has 

for  a  complete  integral.     Does  it  posse.ss  a  singular  integral  ? 

Discuss  the  chanu;teristics:    and,   in    particular,   prove    that    there    is 
a  rectihnear  edge  of  regression  of  the  type  indicated  in  §  97. 

[The  edge  of  regression  in  que.stion  is  given  by 

ax=^y=yz, 

*  L.c,  p.  G7  ;  see  also  §  76,  ante. 


254  OHDEK    OF    CONTACT    OF  [102. 

where 

y-(a-  +  /a2)  +  43y=0, 

and  the  relation  l)etween  a  and  h  is 

(ay  +  a)  (6y  +  /3)  +  4  =  0.] 

Ex.  'A.     Di.sciiss  the  integrals  of  the  equation 

and  indicate  the  character  of  the  integral 

z  =  h{x-af.  (Darboux.) 

Ex.  4.     If  an  equation  of  the  tirst  order  possesses  singidar  integrals  and 
can  be  expressed  in  a  form 

au^-\-  6r"  +  cicP = 0, 

where  m,  n,  p  are  integers,  the  singular  integrals  satisfy  the  equations 

?4  =  0,     v=0,     w=0.  (Darl)oux.) 

103.  The  relation  between  the  surfaces  represented  by  the 
general  integral  and  the  singular  integral  respectively  can  be 
indicated  simply.  In  the  equations  of  the  singular  integnil, 
which  are 

<^  {x,  y,  z,  a,h)  =  0,     ^J  =  0,      ^^  =  0, 

the  quantities  a,  h  are  functions  oi x,  y,  z:  if,  therefore,  we  take 

h  =f(a), 

where  /"  is  any  function,  we  are  selecting  a  curve  through  a  })oint 
on  the  singular  integi-al.  At  ever}'  point  on  this  curve,  the 
equations 

,^  =  0,     b=f{a),     ^^ +./"(")  If  =  0, 

are  siitisfied :  as  these  are  the  equations  of  the  general  integral, 
the  curve  lies  upon  the  surface  represented  by  that  integi*al.  At 
any  ])oint  on  this  curve  common  to  the  two  surfaces,  the  values  of 
])  and  7  are  the  same,  being  given  by 

dx^Pdz       '     dy^^dz        ' 

together  with  the  other  equations:  hence  the  two  surfaces  touch 
along  ii  curve. 

It  may  happen  that  the  equation 

b=f(a) 
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ZOO 


determines  not  a  single  curve  alone  but  a  number  of  curves  on  the 
singular  integral :  in  that  case,  each  of  the  curves  is  common  to 
the  singular  integi-al  and  the  appropriate  general  integral  deter- 
mined in  connection  with  the  above  equation,  and  the  two  surfaces 
touch  one  another  at  every  point  on  each  of  the  curves.  Hence 
the  general  integral  and  the  singular  integral  touch  one  another 
along  a  curve  or  curves :  or,  what  is  the  same  property,  through 
any  curve  on  the  surface,  represented  by  the  singular  integi-al, 
there  passes  the  surface,  represented  by  the  general  integral  which 
is  the  envelope  of  the  complete  integrals  that  touch  the  singular 
integi-al  along  the  curve. 

Order  of  Contact  of  the  Singular  Integral  with  the 
General  Integral  and  the  Complete  Integral. 

104.  We  have  seen  that  the  singular  integral,  when  it  exists, 
is  the  envelope  of  the  complete  integrals,  each  of  which  touches  it 
at  one  or  more  points :  it  also  touches  the  general  integrals  along 
a  curve  or  curves.  We  have  to  consider  the  order  of  the  contact, 
a  matter  already  (§§  92,  98)  discussed  for  characteristics  and  com- 
plete integrals. 

The  assumed  singular  integral  is  given  by  the  single  equation 
Avhich  results  from  the  elimination  of  a  and  h  between 

<^{x,y,z,a,h)  =  0,     ^=0,      11  =  0; 

let  this  single  equation  be  suj^posed  resolved  with  regard  to  z,  so 
that  it  has  the  form 

z=:^lr{x,  y). 

We  introduce  a  new  dependent  variable  t,  defined  by  the  equation 

the  complete  integi-al  now  is 

<^(-^',  2/>  t-f  ^,  a,  6)  =  0. 
Derivatives  of  the  first  order  (and  of  all  orders)  with  regard  to 
a  and  h  are  the  same  as  before :   hence,  when  the  elimination  of 
a  and  h  is  performed  between  the  equations 

*=<>■  !*=«■  1=0. 
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and  the  eliminant  is  resolved  with  regard  to  ^,  the  resolved 
equation  of  the  singular  integral  is 

Now  it  may  be  that,  in  both  forms,  there  are  several  branches  of 
the  singular  integral  leading  to  resolved  equations;  in  that  case, 
one  of  them  is  certainly  ^=  0  in  the  second  form ;  and  though  this 
will  not  simultaneously  represent  all  branches  of  the  singular 
integral,  it  will  suffice  for  the  discussion  of  the  order  of  contjvct 
at  the  point.  Accordingly,  without  loss  of  generality  for  the 
immediate  purpose,  we  may  take  the  singular  integral  in  the  form 

z  =  0. 
The  values  oi p  and  q,  in  general,  are  given  by 

for  our  present  pui'pose,  z  =  0,  so  that  p  =  0,  q  =  0:  and  therefore 

dx        '     dy 

Thus  we  have,  at  all  points  of  the  singular  integral  taken  in  the 
form  2:  =  0,  the  five  equations 

^  da  c*6  dx  dy 

But  we  do  not  have  ^  =  0,  in  addition :  for  the  point  would  then 

be  a  singularity,  conical  or  otherwise,  on  the  complete  integral : 
and  circumstances  would  be  exceedingly  special  if  such  a  singularity 
of  the  complete  integrals  were  to  lie  on  the  envelope  of  those 
integrals. 

Take,  first,  a  general  integi-al  in  the  form 

<i>{j;y,z,a.h)=0,     b  =/(»), 

da      da^''    ^^db 

it.  touches  the  singular  integial  ^  =  0  at  one  point  and  along  a  curve 
through  the  point.  Consider  variations  in  the  vicinity  of  any  such 
point.  On  the  singular  integral  z  =  0,  they  will  be  represented  by 
d.r  and  rfy ;  the  variations  da  and  db,  as  determined  for  the  singular 
integral  liy  dx  and  dy,  are  not  at  once  required  for  the  present 
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purpose.  On  the  general  integral,  they  will  be  represented  by 
dz,  da,  and  by  the  same  values  of  dx  and  dy  as  for  the  singular 
mtegi-al :  and  the  order  of  contact  of  the  two  STirfaces  at  the  point 
will  be  measured  by  the  order  of  dz,  expressed  in  terms  of  the 
sman  quantities  dx  and  dy.     Thus,  for  the  general  integral,  we 

fj..Py,f^dz,fja 

where  the  unexpressed  terms  are  the  aggregate  of  terms  bilinear 
in  rf^,  dy,  dz,  da.  But  at  the  point  of  contact  of  the  singular 
integral  and  the  general  integral,  we  have 

so  that  dz  is  at  least  of  the  second  order  of  small  quantities ;  hence 

But,  because  g  =  0  for  the  general  integral,  we  have 
accurately  to  the  first  order  of  small  quantities:  thus 

accurately  to  the  second  order  inclusive. 

When  the  contact  between  the  surfaces  is  of  the  first  order 
dz  IS  of  the  second  order  in  the  small  quantities  dx  and  dy.     The 
p.  v. 

17 
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right-hand  side  of  the  above  expression  for  dz  does  not  vanish  for 
all  values  of  dx  and  dy,  except  under  special  conditions;  and 
therefore  the  contact  between  the  general  integral  and  the  singular 
integral  at  any  point  is  usually  of  the  first  order.  There  are 
apparently  two  directions,  given  by 


etc' 


where  t  satisfies  the  quadratic 

along  which  dz  is  of  the  third  order ;  but  these  two  directions  will 
later*  be  proved  to  be  the  same,  a  property  that  can  be  verified  by 
means  of  the  analysis  that  follows. 

105.  When  the  contact  between  the  surfaces  is  of  the  second 
order,  dz  is  of  the  third  order  in  the  small  quantities  dx  and  dy ; 
and  therefore  the  right-hand  side  of  the  expression  obtained  for 
dz,  being  generally  accurate  up  to  the  second  order,  must  vanish 
up  to  that  order  for  all  values  of  dx  and  dy.  That  this  may  be  the 
case,  we  must  have 


3 


da^  dx'      [dadx^      dbdxj  ' 


da'  dxdy      [dadx  dbdxJ  \dady  dbdyl  ' 

da^  dy^      \dady  hbdy)  ' 


so  that,  if  we  take 
we  must  have 
and  also 


d^~^  dxdy ' 
dxdy  ~     dy^ ' 


dadx  "^     dbdx     ^ dady        ^  dbdy' 

We  can  prove  that  the  last  equation  is  satisfied  in  virtue  of  the 
other  two,  as  follows. 

•  See  §  12.5. 
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Consider  the  variations  along  the  singular  integral  in  the 
immediate  vicinity  of  the  point  of  contact;  the  quantities  d^  and 
dy  determine  variations  da  and  db  along  the  singular  integral,  and 
conversely:  and  because  |^  =  0  and  |^  =  0,  these  are  subject  to 
the  relations 

Multiplying  the  second  equation  by  ^  and  subtracting  from  the 
nrst,  we  have 

In  order  to  take  all  directions  through  the  point,  we  must  keep 
dw  and  dy  mdependent  of  one  another;  and  therefore  da  and  db 
are  independent  of  one  another,  so  that 

dadx     ^dady~^' 

dbdx     ^dbdy-^- 
.    Hence  the  equation 

dadx        dbdx      '^dady  ^     ^  dbd^ 

is  satisfied  for  all  values  of  b' :    and  this  holds  in  virtue  of  the 
equations 

dx'      ^  dxdy  '      dxdy  ~  ^  dy' ' 
Consequently,  if  one  general  integral  has  contact  of  the  second  order 
with  the  singular  integral,  all  general  integrals  have  contact  of  that 
order  with  the  singular  integral. 

Ex.  1.     Prove  that,  if  the  equation 

doc^  9^2  —  \px-dy) 
is  satisfied  at  any  point  on  the  singular  integral,  then  the  equation 

3^  820  _  /  820  \2 

8a2  362  -  \d^b) 
is  also  satisfied :  and  conversely.  rD    b 

Ex.  2.     Discuss  the  preceding  proposition  in  the  text  when  ^~  vanishes 

Cxoy 

17—2 


dx  cy    "      dz 
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106  Now  consider  the  order  of  contact  between  the  complete 
integi-al  and  the  singular  integral  at  a  point.  In  the  vicinity  of 
th.'  point,  variations  along  the  complete  integial  are  given  by 
dx,  dy,  dz  al..ne;  for  a  and  b  are  constants  along  the  complete 
integral.     As  its  equation  is 

(f>  {x,  y,  z,  a,  b)  =  0, 
those  variations  are  given  by 

gyt  ?<^  =  0  and  ^'^  =  0  at  the  point  in  (juestiou  :  hence,  accurately 

da-  dy 

to  the  second  order  inclusive, 

The  expression  on  the  right-hand  side  does  not  in  general  vanish 
for  all  values  of  d.v  and  dy,  except  under  very  special  conditions : 
hence  the  contact  between  the  complete  integral  and  the  singular 
integral  is  usually  of  the  first  order.  There  are  however  two 
directions  given  by 

da- 

where  t  satisfies  the  quadratic 

•^long  which  dz  is  of  the  third  ..rder;  the  p<5int  is  usually  a  double 
point  on  the  curve  of  intersection  of  the  two  surfaces,  and  these 
directions  are  the  tangents  to  this  curve  at  the  point. 

Special  interest  attaches  to  the  case  when  these  two  directions 
coincide:  the  two  surfsvces  are  then  said  to  osculats.  In  that 
cju5e,  we  have 

dx"      ^dxdy'     dxdy     ^  df  ' 
and  conversely,  if  these  conditions  hold,  the  two  surfaces  osculate. 
Taking  account  of  the  earlier  result  relating  to  general  integrals, 
we  have  the  theorem :  if  the  complete  integrals  do  not  osculate  the 
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singular  integral,  then  no  integral  ha^  contact  of  the  second  order 
ivith  the  singidar  integral:  hut  if  the  complete  inteqrals  do  osculate 
the  singidar  integral,  then  all  the  general  integrals  have  contact  of 
the  second  order  ivith  the  singular  integral. 

Ex.     Prove  that,  if  the  complete  integral  osculates  the  singular  integral, 
all  the  characteristics  passing  through  the  point  of  contact  have  the  same 

taTlcrpnf. 


tangent. 

Illustrate   this   property   by   reference   to    the   spheres   that  osculate  a 
surface.  /i^    i 

(Darboux.) 


Singularities  on  the  Characteristics. 

107.     In  the  preceding  discussion  of  the  surfaces  and  curves 
associated  with  the  integrals  of  the  differential  equation 

/(^.  y,  z,  p,  q)  =  0, 
we  have  been  concerned  mainly  with  regions  that  are  devoid  of 
singularities  for  those  surfaces  and  curves ;  the  effect  of  possible 
singularities  must  now  be  considered.  Also,  it  will  be  convenient 
to  consider  at  the  same  time  the  exceptional  cases  of  the  preceding 
investigations  that  were  noted  (§§  85,  89)  but  not  discussed.  We 
shall  proceed,  as  before,  from  the  characteristics. 

It  may  be  assumed  that  the  equation  /=  0  has  been  trans- 
formed so  as  to  be  free  from  irrationalities ;  and  we  shall  discount 
the  loss  of  generality  in  assuming,  as  will  be  done,  that  /  is  a 
regular  function  of  its  arguments.  Take  the  tangent  plane  to  any 
mtegral  surface  as  the  plane  z  =  0,  and  the  point  of  contact  for 
origm:  then  at  that  point  ^^  =  0,  ^  =  0;  in  the  vicinity  of  the 
pomt,/is  a  regular  function  of  x,  y,  z,  p,  q,  which  vanishes  at  the 
pomt.     The  equations  of  the  characteristic  are 

—  =  ^  =       c?^       _         dp         _         dq 

P      Q     pP  +  qQ~-{X+pZ)--{Y^^r^*' 

we  propose  to  discuss  the  form  of  the  characteristic  in  the  vicinity 
of  the  origin,  according  to  the  varieties  of  form  of /=  0. 

If  P  vanishes  but  not  Q,  the  axes  of  x  and  y  can  be  changed  to 
another  set  such  that  neither  the  new  P  nor  the  new  Q  shall 
vanish  at  the  point:  similarly,  if  either  X -^ pZ  or  F+gZ should 
vanish  but  not  both,  a  change  can  be  made  such  that  neither  of 
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the  quantities  in  the  new  position  shall  vanish.  Also,  taking 
account  of  earlier  exceptions,  we  thus  have  the  following  cases: 

I.        All  the  denominators  an-  diffiTcnt  from  zero  at  the  point : 

II.       The  quantities  P  .and  Q  vanish  at  the  point,  but  not  the 
others : 

TIT.      The  (juantities  X  +  pZ  ami    V  +  qZ  vani.sh  at  the  point, 
but  not  the  othei-s  : 

IV.      All  the  denominators  vanish  at  the  point,  but  Z  is  not 
zero: 

V,        All  the  quantities  X,  Y,  Z,  P,  Q  vanish. 

Of  these,  the  first  is  included  in  order  to  make  the  set  complete: 
it  is  the  assumption  that  was  made  in  the  earlier  investigations 
and,  as  there,  it  will  be  found  to  constitute  the  origin  an  onlinary 
point.  The  .second  has  been  left  over  from  §  88,  and  the  fifth 
from  §  78;  and  the  fourth  h;is  given  a  singular  integral,  if  .such  an 
integi'al  exists.     Let 

/'=  ax  +  b;i  -{■  C2-^f/p-\-  liq  +  ..  . 

108.  Ca.se  I.  As  A'  +  j)Z,  V  +  <jZ,  P,  Q  dn  not  vani.sh  at  the 
(.)rigin,  a,  b,  g,  h  are  not  zero.  Hence,  assuming  that  /  vanishes  at 
the  origin,  we  have,  in  the  immediate  vicinity, 

dx     _     dy     _  ~  ^P  _  ~  dq  _  , 


and  therefore 


so  that 


^+ ...      h-\- ...      a-v...      6  + 

dz=^pd.r  +  qdy, 

iV  =  gt+  ...,        1/  =  /it+  ..., 
j,  =  —at  +  ...,     q  =  —  bt+..., 
dz  =  —  (ag  +  b/i)  tdt  +  ..., 


2  =  -^(ag  +  bh)t'+.... 
Hence,  in  the  vicinity  of  the  origin,  the  chai-acteristic  is  given  by 

/, 
y  =  -  X  +  ..., 

9 
_  _  cp  +  bh  . 

2/7"     ■^-^••" 

the  origin  is  an  ordinarv  point  on  the  characteristic,  which 
touches  the  plane  z  =  ()  there.  This,  as  already  indicated,  is  the 
former  result. 
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109.     Case  II.     As  P  and  Q  vanish  at  the  origin,  we  have 

^  =  0,      /i  -  0. 

Let 

/=  iix  +  by  +  C2  +  {a'x  +  h'y  +  c'z)p  +  {a"x  +  h"y  +  c"z)  q 

+  1  {ap"'  +  2^pq  +  7r/)  +  <^  (^.^  y,  ^,  ^,  ^), 

where  (^{x,  y,  z,  p,  q)  contains  terms  of  the  second  degree  in 
X,  y,  z  alone,  and  all  other  terms  in  all  the  quantities  of  higher 
degree  in  the  aggregate.  Two  of  the  equations  of  the  character- 
istic now  are 

a+...      h+... 
so  that 

p  =  —  at-{-...,     q  =  —  ht+..., 

in  the  vicinity  of  the  origin ;  and  the  other  equations  are 
~  =  ax  +  b'y  +  c'z  +  ap  +  ^q  +  ..., 

^  =  a"x  +  b"y  +  c"z -i  ^p  +  yq+  ..., 

dz  _     dx         dy 
di^^^  dt'^'^  df 

(A)  First,  suppose  that  neither  of  the  quantities  aa  +  ^b  and 
y8a  +  76  vanishes ;  this  is  the  most  general  case  as  it  involves  no 
restricting  relation  between  constants.     Then  we  have 

x  =  -l{aa-\-^b)i;-+  ...,     y  =  -  ^{&a  +  ^b)t'  -{■... , 

dz 

-^^={aa''  +  2/3ab  +  yb')t'+..., 

so  that 

z  =  ^(aa;'+2^ab+y¥)t^+...; 

and  therefore,  in  the  immediate  vicinity  of  the  origin,  the  charac- 
teristic is  given  by 

3 

y  =  fjix+...,       z  =  fjLX^  -H  . - . , 

where  fx  and  /x'  are  determinate  constants.  The  origin  is  a  cusp 
on  the  characteristic;  the  tangent  at  the  cusp  lies  in  the  plane 
^  =  0,  along  the  line  y  =  yu.,r. 

It  thus  appears  that,  when/=0,  P  =  0,  (?  =  0,  while  X  +  j)Z 
and  Y+  qZ  are  not  zero,  and  when  they  allow  the  elimination  of 
p  and  q  between  the  three  equations  (which  is  the  most  general 
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case,  as  not  involving  relations  among  the  equations),  the  surface 
given  by  the  eliniinant  is  a  locus  of  cusps  of  the  chanvcteristics. 
Hence,  in  general,  the  surface  obtained  by  eliminating  p  and  q 
between  the  equations 

/=0,     P  =  0,     Q  =  0, 

is  a  locus  of  cusps  of  the  characteristics;  through  every  point  of  the 
surface  there  passes  a  characteristic  having  a  cusp  at  that  point. 

If  it  should  happen  that  aa-  +  2fiab  +  yb-  vanishes  though 
aa  +  ^b  and  ^a  +  76  do  not  vanish,  the  only  difference  is  that,  in 

the  vicinity  of  the  origin, 

I 
y  =  fix+  ...,     z  =  \j^  -\-\iX^  +  ...: 

the  origin  is  still  a  singularity  on  the  curve  in  general,  of  an  order 
higher  than  a  cusp. 

Ex.     Prove  that  the  tangent  plane  of  the  characteristic  developable  in 

given  by 

z  +  at.r  +  btij  + 1  {aa-  +  2^tb  +  yb-)  fi=0, 

keei)ing  the  most  important  terms,  and  that  therefore  the  point  is  an  ordinary 
ix)int  for  the  developable.  (Darboux.) 

(B)  Next,  suppose  that  one  (but  not  both)  of  the  two 
quantities  aa  +  ^b,  ^a  +  76  vanishes :    let 

/3(i  +  76  =  0. 

Proceeding  as  before,  we  have 

a;  =  -^(2a  +  y3/>)<^  +  ..., 

//  =  \^  +  . . . , 

z  =  l^{aa->rl3b)ar'+...\ 
and  therefore,  in  ihe  vicinity  of  the  origin,  we  have 

1/  =  fiZ  +  .  . .  ,       Z  =  fjUV    + 

The  origin  is  a  cusp  on  the  characteristic ;  the  tangent  to  the  cusp 
is  the  axis  of  y. 

If  X  =  0,  or  if  a  =  0,  or  if  both  X  and  a  vanish,  the  origin  is  still 
a  singularity  on  the  curve  of  an  order  iiigher  than  a  cusp:  the 
curve  still  touches  the  plane  of  z  at  the  origin. 

(C)  Lastly,  suppose  that 

aa  +  /36  =  0,     /3«  +  76  =  0  : 
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then,  in  the  most  general  case,  that  is  subject  to  these  conditions, 
we  find 

so  that,  in  the  vicinity  of  the  origin, 

1/  =  /jlj:  +  ...,       z  =  fjbx'  +  — 

The  origin  is  a  singuhirity  on  the  characteristic :  and  the  tangent 
to  the  characteristic  lies  in  the  plane  of  ^  =  0  along  the  line  y  =  fix. 

Similarly,  for  other  special  relations  among  the  constants,  we 
obtain  a  corresponding  result :  in  every  case,  the  equation  obtained 
by  eliminating  ^j  and  g*  between /=  0,  P  =  0,  Q  =  Q,  when  X-\-pZ 
and  Y  +  qZ  do  not  vanish,  is  a  locus  of  singularities  on  the  charac- 
teristics. 

110.  Case  III.  As  X  +  pZ  and  F-h  qZ  vanish  at  the  origin, 
we  have 

rt  =  0,     6  =  0; 

but  P  and  Q  do  not  vanish  there,  so  that  g  and  h  are  different 
from  zero.     Hence 

/=  c2+gp  +  hq  +  {ax  +  h'y  +  cz)p  +  {a"x  +  h"y  +  c"z)  q 

+  i  (aif  +  2fy)q  +  7(/-^)  + 1  (Ax-"'  +  2Bxy  +  Of-)  +  ^  {x,  y,  z,  p,  q), 

where  i/r  contains  terms  of  the   third  and   higher  orders.     The 
equations  are 

dx  _  dy 


so  that 
also 


dr^+--  i=''  +  - 


x  =  gt  +  ...,      y  =  ht+  ...; 
dp 


dt 


(c  +  a')  p  +  a"q  +  Ax  +  By+  ..., 


so  that 


Hence 


-%  =  h'p  +  {h"  +  c)q  +  Bx  +  Cy+..., 

p  =  -^(Ag  +  Bh)t-+..., 
q  =  -^{Bg  +  Ch)f-+.... 

dz  _     dx         dy 
di^^^di^^dt 

=  -  i  [Ag^-  +  2Bgh  +  Ch^  t'+..., 
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and  so 

Z  =  -l  (Af  +  2Ii;,h  +  rir)  t'+  .... 

ConseqiU'ntly  the  characteristic,  in  the  vicinity  of  the  origin,  is 

given  by 

y  =  fjuT  +  ...,     z  =  p.r^  +  . . . ; 

the  point  is  an  inflexion  on  the  characteristic,  and  the  inflexional 
tangent  to  the  chanicteristic  lies  in  the  plane  of  z  along  the  line 

Ex.     Prove,  by  means  of  reciprocal  polars  applied  to  Case  II  or  othenvise, 
that  the  surface,  obtained  by  eliminating/)  and  q  l*etween  the  equations 

/=0,     X+pZ=Q,     r+qZ=0, 
is  a  locus  such  that,  at  every  point  on  it,  the  characteristic  developable  of 
the  equation  /"=()  has  a  singular  plane.    Sketch  the  characteristic  develoi)able 
in  the  vicinity  of  the  point.  (Darboux.) 

111.     Case  IV.     Here  we  have 

/=0,     P  =  0,     Q  =  0,     X+pZ  =  0,     V-\-,jZ=0, 

while  Z  is  not  zero.  These  are  five  equations,  which  involve  five 
quantities  a:,  y,  z,  p,  7  :  lii-nce  if  /,  already  supposed  regular,  be  a 
poljmomial  function  of  its  arguments,  there  would  in  general  l>e 
only  a  limited  number  of  sets  of  values  of  the  five  variables,  and 
therefore  only  a  limited  number  of  such  points. 

Taking  the  origin  to  be  such  a  point,  we  assume  (as  before) 
that  X,  y,  z,  p,  q  m11  vanish  there  :  hence 

a,  =  0,     6  =  0,     (j=  0,     //  =  0, 

and  the  equations  of  the  characteristic,  in  the  immediate  vicinity 
of  the  origin,  are 

-'  -  =  a!x  +  h'y  +  cz  +  ap  +  ^q  +  ..., 
^J-  =  ax  +  h"y  +  c"z  -^^p  +  ri^'-^ 


,    =  Ax  +  By  +  {c  +  d') p  ■{•  a"q + 


dp  _ 
dt  ^ 


dz         dx         du 
dt  =  ''  dt  +  "i  dt 
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As  the  only  regular  integrals  of  these   equations,  which   vanish 

when   ^  =  0,    are 

X  =  0,     y  =  0,     z  =  0,    p  =  0,     q  =  0, 

it  is  simpler  to  make  a;  the  independent  variable  of  the  character- 
istic and  omit  t  completely.  It  is  clear  that  z  is  of  a  higher  order 
of  small  quantities  than  x  or  i/  in  the  vicinity  of  the  origin  ;  hence, 
retaining  only  the  most  important  terms  within  this  vicinity,  the 
equations  may  be  taken  in  the  form 

dy  _  a"x  +  h" y  +  /3yj  +  7^/ 
dx       ax  +  b'y  +  ap  +  /3q  ' 

dp  _  Ax  +  By  +  (c  +  a)  p  -\-  a"q 
dx 


dq 
dx 


a'x  +  b'y  +  ap  +  /3q 
Bx+Cy  +  h'p  +  {b"  +  c)q 


a'x  +  b'y  +  dp  -f  /3q 
Then  *  there  are  integi'als  of  these  equations  of  the  form 

y  =  x{p  +  77), 

p  =  ^r.  (a-  +  it), 

q  =  X  (t  +  k), 
where  p,  a-,  t  are  constants,  and  77,  vr,  k  are  functions  of  x  that 
vanish  with  x.     As  regards  the  constants,  they  are  given  by  the 

equations 

_  a"  +  b"p  +  ^a  +  jT 
^  ~  a'  +  b'p  +  ao-  +  ySr  ' 


a  = 


T  = 


A  +  Bp-\-{c  +  a')  <T  + 


a"r 


a'  +  b'p  +  ao-  +  /St 


Writing 
we  have 


a'  +  b'p  +  aa  +  /3t 
0  =  a  +  b'p  +  aa  +  /3t, 


pO  =  a"  -\-  b"p  +  /3cr  +  7T, 
(T6  =  A+Bp-\-{c  +  a')  a  -f  a"T, 
rd  =  B  +  Cp  +  b'a+  (b"  +  c)  T. 
Hence  ^  is  a  root  of  the  equation 


a  -  e, 

b'    , 

a 

/8 

b"-e, 

/3        , 

7 

A    , 

B     , 

c  +  a'  -  d, 

a 

B    , 

c   , 

b'         ,    b" 

+  c-d 

*  See  Part  in  0 

f  this  treatise,  chapt 

ers  XI,  XII 

=  0; 
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when  6  is  known,  any  throe  of  the  earlier  equations  determine 
p.    cr,   T. 

For  the  quantities  77,  ir,  k,  we  have 

dr)  _p0  +  b"7}  +  /Stt  +  7/t 
P'^'^'^'^'dr'    e  +  b'v+a-rr  +  ^K   ' 


so  that 


^dr]^_        ,    (6"  -  b'p)  rj  +  (^-ap)7r  +  (7  -  ^p)  k 
^  dx  ^  d+b'rj+aTr+^K 


=  ff  W  -b'p-e)v  +  i/3-  ap)  TT  +  iy-  ^p)  k], 
to  the  order  of"  quantities  retained  ;  and  similarly 

^1^  =  1  {{S  -  b'a)  rj  +  (c  +  a'-0L<T-0)7r  +  (a"  -  /9<r)  k\, 

x^£  =  ^[{C-b'T)rj  +  {b'  -aT)'ir  +  (h"  ■^c-l3T-e)K]\ 

and  the  quantities  77,  tt,  k  are  to  vanish  with  x.     The  chanvcters  of 
these  functions  depend  upon  the  roots  of  the  critical  cubic 


b"  —  b'p  —  6  —  fj,, 
B-h'a 
0  -  b'r 


=  0 


/3  -  ap  ,  7  -  ^P 

c  ->t  a  —  aa  —  6  --  p,,  a"  —  ^cr 

b'  —  OLT  ,      b"  -\-  c  —  ^T  —  S  —  p. 

in  /i, :  and  these  can  be  expressed  in  terms  of  the  roots  of  the 
preceding  <|uartic. 

Let  ^1,  6.,  03,  6i  be  the  roots  of  that  quartic :  of  these,  suppose 
that  ^1  is  the  root  of  the  quartic  chosen,  and  that  the  convsponding 
values  of  p,  o-,  r  have  been  obtained.  IMultiply  the  columns  of  the 
quartic  determinant  by  1,  p,  o",  t  and  subtract  the  sum  of  the  hist 
three  from  the  first :  the  determinant  is 

0,-0,  b'    ,  a       ,           /3 

p{0,-0),  b''-0,  0       ,            7 

<r{0,-0).  B    ,  c+a-0,            a" 

T{0,-0),  C    ,  b'       ,  b"+c-e 

Multiply  the  first  row  by  p,  a,  r  in  turn  and  subtnxct  the  products 
from  the  second  row,  the  thin!  row,  and  the  fourth  row  in 
respective  succession :    the  determinant  is 

0.-0.  b'         ,  a            ,                fi 

0     ,  h"-b'p-0,  ^-ap        ,             7-/9p 

0     ,  B-b'a-     ,  c  +  a'-aa-0,            a"  -  0a 

0     .  C-br     ,  b'-ar        ,  b"  +  c  -  0t  -  0 
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and  it  is  equal  to  the  determinant  in  the  quartic  equation.    Hence 
the  roots  of 


h"-h'p-e,  /3-ap       ,  7-y9p 

B  —  h'cr    ,     c  +  a'  —  aa  —  0,  a'  —  /3o- 

C-h'r     ,  b'-ar        ,  b"  +  c  -  ^r  -  d 

are  6.2,  d.^,  64.     But  the  cubic  in  fi  is 


=  0 


=  0; 


b" -b'p-6,-fi,  ^-ocp  ,  J-^p 

B  —  b'(T       ,     c  -\-  a'  —  a.a  —  6^  —  jjb,  a"  —  /3o- 

G-b'T       ,  b'-ar  ,  b"  +  c-/3T-d,-fi 

hence  the  roots  are 

that  is,  the  roots  of  the  cubic  in  //,  are 

0.,  —  Oi,     dj  —  di,     0^  —  01, 

where  6^  is  the  root  of  the  quartic  selected  for    the  case  under 
consideration. 

We  shall  denote  these  roots  by  fi^,  fx^,  ^3. 

112.  Of  the  various  sub-cases,  it  will  be  sufficient  to  mention 
some  of  the  more  important. 

(i)  Let  the  three  roots  of  the  critical  cubic  be  unequal  to  one 
another,  no  one  of  them  being  a  positive  integer;  then  the  pre- 
ceding equations  possess  integrals,  expressing  r),  tt,  k  as  unique 
regular  functions  of  x  which  vanish  with  x.  For  this  characteristic, 
we  have 

z  =  ^{a  +  pr)a;'+...; 

the  point  in  question  is  an  ordinary  point  on  the  curve,  which  has 
its  tangent  lying  in  the  plane  2=0  along  the  line  y  =  pec. 

Further  integrals  may  be  possessed  by  the  equations,  on  the 
preceding  assumption  as  to  the  roots :  but  the  integrals  are  not 
regular  functions  of  x. 

If  the  real  parts  of  /i, ,  //,._>,  /n-.  are  positive  and  are  such  that  no 
one  of  the  quantities 

(m-i  —  1) /A,  4-  i/infXo  +  m-jfis  +  m^, 

nil  fXi  +  (m.2  —  1 )  /io  +  m^ifjLs  +  m^, 

iti^fXy  +  m^/j^  +  {in-i  —\)/X:i+  m^, 


270  CRITICAL  [112. 

vanishes  for  positive  integer  values  ///,,  ///..,  in,,  m^,  such  that 
//(,  +  III..+  >ii^-\-  iiii'^2,  the  equations  possess  a  triple  infinitude  of 
non-reguhir  integrals  that  vanish  with  x:  these  integrals  are 
regular  functions  of  x,  af-\  x^,  x*^*.  There  is  thus  a  triple  infinitude 
of  curves  through  the  point :  it  is  easily  seen  to  be  a  singularity 
on  each  of  them. 

If  the  real  parts  of  /i,  and  fi.^  be  positive,  if  that  of  /x,  be 
negative,  and   if  no  one  of  the  quantities 

(m^  -  1)  ^1  +  iiiifi.,  +  iii,,     iiiifjLi  +  (nh  —  1 )  A^i  +  "h 

vanishes  for  positive  integer  values  ;n,,  in^,  m^,  such  that 

Wi  +  ///„  4-  11I3  ^  2, 

the  equations  possess  a  double  infinitude  of  non-regiUar  integrals 
that  vanish  with  x:  these  integrals  are  regular  functions  of  ar,  x^', 
x^K  There  is  then  a  double  infinitude  of  curves  through  the 
origin :  it  is  easily  seen  to  be  a  singularity  on  each  of  them. 

If  the  real  part  of  /Zi  be  positive,  and  if  the  real  parts  of  /x^  and  ft, 
be  negative,  the  equations  possess  a  single  infinitude  of  non-regular 
integrals  that  vanish  with  x ;  these  integi-als  are  regular  functit)ns 
of  X  and  x^'.  There  is  then  a  single  infinitude  of  curves  through 
the  origin ;  the  point  is  easily  seen  to  be  a  singularity  on  each  of 
them. 

If  the  real  parts  of  /x, ,  ft.,,  fi^  be  each  negative,  the  regular 
integrals  first  indicated  are  the  only  integrals  of  the  eqiiation 
which  vanish  with  x.  As  alieady  proved,  the  origin  is  then  an 
ordinary  point  upon  the  sole  characteristic,  which  passes  through 
it  touching  the  ])lane  2  =  0  at  the  point. 

(ii)  Let  the  three  roots  of  the  critical  cubic  be  unequal  to  one 
another,  and  let  mie  (but  nnly  <>nc)  of  th<'ni,  say  /x,.  hv  a  positive 
integer. 

Unless  a  particular  condition  among  the  coetficients  in  the 
equations  be  satisfied,  the  t'cpiations  ])ossess  no  regular  integnvls 
that  vanish  with  ./•.  When  that  condition  is  not  satisfied,  they 
])osse.ss  a  sim])le  infinitude  of  non-regular  integrals  that  vanish 
with  X,  being  regular  functions  of  x  and  x  log.r,  if  the  real  parts  of 
/Lt.j  and  /ij  are  negative :  they  po.sse.ss  a  double  infinitude  of  non- 
regular  integrals  that  vanish  with  x,  being  regular  functions  of 
X,  a;  log  a;,  and  x^,  if  the  real  part  of /i-,  is  positive  and  the  real  part 
of  fit  is  negative ;  they  possess  a  triple  infinitude  of  non-regular 
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integrals  that  vanish  with  x,  being  regular  functions  of  x,  a;log.r, 
af-t,  xi^^,  if  the  real  parts  of  n^  and  ix^  are  positive.  Every  curve 
passing  through  the  point  has  the  origin  for  a  singularity. 

When  the  particular  condition  among  the  coefficients  in  the 
equation  is  satisfied,  the  equations  possess  a  simple  infinitude  of 
regular  integrals  that  vanish  with  x :  each  of  these  gives  a 
characteristic  touching  the  plane  2  =  0  along  the  same  tangent 
y  =  px  in  that  plane,  and  the  point  of  contact  is  an  ordinary  point 
for  each  curve  in  the  infinitude.  Further,  when  the  condition  is 
satisfied,  the  equations  possess  either  a  double  infinitude  or  a  single 
infinitude  of  non-regular  integrals  according  as  the  real  parts  of  fM., 
and  /jLs,  or  of  only  one  of  them,  are  positive,  these  integrals  being 
regular  functions  of  x,  xi^"-  and  xi^-^,  or  of  x  and  either  x>^^  or 
a;'*3,  according  to  the  respective  cases ;  for  each  of  these  curves,  the 
origin  is  a  singularity.  But  if  the  real  parts  of  fx.,  and  /i.3  are 
negative,  the  equations  are  devoid  of  non-regular  integrals. 

And  so  for  other  cases :  the  results  depend  upon  the  characters 
of  the  integrals  of  the  equations  for  r/,  ir,  k:  and  these  characters 
are  known  by  the  critical  conditions*  as  regards  the  roots  fi^,  /j^, 
fis.  Regular  integi-als  make  the  origin  an  ordinary  point  on  the 
corresponding  characteristics :  non-regular  integrals  make  the 
origin  a  singularity  on  the  corresponding  characteristics. 

113.  At  the  beginning  of  the  discussion,  it  was  pointed  out 
that  the  five  equations 

/=0,     P  =  0,     Q  =  0,     X+fZ=0,     Y+qZ=0 

will,  in  general,  give  a  finite  number  of  determinations  of  sets  of 
values  of  the  variables  involved :  so  that,  in  general,  there  will  be 
a  finite  number  of  points  in  space  at  which  the  characteristics 
must  be  considered  for  the  present  purpose.  The  preceding 
discussion  is  typical  of  the  discussion  to  be  effected  at  each  such 
point  for  any  particular  equation  of  the  assumed  character. 

But  the  five  equations  may  be  of  such  a  form,  or  they  may  be 
so  related,  that  they  do  not  determine  a  set  of  values  or  a  limited 

*  These  are  set  out  for  equations  of  the  form  in  question  in  11  variables,  in 
§  187,  chapter  xii,  vol.  iii,  of  this  treatise.  They  were  proved  in  full  detail  for  all 
the  cases,  that  arise  in  a  system  of  two  eijuations,  in  my  memoir,  Oit  the  inti'ijrah 
of  Di/stems  of  dij'ereutial  equations,  published  in  the  Stokes  1899  Commemoration 
volume  (vol.  xviii,  1900)  of  the  Transactions  of  the  Cambridge  Philosophical 
Society. 
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nmnlxT  of  sets  of  values  for  the  Hve  variables  involved.  In  that 
event,  there  are  three  possible  alternativi-s,  always  on  the  adopted 
hyiMtthesis  that  the  equation /*=()  is  irn'(luci])le : 

(a)  they  may  determine  four  of  the  variables  in  terms  of  the 
remaining  one,  say,  y,  z,  p,  q,  in  terms  of  a;;  there  then 
is  a  curve-locus  in  sp;ice,  and  values  of  p  and  q  are 
associated  with  ejich  point  on  the  curve: 

(6)  they  may  determine  three  of  the  variables  in  terms  of 
the  remaining  two,  say  z,  p,  q  in  terms  of  x,  y,  there 
then  is  a  surface-locus  in  space,  and  values  of  /)  and  7 
are  associated  with  each  point  on  the  surface: 

(c)  they  may  determine  two  of  the  variables  in  terms  of  the 
remaining  three,  say  p,  q  in  terms  of  x,y,z;  values  of 
j)  and  7  are  tlu-ii  ivssociated  with  each  point  of  space. 

The   third   of  these   alternatives    has  already  been  discussed 
(§§78,  79):    substitution  of/)  and   7   in 

dz  =  pdx-\-qdy, 

followed  by  a  (juadrature,  leads  to  a  surface  integral  of  the  equa- 
tion. A  characteristic  through  any  point  on  such  a  surface  lies  in 
the  surfiice.  The  second  of  these  alternatives  leads  to  a  singular 
integral  of  the  equation,  unless  Z=0\  we  shall  come  to  the 
consideration  of  the  characteristics  through  a  point  on  the  surface 
after  the  discussion  of  the  first  alternative,  which  cnn  be  discussed 
briefly  after  the  earlier  analysis. 

114.     Suppo.se,  then,  that  the  five  equations 

/=0.     7^  =  0.     Q  =  0,     A'  +  ;)/  =  0.     Y  +  qZ  =  i^ 

determine  a  curvi'-locus 

y  =  u  (.r).     z  =  v  {x), 

together  with  values  of/)  and  q  as  functions  oi x  in  the  form 

p  =  7r  (./•),     <i  =  K  (./•). 

Take  any  ])oint  on  this  locus,  say  x  =  x^;  transfer  the  origin  to 
that  ])oint ,  and  lit 

TT  (,./■„)  =  77,,,        /C(.J'o)  =  /f... 

TIkii  the  t'oiin  of  /'must  be  such  that  th(^  fivc^  equations  give 
// =  0,      2  =  0.     p  =  Trn,      q  =  Ko, 
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when  X  =  0.     As  may  easily  be  verified,  we  have 

/=  c(2  —  XTTo  —  2/f  o)  +  higher  powers  of  x,  y,  z 
+  (p-'Tro)R  (x,  y,  z,  p  -7ro,q-  Ko) 
+  (q  -  Ko)  S  (x,  y,  z,p-7ro>  q-  Kq), 

where  R  and  /S  are  regular  functions  of  their  arguments :  these 
functions  must  vanish  when  x  =  0,  y  =  0,  z  =  0,  p  =  ttq,  q  =  Kq-. 
and  there  must  be  limitations  on  the  form  of  /  sufficient  to  make 
the  five  equations  equivalent  to  four  only,  though  the  precise  form 
of  the  limitation  is  not  necessary  for  the  present  purpose.  What 
is  required  is  the  nature  of  this  point  as  a  point  on  the  charac- 
teristic. 

The  point  is  the  origin :  as  usual,  we  take  the  tangent  plane 
to  the  integral  surface  to  be  2  =  0,  so  that  p  =  0,  q  =  0  at  the  point 
on  the  characteristic.     Let 

\o  =  R  (0,   0,   0,   —  TTo,    —  Kq)  -  TTo^o'    —  KoSo    , 
fJ-0=  S  (0,   0,   0,   —  7r„,   —  /Co)  —  TTo-fto"  —  KoSo", 

where  R/,  Ra",  S/,  S^"  are  the  values  of  7;— ,  ^r- ,  ^r- ,  ^:~~ ,  when 

oj)      oq     dp)     cq 

X,  y,  z,  p,  q  all  are  made  zero :  then,  in  the  vicinity  of  the  origin 

along  the  characteristic,  we  have 

dx  _  dy  _ 

^-Xo+...,      ^-M„+..., 

as  two  of  the  equations.     Also,  let  R^,  Ro,  Si,  S.2  denote  the  values 

of  ^r- ,  TT-  ,  ;r- ,  tt-  ,  whcu  X,  u,  z,  o,  a  all  vanish  :  then  two  other 
ox  .  dy     ox    dy 

equations  of  the  characteristic  are 

—  -^  =  —  CTTo  —  TToi^i  -  KqSi  =  po,  say, 

— -jj  =  —  CKo  —  TT^Ro  —  Kf,S.,  =  (To,  say, 

in  the  immediate  vicinity  of  the  origin.     Hence  in  that  vicinity, 

x  =  Xot  +  ---,    y  =  f^ot+..., 

^  =  —  -k  (Po^o  +  /ioO-o)  t-  +  ... 
are  the  most  important  terms  in  the  equations  of  the  charac- 
teristic.    It  is  clear  that,  unless  \o  and  fio  both  vanish,  the  origin 
is  an  ordinary  point  on  the  characteristic,  and  that  its  tangent  lies 
in  the  plane  z  =  0  along  the  line  \oy  —  jj-qX  =  0. 

F.  V.  18 
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The  inftToncc  cannot  be  made  if  X„  =  0  and  /Xi,  =  0.  The 
further  consideration,  in  tliis  event,  will  not  be  undertaken  ;  in  the 
complicated  analysis  that  would  be  necessary,  particularly  as 
regards  the  forms  of  the  integrals  of  the  differential  erpiations, 
the  details  would  be  substantially  similar  to  those  which  have 
been  given  for  the  case  when  the  five  ecpiations  determine  sets  of 
values  for  the  five  variables. 

115.  Coming  to  the  remaining  alternative,  in  which  the  five 
equations  determine  z,  p,  q,  ivs  functions  of  x  and  y,  and  jvssuming 
(as  h;is  been  a.ssumed  throughout)  that  Z  does  not  vanish  for  such 
relations,  we  know  (§  78)  that  the  equations  define  a  singular 
integral;  and  our  quest  is  the  examination  of  the  characteristics 
at  and  near  any  point  on  this  integral  surface. 

Let  the  singular  integial  \n-  given  hy  z  =  d {.r,  y):  then,  when 
a  new  variable  ^  is  defined  by  the  relation  z-d{x,  y)=^,  the 
singular  integial  will  be  given  by  ^=0,  as  in  §  104.  Hence  we 
may  take  the  plane  2  =  0  as  the  singular  integral.  Moreover,  Z  does 
not  vanish  on  account  of  2  =  0  and  it  does  not  vanish  identically: 
consequently,  wc  may  take  the  ditferential  equation  in  a  resolved 

tun  11 

f=z-<t>(r,y,p,<l)  =  0. 

Take  any  point  t»n  the  singular  integral 

z  =  0, 
and  make  it  the  origin  ;  moreover,  as  z  is  steadily  zero  along  the 
singular  integral,  the  associated  values  of  p  and  q  are 

;,  =  0.     ry  =  0. 
The  singular  integral,  thus  defineil  by 

z  =  0.     ;)  =  0,     7  =  0, 
is  to  satisfy  the  equations 

/=0.    ?*  =  (.,     ^*  =  0,     '*-;.  =  0,    l*-g  =  0. 
^  op  cq  cx  dy 

t hat  is,  d),  !^ ***,_,!,,  -      must  vanish  whin   ;>  =  0,  q  =  0;  and 
^    ('p     dq     dx     dy 

thereft»re  <f>  is  of  the  form 

(f)  =  jtP{'x  +  (i.r  +  o'y  +  Ap  +  A  '7  +  . . . ) 
+  2pq{0  +  bx  +  b'y+  ...) 

+  q''{y  +  cx  +  c'y  +  Cp+  C'q  +...). 
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We  require  the  equations  of  the  characteristics  in  the  immediate 
vicinity  of  the  point  .r  =  0,  y  =  0,  2^  =  0  on  the  singular  integral :  in 
differential  form,  they  are 

da;  _  dy  _     ^P     _     ^^ 

2oip  +  2l3q'+'.^.  ~  2/3])+2yq  +  ...  ~ p-^  ..'.  '  q  +  ...  ' 

integrals  of  which  for  the  immediate  vicinity  of  the  origin  are 

p=  Kq  +  ..., 

x=2{aK  +  l3)q  +  ..., 

y  =  2(^K  +  y)q+  ..., 
K  being  an  arbitrary  constant.     Also,  as 
dz  =  pdx  +  qdy 

=  2  (ciK-  4-  2/3/c  +  y)qdq  +  ..., 
we  have 

z  =  {aK-  +  2^K  +  y)q-+  .... 

Hence  the  equations  of  the  characteristic  in  the  immediate 
vicinity  of  the  origin  are 

(c(fc  +  l3)y  =  {/3K  +  y)w  I 

4  {ay  -/3-)2  =  yx'  -  20xy  +  ocy-\  ' 

where  k  is  an  arbitrary  quantity :  and  the  solution  is  satisfactory 
unless  a7  —  yS-  vanishes.  Now  the  curve  touches  z  =  0  at  the 
origin,  and  the  tangent  to  the  curve  lies  in  this  plane  along  the 
line 

yS/c  +  7 

when  K  is  arbitrary,  the  quantity  ^  also  is  arbitrary  unless 

ay  —  /3-  vanishes :  and  therefore  a  characteristic  can  be  drawn 
touching   every    line    in    the   plane.     We   thus  have   the   former 

result : — 

When  an  equation  has  a  singidar  integral,  then   through   any 
point  on  it  there  passes  an  infinitude  of  characteristics  unless 

dp-  dq^       \dpdq 

vanishes  at  tJie  point;  each  characteristic  touches  the  singular 
integral  there  and  has  the  point  for  an  ordinary  point,  and  no 
tiuo   characteristics    have   the   same   tangent.     Moreover,  all  these 

18—2 
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characteristics  lie  on  a  surface  which  touches  the  singular  integral 
and  has  the  point  of  contact  for  an  ordinary  point.  Fctr,  in  order 
to  obtain  this  integral  surface  from  the  equations  of  the  character- 
istics, all  that  needs  (§  84)  t<t  lu-  done  is  to  make  the  initial  values 
satisfy  the  equations 

/=  0,     dz  =  pd.T  +  q  dy. 

In  the  present  case,  both  of  these  equations  are  satisfied  at  the 
point  by  taking 

a/c-  +  2/3/c  +  7=0. 

Hence,  in  the  immediate  vicinity  of  the  point  of  intersection  of  the 
surface  with  the  singular  integral,  we  have 

a;=2(a«:  +  ;S)ry  +  ..., 
y  =  2(/9/c  +  7)7  +  ..., 
^  =  Xry='+..., 

on  the  surface ;  and  therefore 

K.r  +  y  =  0,      z  =  fj.,r^  ■\-  ...; 

the  point  of  intersection  is  an  ordinary  point  on  the  surfjice,  and 
the  two  surfaces  touch  there. 

If  however  07  — /9*  =  0,  without  a.  /3,  7  separately  vanishing, 
we  may  take 

^  =  a0,     7  =  2e\ 

We  still  have  an  infinitude  of  characteristics  through  the  |)oint, 
given  by  the  equations 

p  =  Kq  +  ..., 

x=2{K  +  e)aq+  ..., 

y  =  2e(K  +  6)aq+..., 

2  =  a{K  +  eyq''  +  ...  ; 

they  touch  the  plane  2  =  0  at  the  origin,  and  the  tangents  are 
given  by 

y  =  dx, 

that  is,  the  infinitude  of  characteristics  have  a  common  tangent  at 
the  origin  :  and  jis 

Adz  =  A^ -\- ..., 

the  origin  is  an  ordinary  point  for  each  of  the  characteristics. 

This  infinitude  of  characteristics  still  lies  on  a  surface  (which 
of   course  gives  an   integral    of   the    differential    equation).      To 
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obtain  its  equation  from  the  equations  of  the  characteristics,  we 
make  the  initial  values  satisfy  the  equations 

/  =  0,     dz  =  p  dx  +  q  dy. 

In  the  present  case,  both  of  these  equations  are  satisfied  at  the 
point  by  taking 

With  these  initial  values,  we  have,  for  the  characteristics, 

(It 

~  =  {SAk'  +  {2A'+4.B)  K  +  2B'+C]q+... 

^=  [(^'  +  2B)  K-  +  {4.B'  +  2C)K  +  SC]  q  +  ... 

=  fx,q+  ..., 

and  therefore 

a;=l\q''  +  ..., 

y=^fiq^+  ..., 

z  =  ^  (k\  +fi)q^  +  .... 

Hence,  at  the  point  of  intersection  of  the  singular  integral  and 
the  surface  that  is  the  locus  of  the  characteristics,  we  have 

y=px+  ..., 

z  =  o-iT"  4- . . . , 

along  the  surface :  and  therefore  the  point  is  a  singularity  on  the 
surface  that  is  the  locus  of  the  characteristics.  The  two  surfaces 
touch  at  the  point  which,  on  the  assumptions  implicitly  made  that 
neither  \  nor  /*  nor  k\+  fM  vanishes,  is  a  cusp  on  the  locus  con- 
taining the  characteristics  through  the  point. 

Even  if  ot,  ^,  y  be  zero,  the  same  kind  of  result  holds :  for  it  is 
sufficient  in  that  event  to  make  «  =  0 :  we  merely  have  different 
values  of  X,  and  /i.     Hence  we  have  the  result : 

When  an  equation  has  a  singular  integral,  and  when  the  relation 

dp-  dq-  ~  \dpdq) 

is  satisfied  at  any  point  of  it,  an  infinitude  of  characteristics  passes 
through  the  point  having  a  common  tangent  that  also  touches  (or  lies 


278  REMAINING  [115. 

in)  the  singular  integral.  All  the  characteristics  lie  on  a  surface 
which  touches  the  singular  integral  at  the  point  and  has  the  ])oint/or 
a  singularity. 

Ex.    1.      Prove   that,    when    an   equation  /(j",  y,  2, />,  y)=0  pooocooOB  a 
singular  integral  in  the  form 

such  that  d-  does  not  vanish  at  all  points  on  the  surface  represented  by  that 

integral,  the  general  integral  which  touch&s  the  singular  integral  along  a 
curve  can  be  represented  in  the  form 

where  f  is  a  regular  function  of  x  and  y,  and  the  complete  integral  can  be 
represented  in  the  form 

2  =  0(j:,  y)  +  w2  +  y2, 

where  u  and  v  are  regular  functions  of  x  and  y.  (Darboux.) 

Ex.  2.     Shew  that  the  characteristics  of  the  equation 

are  plane  curves,  and  tliat  the  locus  of  their  cusps  is 

.r2  +  32=i.  (Goul•^«lt.) 

Ex.  3.     Discuss  the  various  integrals  of  the  equation 

{/)(.r2  +  i^-  l)  +  y.ry}2  =  52  (I  -z2)  {x'-^-f->rz^  -  1  >. 

(Goursat.) 

116.     Case  V.     Here  we  have 

/=0,     P  =  0.     Q  =  0,    A'  =  0,     r=o,    Z=0. 

These  aiv  six  cijuatioiis  involving  five  variables:  hence  they  win 
coexist  only  if  connected  by  certain  relations.  If  so  connected, 
they  may  be  equivalent  to  five  equations,  or  to  four,  or  to  three,  or 
to  two  :  on  the  assumption  thaty*=0  is  irreducible,  they  cannot  all 
be  satisfied  in  virtue  of  one  equation  alone.  We  shall  assume  that 
y*is  a  polynomial  function  of  its  arguments. 

When  the  six  equations  are  equivalent  to  five,  the  equations 
determine  a  limited  number  of  sets  of  values  for  the  five  variables. 
Taking  any  one  of  these,  we  have  to  consider  the  form  of  the 
characteristic  at  the  point.  As  before,  we  take  the  point  for  origin, 
and  the  tangent  j)lane  of  the  complete  integral  is  made  the  plane 
2  =  0:  so  that  we  have 

.r=0,     y  =  0,     2  =  0,     /)  =  0,     (^  =  0 

at  the  point.  It  is  clear  that  there  can  be  no  terms  of  the  first 
order  in  /':  so  that  the  constant  c,  of  §  110,  is  zero.     In  other 
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respects  the  analysis  of  §§111, 112  applies  in  the  present  sub-case : 
and  the  nature  of  the  point  on  the  characteristic  is  the  same  as  for 
the  corresponding  alternatives  in  that  discussion. 

When  the  six  equations  are  equivalent  to  four,  determining 
y,  z,p,q  as  functions  oi'  x,  the  discussion  of  §111  will  suffice  for  the 
present  sub-case.  When  they  are  equivalent  to  two  only,  their 
significance  is  similar  to  that  of  the  corresponding  equations 
already  (§  109)  discussed. 

It  remains  therefore  to  discuss  them  when  they  are  equivalent 

to  three  equations  only,  expressing  z,  p,  q  as  functions  of  x  and  y : 

we  have  seen  that  it  was  not  possible*  definitely  to  declare  that 

the  relation  between  a;  y,  z  is  a  singular  integral,  because  of  the 

vanishing  of  Z.     The  method  of  §  104  is  not  applicable :  for  the 

equation  /=  0  cannot  be  resolved  with  regard  to  z  because  Z=0: 

indeed,  it  cannot  be  resolved  with  regard  to  any  of  the  variables 

so  as  to  give  a  regular  eqviation  because  X,  Y,  Z,  P,  Q  all  vanish. 

Suppose  that 

/=0,     P=0,     Q  =  0, 

are  three  independent  equations  giving  z,  p,  q  as  functions  of  x  and 
y :  and  that  these  values  make  X,  Y,  Z  all  vanish.  When  the 
values  are  substituted,  they  make  /=  0,  P  -  0,  Q  =  0  satisfied 
identically :  hence f 

dP      dPdp      dPdq      dPdz      ,, 

1 —  -I =^  -1 =0, 

dx      dp  dx      dq  dx      dz  dx 

dP     dPdp     dPdq      dPdz^^^ 
dy      dp  dy      dq  dy      dz  dy 

dP 

If  then  IT-  does  not  vanish  when  the  values  of  z,  p,  q  are  sub- 

oz 

stituted  in  it,  it  will  be  sufficient  that  the  equations 

dP      dPdp      dPdq      dP 
dx      dp  dx      dq  dx      dz 

dP   apap    aP3£    ^^^^q 

dy      dp  dy      dq  dy      dz 

shall  be  satisfied  in  order  to  secure  that  the  relation  between 
X,  y,  z  is  an  integral  of  the  partial  equation.     The  equation  Q  =  0 

*  Except,  of  course,  by  direct  si;bstitution  in  the  partial  differential  equation, 
t  The  equation  ./"=0  gives  no  further  information  when  thus  treated,  because 
P,  Q,  X,  Y,  Z  all  vanish  for  the  values  in  question. 
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.90 
can  be  treated  similarly,  aiul  will  givt-  a  .similar  result  if  ^-  does 

not  vanish  tor  Lhc  values  in  question. 

But  the  obvious  tests,  which  really  are  the  equivalent  of  sub- 
stituting in  the  differential  »'fjuation,  are  that  values  of  p,  q,  z 
should  .satisfy 

if  these  relations  nif  satisfied,  the  relation  between  x,  y,  z  is  an 
integral. 

The  subject,  in  the  cjise  when  Z  =  0,  admits  of  considerable 
expansion :  but  it  will  not  be  pursued  further  in  this  place. 
Darboux  htis  given  some  discu.ssion*  of  a  limited  class  of  equations ; 
there  .seems  plenty  of  opening  for  further  investigation. 

Ex.  1.     Consider  the  equation 

which  already  (§  78)  has  been  discu.s.sed.     The  equations 

/^=o,    .v=o,     r=o,    Z=0,    P=0,    ^=0 
are  satisfied  in  virtue  of  the  two  relations 

.r     y     .T^+y^- 1  ' 
and  these  lead  to  an  integral 

which  is  not  a  singular  integral  as-  it  certainly  is  not  the  envelo|)e  of  the 
complete  integrals  of  the  equation.     But,  though  it  .sjitisfies 

it  is  an  integral  of  the  original  equation. 

Ex.  2.     Con.sider  the  equation 

64(^«+<yS)3  =  27c«. 
The  equations 

/=n,     A'=0,     r=o,    ^=0,     P=0,     Q  =  0 

are  satisfied  by  a  relation 

?=0 

(with  /J=0,  y  =  0),  which  is  an  integral :  and  the  complete  integral  is 

{(T-a)«  +  (y-6)»p  =  27z*. 

What  is  the  relation  lietwecn  the  two  integrals  ? 

•  In  §  .3.')  of  his  memoir. 
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Ex.  3.     Consider  the  equation 

a^{{p-\f  +  {q-\f}=z\ 
The  six  equations 

/=o,    z=o,     r=o,    Z=0,    P=0,    <?=0 

are  satisfied  by 

0=0,    ji)-l=0,     ^-1=0: 

but  5=0  is  clearly  not  an  integral  of  the  partial  differential  equation. 

The  same  holds  of  any  equation 

f{p+a,  (/  +  h)  =  z^", 

where  the  constant  m  is  greater  than  unity,  a  and  b  are  constants  which  do 

not  vanish,  and  /  is  a  regular  function  of  its  arguments  containing  no  terms 

of  order  lower  than  two  in  p  +  a  and  q  +  b  combined.     All  the  six  equations 

are  satisfied  by 

2=0,    jc»  +  «=0,     q  +  b  =  0: 

but  i  =  0  is  not  an  integi'al  of  the  equation. 

Ex.  4.     Discuss  the  relation  of  the  locus  2=0  to  the  complete  integral  and 
to  the  general  integral  of 

a'^{{p-ir-  +  (q-ir-}  =  z^ 

Ex.  5.     Shew  that  all  the  integrals  of 

pq  =  z% 
which  touch  the  integi'al  :  =  0  along  the  axis  of  y,  are  given  by 

z=Ax^ 


where  A  and  n  are  arbitrary.  (Darboux.) 

Ex.  6.     Obtain  the  complete  integral  and  the  general  integral  of  the 
equation  in  the  preceding  example.     Is  j  =  0  a  singidar  integral  ? 

Ex.  7.     Integrate  the  equations : 

(i)      p'-  +  q''  +  2zpq=z^: 

(ii)     p-^  +  q^  +  z{p  +  q)=z^: 

(iii)     pq{p  +  q)+z{p'^  +  q^)=z^, 

discussing,  for  each  of  them,  the  relations  between  the  integral  2=0  and  the 
other  integi'als. 


CHAPTER   VIII. 

The  Method  of  Characteristics  in  any  number 
OF  Independent  Variables. 

Thk  piesent  chapter  gives  an  account  of  C'auchy's  method  of  chanicteristics 
as  applied  to  a  single  equation  in  n  independent  variables:  and  the  accimnt 
is  made  brief,  beaiuse  the  process  and  the  results  are  a  generalisation  of  the 
process  and  the  results  for  two  indeixjndent  variables,  a.s  expounded  at  con- 
siderable length  in  the  two  preceding  cliapters.  Moreover,  as  the  geometry 
of  ordinary  spjice  h;xs  been  amply  used  for  illustration  of  the  simpler  ca.'se,  it 
is  not  deemed  nccessjiry  to  enter  at  any  length  into  illustrations  of  the  more 
general  case  derived  from  the  hypergeometry  of  7i-f-l  dimensions. 

Reference  may  be  made  to  the  works  of  Cauchy  and  of  Darboux,  quoted  at 
the  beginning  of  chapter  vi.  Many  of  the  results  towards  the  end  of  this 
chapter  arc  believed  to  be  new :  and  the  subject  admits  of  considerable 
development. 

117.  The  method  of  characteii.stics  Ciin  be  einpluyed  when 
there  are  n  indepenrUmt  variables  a*,,  ..,,  x,,.  Adopting  Cauehy's 
use  of  Ampere's  practice,  we  change  the  independent  variables  so 
that  they  become  ar,,  ii^,  ...,  ?f ,» :  the  new  variables  are  functions 
of  a\,  ...,  .r„  (and,  it  may  be,  of  a-,  also)  which  are  independent  of 
one  another,  and  they  will  be  cho.sen  so  as  to  simplify  relations. 
Conversely,  x,,  ...,  x„,  z,  pi,  ...,  pn  can  be  reganied  iis  functions  of 
Xi,  j/j,  ...,  u„;  and,  whatever  the  ditferential  equation  may  be,  we 
have 

dz  ,    ;;.         ?.rr 

dz  ".  ?^r  ,  .       g  V 

^r— =  i,     pr^^,  {1  =  2,    ...,   U). 

OUi  ,.=2  OUi 

Difi'erentiating  the  former  with  regard  to  v;  and  the  latter  with 
regard  to  Xj ,  and  subtracting,  we  find 

^^-'  =  i   (^Pl  ?^r  _  9^  9fr\ 
holding  f(»r  i  =  2,  ... ,  n. 
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When  proper  values  of  ^o,  ...,  x^,  z,  pi,  ...,  pn,  in  terms  of 
a;,,  U2,  ...,  Un,  are  substituted  in  the  differential  equation,  which 
may  be  taken  in  the  form 

J  V^i J   •'•  >  '^n >  ^j  Pit   •  •  • )  Pn)  ^^  ") 

it  becomes  an  identity :  hence,  if 

¥      7      ^/      Y       ¥      V 

oz  (jXi  dpj 

for  i  and  j=l,  ...,  n,  we  have 

OOCi        5  =  2  dA'i         j  =  i  dA'i 

OUfj,        s  =  2  ^"m        1  =  1  (JU^ 

the  latter  holding  for  /i.  ==  2,  ...,  //.  Substituting  in  the  latter  for 
^—  and  ^  ,  and  rearranging  the  terms,  we  find 

Thus  far,  the  new  variables  Wa,  ...,  Wn  are  p.t  our  disposal:  let 
them,  if  possible,  be  chosen  so  that 

p  _  P  ^^2  =  0 

for  r  =  2,  . . . ,  n,  these  7^  —  1  equations  being  formally  independent 
of  one  another.  On  the  choice  thus  made,  the  foregoing  equation 
becomes 


il(^----^-l')a~:l-^ 


and  it  holds  for  yu,  =  2,  ...,  n.  There  is  thus  a  set  of  n  —  1 
equations,  homogeneous  and  linear  in  n  —  1  quantities ;  the 
determinant  of  their  coefficients,  being 


J 


(X2,    •  ■  '  y    ^n\ 
Uo,  ...,uj' 


does  not  vanish,  and  therefore  the  quantities  themselves  vanish, 
that  is, 

X,  +  Zp,  +  F,  f^  =  0, 


284  GENERAL    EQUATION'S   OF  [117. 

for  r  =  2,  ...,  n.     Subslituting  the  values  of  X,,  ...,  A'„  thus  given, 

dz 
and  also  the  vahie  of  ^— ,  in  the  equation 

dJ-i       ,  =  2         OJ-i       i:.i         C.i\ 


and  reducing,  we  have 


Consequently,  the  equations 

P.  -  1\  p  =  0,     A',  +  Zp:  +  A  ^  =  0. 

for  r  =  2,  ...,  71,  and  i=l,  ...,n,  are  sjitisfied :  it  will  be  noticed 
that  they  involve  no  derivatives  with  regard  to  lu,  ...,  Un- 

Now  this  aggregate  of  2n  —  1  equations  can  be  taken  in  the 
form 

dx^      c?./jj  dxn  dpi         _       _  dpn 

TTT:r"'^~i\^-{x\-\-zp,)^--~-{X„  +  Zp^y 

which  are  a  set  of  ordinary  equations  ;  so  far  as  they  are  concerned, 
the  arbitrary  quantities  that  arise  in  the  integration  can  be  made 
functions  of  the  variables  u^,  ...,  iin,  which  do  not  occur  explicitly 
in  the  set.     If  we  equate  each  member  of  the  above  aggregate  to 

dz 

p,F,+  ...+})nPn' 

the  equation 

dz  ,      .^,  dXr 

will  he  satisfied  by  the  integi'als  of  the  set ;  no  limitation  will 
thereby  be  impo.sed  upon  the  arbitrary  functions  of  «,,  ...,  «„  that 
occur  in  the  integrals.     But  the  equations 

^^  <!        dxr 

du^     r^a      5"m 
have  also  to  be  .satisfied;   these  will  obviously  impose  limitations 
u])<)n  the  arbitrary  functions  of  «„  ...,  «„. 

118.     Accordingly,  we  take  the  equations  in  the  tbrm 
d^i  _  dxj  _       _  dxn  dz 

P.  ~i^.~ '"  ~t;~  iU\  + ...  +pj\ 

--iX,+Zp,)        •"         -(Xn+Zp,)  ' 
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introducing  a  new  variable  t  so  as  to  secure  the  general  symmetry 
in  Darboux's  presentation  of  Cauchy's  method :  t  is  the  inde- 
pendent variable  for  the  system  of  ordinary  equations.     Let 

be  a  set  of  initial  values  assumed  by  the  variables  in  the  aggregate 
of  ordinary  equations,  subject  at  this  stage  to  the  sole  condition 

We  shall  suppose  that  not  all  the  quantities  Pj,  ...,  Pn,  X^  +  Zp^, 
...,  Xn  +  Zpn  vanish  for  these  initial  values  and  that  each  of  these 
quantities  is  a  regular  function  of  its  arguments  in  the  vicinity 
of  the  initial  values.  From  the  theory  of  ordinary  equations,  it 
is  known  that  the  equations  possess  a  unique  set  of  integrals 
which  are  regular  functions  of  t  and  are  such  that,  when  ^=0, 
they  acquire  the  assigned  initial  values  respectively :  let  these 
integrals  be 

Xi    ^  Xi  {t,    gi,    ...,    gn,    b)    "^i  >    •••;    "^njj 


Xji  —  X,i(t,  gi,  ...,  gn,  ^,  TTj,  ...,  TTfi), 
Z  =Z  {t,  ^1,  ...,  ^n,  ^,  TTl,  •••,  7r,j), 
pl   =pl    (t,    fl,     •••,•    ^n,     t,    TT],     ...,    7r,i), 

Pn=J>n{t,    ^1,    •••,    ^n,    ^,    TTj ,     ...,    7r„). 

When  in  the  expressions  thus  obtained  we  make  the  quantities 
fi,  •••)  fn)  ^.  TTi,  ...,  vTji  functions  of  M2,  ...,  Un,  at  present  arbitrary 
subject  solelj'-  to  the  condition 

/(f  1 '    •  •  • '  ^n,   t,  TTl,   •■■  ,  "^n)  =  0, 

it  is  necessary  that  they  should  satisfy  the  relation 

dz         dx-i  dxn 

(which  the  differential  equations  in  the  ordinary  system  shew  to 
be  satisfied),  and  the  relations 


dz          dx-, 

dXn 

■■+P'^Bu/ 

for  /A  =  2,   . . . ,  n,  if  the   above   integrals   thus   modified   are    to 
provide  integi'als  of  the  original  partial  equation.     Let 

^    _  dz_  _       dxi  _  dXn 
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then,  as 


so  that 
wc  have 


d'z         "     /       d^Xr       dpr  dxr 


dt 


"~  dtdu^      r^i  \  '^  dtdii^      dt  duj 
~  r=\  ^du^  dt      du^  ^t  J 

The  quantitii's  must  satisfy  the  equation 

J  K'^l  >   •  •  •  >  ^n  >  ^)  Pl>   •  •  •  )  Pn)  —  ^) 

when  their  vahies  are  substituted  :  hence 


OUu.       r=l   \         OU^  OU^J 


and  therefore 

Ot  a  11^       r  =  l  f'^M 

=  —  ZLn, 

so  that 

where  A^  is   the  vahie  of  L^,  when  ^  =  0.     Now  Z  is  a  reguhir 

rt 
function   of  t   in    tlie   vicinitv   of  /  =  0,   so   that    |   Zrff   is    finite. 

Jo 

Consequently,  in  order  to  sjitisfy  the  rehition 
it  is  necessary  and  sufficient  that  thi'  n-lation 


should  l»t'  satisfieil,  that  is. 


A^  =  0 


and  this  must   hohl  for  ft=2 ?j.     We  thus  have  n  —  l  further 

conditions  imposed  upon   the  (piantities  f, f„,  ^,  tt,,  ...,7r„, 

regarded  as  functions  of  ?/.j,  ...,  ;/„. 
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Further,  when  these  conditions  are  satisfied,  and  when  the 
<}uantities  are  substituted  in/(a;i,  ...,  Xn,  z,  Jh,  ■••,  Ph)  =  0,  the 
equation  is  satisfied  identically.     For  we  have 

=  0, 

from  the  differential  equations  that  led  to  the  construction  of  the 
variables  as  functions  of  t,  u.>,  ...,  u,^.     Also,  as  L^  =  0,  we  have 


dz 

..  + 

dXn, 

^"  du, ' 

and  as 

now 

dt 

0, 

and  as 

always 

dt        r=l 

ip  ^Pr  M 

{X, 

-'"■'>M 

7 

Ave  nov 

^  have 

that  is. 

n 

t 

1  V         OUfj. 

+  z 

r=i         du^ 

0, 

z 

dz 

r=l  V         9?'m                dVu.J 

and  therefore 

Thus 

9/_ 

0. 

Ot  0U.2  OUn 

and  therefore 

f{xi,  ...,  Xn,  z,  pi,  ...,  7J„)=  constant 

=  ./(^l,    •••,  ^n,   ^,  TTi,    ...,  TTn) 
=  0. 

Consequently,  the  expressions  obtained  for  .r, ,  ..,,  .r„,  z,  pi,  ...,  pn 
satisfy  the  equation 

identically  when  their  values  are  substituted,  provided  onl\'  that 

the  relations 

Ao  =  0,  , . . ,  A„  =  0 
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are  satisfied.     Moreover,  they  are  such  that 

dz      Ji.       dxr 


dt 

dz 


^  ClXr 


and  therefore,  if  z,pi,  ... ,  pn  can  be  expressed  in  terms  of  a:,,  ...,  x^ 
alone,  on  the  elimination  of  ^  tu,  ...,  Un,  the  7i  quantities />  are  the 
derivatives  of  z  with  regard  to  the  n  variables  a:,  that  is,  the  relation 
between  z,  x^,  ...,  a.-„  provides  an  integral  of  the  original  partial 
etjuation.  It  therefore  is  sufficient  that  the  initial  quantities 
^1.   •••,  fn,  K^  TTi,  •■',  TT,,  should  satisfy  the  ?j  -  1    relations 


together  with  the  condition 

/(fi,  •••,  I,..  ^,  TT,,  ...,  7r„)  =  0; 

and   then  the  integral   will   be  given  by  the  elimination  of  the 
parametric  (juantities  among  the  n  +  1  equations 


Xn  =  Xn{t,    ^,,     ...,    |„,    C    TTi 7r„), 

Z    =Z     yt,     ^i,     ...,     f„,     ^,     TTj TT,,). 

119.  Thr  conditions  as  regards  the  initial  values  may  be 
satisfied  in  various  ways. 

In  the  first  of  these  ways,  all  the  quantities  ^  and  ^  involve 
Un,  ...,  Un',  the  n  —  1   relations,  together  with 

/(^l.  •••,  ^;i.  C  7!"i,  ...,  7r„)  =  0, 

become  n  equations  for  the  determination  of  tt,,  ...,  tt,,.     These 
71  equations  can  be  resolved  for  these  magnitudes,  unless 

111,     . .. ,    11  „ 


9i<» 5«n 


should  vanish,  where 


yi^l.    ••-.  ^n,   ^.   TTi,    ...,   TTn) 
STTr 
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SO  that  Tlr  is  the  initial  value  of  Fr.  We  shall  assume  that  this 
quantity  does  not  vanish,  recognising  that  an  exceptional  case 
occurs  when  IT],  ...,  11  „  all  vanish. 

As  the  quantities  ^,  ^j,  ...,  ^„  involve  the  n  —  1  variables 
u.,,  ...,  Un,  then  on  the  elimination  of  u..,  ...,  Un,  we  have  two 
relations  which  may  be  represented  in  the  form 

in  other  words,  the  initial  conditions  are  such  that,  when  a  relation 

is  satisfied,  z  is  to  acquire  a  value  g(x^,  ...,  ccn).  All  the  require- 
ments are  now  satisfied,  without  any  further  restrictions :  so  that 
g  can  be  taken  quite  arbitrarily,  as  also  can  cf). 

The  integral  thus  obtained  is  the  general  integral. 

In  the  second  of  the  ways,  some  (but  not  all)  of  the  quantities 
^,  ^1,  '-,  ^n  involve  the  n  —  1  variables  u.;^,  ...,  u^.  Suppose  that 
^i+\,  ••■,  ^n  do  not  involve  any  of  the  variables:  then  w^e  clearly 
have 

where  the  quantities  Ui+i,  ...,  a^  are  constants.     The  relations  are 


for  /x  =  2,  ...,  n:  these  shew  that  some  functional  relation  exists  in 
a  form 

and  they  determine  the  values  of  ttj,  ... ,  tt,-  :  and  then  ttj+i,  ...,  tt,, 
can  be  taken  as  arbitrary  functions  of  u.^,  ...,  m„,  subject  to  the 
equation 

/(ll.    ••■>  li,   «i-j-l,    •••,   C(a,   ^,  'TTu    ...,  TTn)  =  0. 

All  the  requirements  now  are  satisfied,  without  further  re- 
strictions; so  that  the  fimction  g  can  be  taken  quite  arbitrarily. 
The  initial  conditions  are  such  that,  when 

z  is  to  acquire  a  value  gix-^,  ...,  Xi). 

The  integral  is  of  the  general  type :  clearly  it  is  a  specialised 
case  of  the  general  integi-al. 

F.  v.  ]9 
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In  the  third  of  the  ways,  all  the  quantities  ^,  f,,  ...,  ^^  may 
be  independent  of  the  variables  :  they  then  are  constants.  Among 
the  n  +  2  equations 

ar,  =  a;,  (<,  ^, |^„ ,  T,  tt,  ,  . . . ,  7r„), 


Z  =  Z    (t,  li,   ...,  |„,   ^,  TTi,    ...,  7r„), 
0  =/     (      ^1 ,   .  . .  ,  ^,1 ,  ?,  TT,  ,   . . . ,  7r„ ), 

we  eliminate  the  n  +  l  quantities  t,  ttj,  ...,  tt,,.     The  eliminant  is 
an  integral. 

As  there  are  n  +  l  constants,  which  are  values  of  the  variables, 
one  of  them  may  be  looked  upon  as  an  initial  value,  and  the  rest 
of  them  may  be  regarded  as  arbitrary.  The  integral  so  obtained 
is  a  complete  integral. 

It  is  clear  that  the  integral,  provided  by  the  second  of  the 
ways,  is  intermediate  in  character  between  the  complete  integral 
and  the  general  integral.  If  in  its  expression,  i  =  n  —  l,  it  effectively 
is  the  general  integral ;  if,  on  the  other  hand,  /  =  0,  it  effectively  is 
the  complete  integral. 

As  regards  the  possibility  of  giving  (or  even  expecting)  an 
explicit  form,  by  the  elimination  of  t,  t/,,  ...,  u„  among  the  n  +  l 
equations 

Xi  ^  X^   [t,  gi ,   . . .  ,  gn  ?  S  >  ""i  >   •  •  • »  "^n/t 


Xtt  —  Xn  (t,  gi,    .  . .  ,  g,i  >   b-  """l  >   •  ■  •  >  "^n  '' 

z  =  z    (^  ^, ,  . . . ,  f  „ ,  C  """i .  •  •  • .  ■"■«). 

we  may  resolve  the  first  n  of  the  equations  with  regard  to  t,  m,,  ..., 

w„,  and  substitute  the  values  .so  obtained  in  the  hvst:  the  resulting 

form  will  be  the  integral.     This  process  is  theoretically  possible, 

unlesa  the  quantity 

dxi  dxn 

m 'dt 

Bar,  ?.r„ 

du.j 9  m, 


dxi  9.r„ 
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vanishes  identically,  that  is,  unless  the  quantity 

P  P 

9^2'  '    '  diu 


dXi  dXn 

dlln  '      '    '  dltn 

vanishes  identically.  In  assuming  this,  we  make  no  new 
assumption :  for  if  it  vanishes  identically,  its  value,  when  ^  =  0, 
is  zero:   and  this  has  already  been  assumed  not  to  be  the  fact. 

120.  Various  assumptions  have  been  made  which,  as  in  the 
case  of  only  two  independent  variables,  restrict  the  application  of 
the  theorem  and  the  process. 

Thus,  it  has  been  assumed  that  the  quantities  Pj,  ...,  P„, 
Xi  +  piZ,  ...,  Xn+Pn^  are  regular  functions  of  their  arguments 
within  the  vicinity  of  the  assigned  initial  values.  If,  therefore, 
any,  or  some,  or  all,  of  these  quantities  are  characterised  by 
deviations  fi-om  regularity,  whether  by  singularities  or  by  algebraic 
irrationalities  or  by  places  of  indeterminate  values  (to  mention 
only  the  more  familiar  examples),  then  the  theorems  relating  to  a 
set  of  ordinary  equations  no  longer  apply  of  necessity :  and  the 
further  inferences  are  then  not  necessarily  valid. 

Again,  it  has  been  recognised  that,  if  Pj,  ...,  P,i  vanish  simul- 
taneously for  the  initial  values,  the  argument  is  not  completely 
effective :  as  in  the  case  of  two  independent  variables,  deviation 
from  regularity  can  be  caused  thereby :  and  the  equations  require 
further  consideration. 

Again,  it  has  been  assumed  that  Pi,  ...,  P„,  X^+p^Z,  ..., 
^n+pnZ  do  not  simultaneously  vanish  for  values  of  the  variables 
connected  by  the  relation  /"=  0 ;  but  instances  are  known  in  which 
this  assumption  is  not  justified,  the  equations 

/=0,     Pi  =  0,  ...,P„=0,     X,+p,Z  =  0,  ...,Xn+pnZ=0, 

being  consistent  with  one  another.  In  such  an  event,  there  are 
two  alternatives.  Either  the  quantities  pi,  ...,pn  can  be  eliminated, 
and  the  eliminant  is  a  relation  between  z,  Xi,  ...,  x^:  this  relation 
then  provides  the  singular  integral  of  the  equation.  Or,  though 
the  elimination  is  not  possible,  the  equations  are  satisfied  (/'=  0 

19—2 
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bting  inv(liK'il)li')  by  proper  valties  tor  .at  least  two  of  the  quantities 
p  in  terms  of  the  remainder:  let  there  be  m  such  equations,  where 
m^n;  then  these  equations  form  a  complete  system,  and  they 
have  an  integral  involving  h  -  m  +  1  constants,  which  integral  is  a 
specialised  caac  of  the  complete  integral. 

Moreover,  there  is  no  guarantee  at  any  stfige  that  every  possible 
integral  of  the  equation  can  be  derived  by  the  processes  adopted : 
and  it  has,  in  fact,  been  found  to  be  the  c;i.se  that  a  partial  equation 
can  be  satisfied  by  an  integi-al  of  the  type  called  special,  not  falling 
within  any  of  the  indicated  classes. 

121.  As  in  the  case  of  two  independent  variables,  so  in  the 
case  of  71  independent  variables,  one  exceptional  instance  requires 
consideration.  It  may  happen  that,  though  no  one  of  the  quantities 
Pj,  ...,  P„  vanishes,  still  the  relation 

/>,P.  +  ...  +;;,.P,.  =0 

might  be  satisfied:  it  would,  tor  e.xample,  be  satisfied  if  /  were 
homogeneous  in  the  derivatives  p.  One  of  the  integrals  of  the 
ordinary  equations  then  would  be 

z  =  quantity  independent  of  t 

a  relation  which  would  be  useless  for  purposes  of  elimination  if  the 
complete  integral  were  being  sought. 

In  such  an  event,  we  adopt  (as  in  the  case  of  two  variables  in 
the  corresponding  event)  a  Legendrian  transformation  of  the  tyjx' 

z  =z-p^x^, 

or  of  some  similar  type.  For  the  particular  transformation,  the 
associated  variables  are 

,Tj   —  ^"-2,   .  .  .  ,  .7',,    —  ,T„  ,        .T,    —        pi , 
P^'  =  ih,  •'-,  Pn'  =  Pn,      Pi='>i- 

the  (plant ity  }>i'Pi  -\-  ...  +  PnP»  in  the  tninsformed  system  is  then 
obtained  from 

.r,  (A',  +  />, Z)  +  p.,P.,  +  . . .  +  pnPn, 
that  is,  from 

.r,  (A, +  y>,Z) -/),/',. 

by  n)aking  the  above  substitution.s.  This  quantity  does  not  vanish, 
and  so  the  process  can  be  ap])lied  to  the  modified  system  ;  the 
integi'al  of  the  original  equation  can  be  deduced  as  before. 
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This  general  method  of  integration  has  been  illustrated  for  the 
case  of  two  independent  variables :  it  is  unnecessary  to  illustrate  it 
in  detail  for  the  general  case. 

Ex.     Integrate,  by  Cauchy's  method,  the  equations 

(i)       Plp-2---Pn=^ViX.2...X\; 
(ii)       {pi-z){p.2-z)...ipn-z)=Plp2...Pn; 
(iii)     Pl-Vi  +  ...+PnX„=piP2...Pn; 

obtaining  in  each  case  an  integral  z  which  acquires  an  assigned  value 
(f)(x2,  . . . ,  Xn),  when  Xi  =  a^ . 

122.  The  ordinary  equations  subsidiary  to  the  integration  of 
the  partial  equation  can  also  be  obtained  as  follows.  In  space  of 
n  +  1  dimensions,  the  integral  represents  a  hjrpersurface,  which 
can  be  regarded  as  the  envelope  of  its  tangent  planes.  The 
equation  of  any  tangent  plane  is 

when  the  envelope  of  this  plane  is  formed,  subject  to  the  law 

J  (,''^1  >  •  •  • )  '^n>  ^>  Pi)   •  •  •  J  Pn)  ^^  "> 

we  have 

0  =  (^1  -  Xi)  SjOi  +  . . .  +  (fn  -  ^h)  ^P7i, 
0  =  P,82h+...+Pn8pn, 

and  therefore 

that  is,  in  the  vicinity  of  the  point 

-p-=  ••■  =  -p- ' 
-'^i  ■'-11 

=  dt, 

say,  giving  equations  for  a  direction  through  the  point.  Moreover, 
as  this  direction  belongs  to  an  integral  which  satisfies  the  equation, 
the  equation  /=0  will  be  satisfied  identically  when  the  proper 
values  of  z,  pi,  ...,  pn  are  inserted :    so  that 

Xr  +  Zp,  +  P,   ?^  +  ...  +  Pn^^  =0, 


for  r  =  1,  ...,  n.     Thus 


{Xr  +  Zpr)  dt+^dx,^...  +^^d.r,=  0. 
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Now 


iincl  th<'n'fore 


so  that 


=  dpr, 

{Xr  +  Zj>,)dt  +  dpr  =  0, 


for  /■=  1,  ...,1\.     Also 

rf^  =  JO,  rf.r,  +  ■ . .  +  /'„  c?.r„  ; 
hence,  gathering  together  the  various  e( {nations,  we  have 
ctr,  _        _  dxn  _  dz  _     —  dp^     _  —  dp^ 

which  are  the  equations  in  question. 

Next,  consider  the    various    integrals.     There    is    a   conijjlete 
integral,  which  may  be  taken  in  the  form 

<^(^l I'n,  z,  «, «„)  =  0. 

The  least  restricted  general  integral  is  obtained  by  eliminating  the 
n  constants  among  the  n  +  1  equations 

<^  =  0,     (/,  =  6  {a. «„), 

d^_d(i)      9^  ^^  _  Q 

dOr       dttr        d(h  9«r 

for  ?•=  2,  ...,/< ;  it  will  be  a  single  equation,  and  it  represents  the 
envelope  of  that  family  ot  complete  surfaces  selected  by  the 
relation 

In  th«'  uneliminated  form,  the  ecpiations  represent  a  locus  of  one 
dimension,  which  is  the  intersection  of  n  consecutive  surfaeee 
obtained  by  varying  the  n  —  I  independent  parameters  in 

<t>  (.'i x,,,  z,  6,  a^,  ...,  (In)  =  0. 

Uii  the  analogy  ot  ordinary  sjwvce,  such  a  curve  is  called  Achaj-acter- 
istic :  clearly  the  general  integral  is  a  locus  of  characteristics.  As 
a  chanicteristic  is  a  locus  of  one  dimension,  it  can  be  represented 
by  a  set  of  ordinary  equations,  which  are  easily  found  as  follows  to 
be  the  preceding  set. 
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The   differential  equation   is    obtained  by  the  elimination   of 
a  I,  ...,  (In  among  the  n+1  equations 

^  =  ^.(-''i,  •••,  ^n,  z,  «i,  •••,  0  =  0  ' 

for  ?•=  1,  ... ,  ?i ;  and  it  is  the  sole  equation  resulting  from  that 
elimination.  The  only  independent  relations,  that  connect  differ- 
ential elements  dx^,  ...,  dxn,  dz,  dp^,  ...,  dp^,  are 

dcf)  =  0,     d<p,  =  0,  . . . ,  d(f)„  =  0  ; 

and  df=  0  is  a  relation  connecting  those  elements :  hence  quantities 
/J.,  fii,  ...,  /Xn,  free  from  differential  relations,  must  exist  such  that 
the  relation 

df=  /U.d({>  +  fXidcpi  +  . . .  +  i^ndf^n 

is  satisfied :  and  therefore 

/=  fJ,(f>  +  /J,j(f)i  +    ...  4-  fXn(f>n, 

because/,  0,  <^i,  ...,  0,^  vanish  together. 

Because  no  one  of  the  constants  f/j,  ...,  0^  appears  in  f,  we 
have 


^         d<t>  901  d<f)n 


for  r=  1,  ...,  n.     Again,  p^  occurs  in  (f>s  only  and  in  no  one  of  the 
other  quantities  (f) ;  hence 

dps  ~^'dz' 
for  s  =  1,  ...,  n.     For  the  integral  in  question,  we  have 

dxi         dxi     j^i    ■'\dxidxj      ^^  dxidz  J  ' 

and  therefore 

dx,  +  i'^  dz  = ,-,  ^^  [dx^j  +  P^  d^z  +  P^^dz^ P'P^  ^^)  • 
for  1  =  1,  ...,  n. 
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The  integral  equations  of  the  characteristic  are 
^  =  0,     «,  =  ^(r/,,,  ....  On), 

for  K  =  2,  ... ,  n.     From  the  preceding  equations,  we  have 

Vaa,.    aor  aa,/       vaa^    aa^  aoi  /    ' " '       V  aa^    aor  aa,  /     ' 

therefore,  along  a  characteristic, 

(0^    ao,  a0,\  /a^    ao,  a^\  _ 

'"•  Ut/,  "^  aa,  aaj  +  •  •  •  +  ^"  Vaa,  "^  aa,  aa  J  "  "' 

that  is, 

and  this  holds  for  ?•  =  2,  ...,  u.     Now  1/^^  =  0  holds  permanently 
along  the  characteristic,  so  that 

and 

dz  =  PidXi  +  . . .  -i-  Pnd^n 

for  every  curve  on  ^  =  0  :  thus 

and  this  holds  for  ?-  =  2 n.     The  /t  —  1  equations  for  the  ratios 

of  /i, ,  ...,  fXn  iire  exactly  the  same  «is  the  h  —  1  equations  for  the 
ratios  of  (Li\ (/./„  ;  hence 

dxx  _        _  dxn  _ 

f^l  '"  t^n 

say,  where  d.i\ ,  ...,  d^n  are  elements  ol  the  characteristic.     C<»n- 
sequently, 
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because  the  relation 

holds  permanently  in  connection  with  the  equation.     Also 

df  d(b 

dz    " 

Hence,  gathering  together  the  various  equations  that  are  satisfied 
along  the  characteristic,  we  have 

dx-^  _  dxn  dz  —  dpi      _ 

opi  opn     ^   dpi  dpn     dxi         dz 

-dpn        _U_ 

dxn         dz      dz 

These  are  the  former  subsidiary  equations,  which  accordingly  are 
the  differential  equations  of  the  characteristics. 

Ex.  1.     Prove  that  the  envelope  of  the  amplitudes 

1^2  =  („ _ .,;j)  (a  _  _^2)  (^a  _  ^^^-^^ 

where  a  is  a  variable  parameter,  is  a  general  integral  of  the  differential 
equation 

Z  =PiXi  +P2X-2  +P3X3  +Pip->P3  ; 

and  find  the  relation  among  the  arbitrary  constants  in  the  complete  integral 
which  leads  to  this  general  integral. 

Ex.  2.     An  amplitude  of  one  dimension  is  given  by  the  equations 

.^1  +  be =.V2  +  ca  =.f-i  +  ab, 
z  +  2abc  =  0,       a  +  b  +  c  =  0: 

Hnd  the  general  form  of  the  partial  differential  equation  of  the  first  order  for 
which  this  amplitude  can  be  a  characteristic,  and  verify  that  the  equation  in 
the  preceding  example  is  a  particular  case. 


Contact  of  the  Integrals. 

123.     The  complete  integral  is  an  amplitude  of  n  dimensions, 
represented  by 

<p  (Xi ,  . . . ,  a^n,  z,  cii,  . . . ,  n,i)  =  u. 
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The  gener.ll  integral  is  an  ainjilitude  also  of  n  dimensions, 
obtained  as  the  result  of  eliminating  a,,  ...,  ri„  between  the 
equations 

.^  =  0,     ^=0 ^  =  0, 

on  taking  a^  =  6 (w.^,  . . . ,  «„) :  the  n  equations  represent  an  amplitude 
of  one  dimension,  being  the  characteristic :  and  various  loci,  of 
dimensions  of  all  orders  between  unity  and  n.  are  given  by  the 
elimination  of  the  various  sets  of  constants  that  can  be  selected 
from  «.j,  ...,  (/„.  And  there  are  various  classes  of  general  integrals: 
that  general  integral,  which  is  represented  by  means  of  the  fon-- 
going  equations,  is  the  most  comprehensive  of  them  all. 

The  singular  integral  (when  it  exists)  is  an  amplitude  also  of 
)i  dimensions,  obtained  ;is  the  result  of  eliminating  «,,...,  a„  between 
the  equations 

^  =  0.    ?*=0.     ,^  =  0 |*=0. 

^  dd-i  0(1.,  da„ 

The  values  of  y>, ,  . . . ,  y)„  at  any  position  on  the  complete  int^^gnd 
are  given  by 

d4>        d(t>    ^ 

for  r=\,...,n. 

The  values  of  yj,,  ...,  ;)„  at  any  position  on  the  general  integral 
are  given  by 

^^.+  „^^+  i   ^^'  =  0, 
da^r  ^^       «^2  d^'*  S^r 

that  is,  by 

d<l>  ^i>_A 

da-r  dz 

for  r  =  1 n. 

The  values  of;),,  .,.,  ;)„  at  any  position  on  the  singular  integral 
are  given  by 

dxr  dz      iZ\  dot  doCr 

that  is,  by 

d^^^'dz-^^ 
f(ir  /•=  1,  ... ,  /(. 

Hence,  at  any  position  common   to   any   two  of  these  three 
integrals,  the  values  of  jo,,  ...,/>„  are  the  same.    Regarding  z,x^,  . . . , 
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Xn,pi,  . . . ,  pn  as  defining  an  element  of  an  integral  of  the  differential 
equation,  we  can  express  this  last  result  in  the  form  that,  at  any 
position  common  to  any  two  of  the  three  amplitudes  represented  by 
the  complete  integral,  a  general  integral,  and  the  singular  integral, 
the  two  amplitudes  have  a  common  element. 
Moreover,  the  equations 

^  da,  dan 

usually  determine  one  set  of  values,  or  a  limited  number  of  sets  of 
values,  of  z,  x,,  ...,  Xn,  in  terms  of  a^,  ...,a,i:  that  is,  the  number 
of  positions  common  to  the  complete  integral  and  the  singular 
integral  is  limited  and,  as  has  just  been  proved,  the  two  amplitudes 
have  a  common  element  at  each  common  position.  AI.so,  a  set  of 
values  of  «! ,  . . . ,  an  determines  a  position  on  the  singular  integral. 

Again,  a  relation 

ai  =  0(a.2,  ...,  «,i) 

determines  an  amplitude  of  one  dimension  within  the  singular 
integral ;  and  at  every  position  on  this  amplitude  within  the 
singular  integral,  the  equations 

W>  =  0      ^  =  0,  ...    -^  =  0 

'       C/Oa  '  '  dOn 

are  satisfied.  These  are  the  equations  of  the  general  integral, 
which  accordingly  contains  the  amplitude.  Hence  the  general 
integral  and  the  singular  integral  have  an  amplitude  of  one 
dimension  in  common  and,  as  has  been  proved,  the  two  integi'als 
have  a  common  element  at  every  position  on  this  amplitude. 

The  complete  integral  and  a  general  integral  have  a  character- 
istic in  common,  being  an  amplitude  of  one  dimension.  Moreover, 
the  equations  of  the  characteristic  determine  the  relations  between 
z,  X,  p  uniquely  fi-om  initial  values,  except  when  those  initial  values 
belong  to  singularities :  hence  if  two  complete  integrals  have  an 
element  in  common  at  any  position,  they  have  in  common  all  the 
elements  along  the  characteristic  through  the  position. 

Among  the  special  loci  to  be  considered  is  the  amplitude  which 
is  the  envelope  of  all  the  characteristics  on  any  general  integral. 
Taking  two  consecutive  characteristics,  we  have 

^  =  ^'      d^.r^""d^n^^' 
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along  one  of  them  ;  alon^  the  other,  we  have 

(f>+  -/  da,  +  ...  +  ,*^  d(in  =  (), 
d(t.,  d(i„ 


d-(f> 


da.,  + 


+  ,— T  dan  =  0. 
da r dan 


dorda,, 

the  latter  holding  for  r  =  2 u.     At  positions  common  to  both, 

the  fii-st  of  the  second  set  of  e(juations  is  .s;itisfied  by  means  of  the 
first  set  of  equations ;  eliminating  the  ratios  da^ :  da, :  ...  :  rf«^  from 
tht!  rest,  we  have 


rf»0  d'4> 


d'<f> 


d-<f> 


=  0. 


da,idan'  '"'  da^ 

^^y    //(</))=  0.      Thus    the    required    envelope    is   givrii    l)y    tin- 
elimination  of  a.,,  ....  a„  among  the  equations 


<^=0, 


^=o....,;;^=o. 

ao,  da,. 


II«f>)  =  0 


it  is  an  ainplitu<]e  of  » —  1  dimen.sions.  The  n  +  l  equations 
usually  determine  a  .set  of  values,  or  a  limited  number  of  sets  of 
values,  of  z,  j\,  ...,  j-„  in  terms  of  «,,  ...,  «„;  hence  the  number  of 
positions  common  to  a  complete  integral  and  the  envelope  of  the 
characteristics  on  a  general  integi'al  is  limited  :  and,  of  course,  they 
are  isolated  positions  on  the  amplitude  of  one  dimen.sion,  along 
which  the  complete  integral  and  the  general  integral  have  elements 
in  common. 

Again,  consider  a  locus  intermediate  in  dimensions  between 
those  of  a  characteristic  and  a  general  integral :  such  an  one  is 
obtained,  for  e.xample,  by  the  elimination  of  a.,,  ...,ar  between 
the  e(|Uatioiis 

d<t> 


dd) 
0  =  0.      ;t^=0. 
da^ 


don 


=  0. 


Thf  result  <»f  the  elimination  will  consist  of  u  —  (r  —  1)  equations; 
and  therefore  it  will  re])resent  an  amplitud*-  of  r  dimensions  in 
the  hypei-space  un<ler  consideration.  Its  equations  involve  the 
n  —  r  constants  0^+,, ''„.  To  find  its  envelope,  we  take  a  con- 
secutive amplitude:  at  any  position  on  the  firet,  we  have 


ffff,  da„ 
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at  any  position  on  the  second,  we  have 


4>  +  4~-  dar+,  +  . . .  +  -^  da,,  =  0, 


c/«, 


■+i 


d'ffy 


da,.+,  +  . . .  + 


da„ 


dcin  =  0, 


for  .s  =  2,  ...,  n.  At  a  position  on  the  envelope,  the  first  of  the 
latter  set  is  satisfied  by  the  earlier  equations:  eliminating  rfa,^,, 
...,  dttn,  we  have 


d-cf> 
da^dur+i 


d'(f> 


dcinda 


r+l 


d-cf> 


dr^ 
d(h^ 


=  0. 


dOodOn' 

These  equations,  which  are  equivalent  to  r  independent  equations 
in  general,  together  with 

*  =  0,      ^=0 4^  =  0, 


give  the  envelope  :  it  is  an  amplitude  of  n  -r+l  dimensions. 

124.  It  is  not  proposed  to  make  the  complete  generalisation 
of  all  the  properties  in  ordinary  space  associated  with  partial 
differential  equations  in  two  independent  variables:  only  one 
other  property  will  be  generalised  here.  We  shall  consider  the 
order  of  contact  in  which  a  common  element  is  possessed  by 
different  integrals. 

Assuming  that  the  singular  integral  exists,  we  know  that  it  is 
given  by  the  single  equation  which  results  from  the  elimination  of 
Ui,  ...,  ttn  among  the  equations 

<^(j:-i,  ...,  a-n,  z,  tti,  ...,  a„)  =  0, 

Let  this  single  equation  be  supposed  resolved  with  regard  to  z, 
with  the  result 

z  =  ^{x,,  ...,x„); 

and  introduce  a  new  dependent  variable  ^,  defined  by  the  relation 

%=z-->]r{x^,  ...,  ^„)- 
The  complete  integral  is  now 

</)(./-i,  . ..,«•„,  ^+->/r,  «,,  ...,  ff„)  =  0: 
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the  derivatives  with  regard  to  a,,  ...,  a„  are  un.ifTtctfd.  Hence, 
when  we  make  the  elimination  as  before  and  resolve  this  new 
eliminant  with  regard  to  ^,  the  sjune  resolution  as  before  leads  to 

C  =  o. 

We  therefore  may  take  the  singidar  integral  in  the  fonn 

2  =  0. 

It  is  true  that  this  equation  h;is  arisen  out  of  the  resolution  of 
another  equation,  and  that  therefore  it  may  not  (and  generally 
will  not)  represent  the  singular  integral  in  the  whole  of  its  extent : 
but  the  immediate  purpose  is  the  discussion  of  the  closeness  of 
possession  of  an  element,  common  to  the  singular  integral  and  to 
any  other  integral  at  a  common  position,  and  therefore  only  the 
immediate  vicinity  of  any  position  i»n  z  =  0  need  be  considered. 
Let  any  position  on  2  =  0  be  taken  :  when  chosen,  it  is  made  the 
origin,  so  that  we  are  considering  the  immediate  vicinity  of 

2  =  0,     a:,  =  0,  . . . ,  a-n  =  0. 

Moreover,  at  that  position  (and  at  any  other)  on  the  part  of  the 
singular  integral  under  consideration,  we  have 

y),  =  0,  ...,  pn  =  0, 

because  z  is  steadily  zero. 

Let 

4>{x^,  ...,  x„,  2,  rti,  ...,  n„)  =  0 

bo  an  integral :  the  discrimination,  as  to  whether  it  is  general  or 
complete,  will  depend  upon  the  other  equations  (if  any)  that  are 
associated  with  it.  As  2  =  0  is  the  singular  integral,  then  at  every 
position  common  to  ^  =  0  and  the  singular  integral,  we  have 

?*=0 ^*=0; 

doi       '        '   9ff„ 

and  we  know  that,  at  any  such  position,  the  two  integrals  have  a 
common  element  so  that  the  values  of  />,,  ...,  jj„  for  <f>  =  0,  as 
given  by 

for  /•=  1 »,  must  be  the  sjime  as  those  for  *  =  0.     The  latter 

vanish  :  hence,  at  a  common  element, 
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In  general,  ^  will  not  vanish  there :  the  position  then  would  be  a 

singularity  on  (f)  —  0,  and  circumstances  would  require  to  be  very 
special  in  order  that  a  singularity  of  the  amplitude  ^  =  0  should 
lie  upon  its  envelope. 

Assuming  the  origin  to  be  the  common  element  in  question, 
we  thus  have 

^-^=0    ...    ^=0      ^  =  0  ^  =  0 

dtti       '        '  da,i       '      dxi        '        '  dxn 

at  the  position  0,  . . . ,  0  on  the  integral  (^  =  0. 

In  order  to  simplify  the  consideration  of  the  small  variations 
along  two  integrals  in  the  immediate  vicinity  of  a  common 
element,  Darboux  proceeds  as  follows.  As  in  the  case  of  two 
independent  variables,  so,  generally,  in  the  case  of  n  independent 
variables,  the  discussion  centres  round  an  aggregate  of  terms  of 
the  second  order  of  the  type 

2  ( ^^-^  dxidx:  -+-  r — ^—  dxidciu  +  ^ — ~-  duuda 
\dxidxj  ■'      cxiOa^  da^ocir 

where  the  values  z  =  0,  Xi  =  0,  ...,  Xn  =  0  and  the  corresponding 
values  of  c^i,  ...,  a,i  are  to  be  substituted  in  the  coefficients  of  the 
bilinear  terms.  Let  a  homogeneous  linear  change  be  effected 
upon  the  variables  x,  and  another  upon  the  constants  a :  these  do 
not  affect  the  position  of  the  common  element  and,  among  other 
things,  they  can  be  used  to  render  the  position  of  the  axes  of 
Xi,  ...,  Xn  more  precise.  The  number  of  constants  at  our  disposal 
in  two  such  transformations  is  2n- ;  let  them  be  chosen  so  as,  if 
possible,  to  make  all  the  quantities 

d^(f)  d-(}>  d-(f> 

dxidxj '      dxidctj  '      da-idaj  ' 

for  all  values  of  i  and  j  from  1,  ...,  n  that  are  distinct  from 
one  another,  vanish  at  the  common  element.  In  general,  these 
conditions  amount  to  2n  (n.  —  1)  relations  among  the  constants; 
for  these,  the  2n-  constants  more  than  suffice.  Hence,  in  addition 
to  the  equations 

9^  =  0,  ...,   '^  =  0,      ^=0,  ...,  -^  =  0, 

dOri  '  '    dttn  '        dxi  '  '    dXn 
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sjitiMfied   at  a  common   element,  we  may  also  suppose   that   the 
equations 

.»=*_  =  0,     -^-  =  0.      -^*    =0, 

doidaj       '      doidxj  dxidxj 

for   i  and  j=l,  2,   ...,  //   but  unequal    to  one  another,  also  are 
satisfied. 

Consider,  first,  small  variations  along  the  singular  integral  in 
the  vicinity  of  the  common  element :  these  can  be  represented  by 
dxi,  ...,  da-,,.  There  is  no  variati<»n  of  z,  for  z  is  steadily  zero: 
the  small  variations  give  rise  to  variations  of  (/,,  ... ,  ff„,  which  may 
be  represented  by  8a,,  ...,  Bon-  AH  these  variations  are  to  be 
subject  to  the  equations 

*  =  ".    at^"'    Z-'- 

for  /•=!,  ....  n  :  hence,  taking  account  of  all  the  quantities  that 
vanish,  we  have 

5-?7  Bar  +  -  ^—  dxr  =  0, 

K— 1^  httr  +^.dXr=  0, 

for  /•=  1 n.     Consequently,  other  n  equations 

a«0  8«<^ 


r^  dXr^        [dardXr  ' 


da, 

are  .satisfied  at  the  common  element:  these  replace  Ji  of  the 
equations  containing  differential  elements;  and  the  other  ;j  of 
those  equations  give  the  variations  8a,,  ...,  Ba„,  belonging  to  the 
singular  integial  and  determined  by  means  of  rfj*,,  ...,  dx^. 
Hence,  at  the  common  element,  we  may  Uike 

dxr'     ^"dxrdar     ^"  dar^' 
Now   consider  a  general    integral    po.ssessing   the  element  at 
the  origin:  and  .sup|)ose  that  it  is  of  chvss  m,  that  is,  such  that 

m   relations  an-   postulated   among  the   n   quantities  a, a„. 

We  require  variations  along  the  general  integral,  determined  by 
dxy,  ...,  rf.r„ :  the.se  may  be  denoted  by  rfa,,  ...,  (fa„ :  and  then 
the  m  postulated  relations  may  be  taken  in  the  differential  form 

f/«,  =c,,,„+i  rfam+i  + ••• +Pi.».  da,,, 


dam  —  Cm,m+idam-ii+  •••  +C,„,nd<l„. 
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The  equation  of  the  general  integral  is  given  by 
4>  =  0, 
_  3^  d(f)  d4>  d<f)    _  , 

dui     '  da.        ^  dUm  oa^^+r 

for  r=l,  ...,  n  —  m;  it  results  from  the  elimination  of  ai,  ...,  «„ 
among  these  »  —  in  +  l  equations  and  the  in  postulated  relations. 

The  order  of  contact  of  the  common  element  at  the  point 
(being  the  generalisation  of  the  order  of  contact  in  ordinary  space) 
depends  ujjon  the  magnitude  of  ch,  belonging  to  the  general 
integral  and  expressed  in  terms  of  dx^,  ...,  dx^.  To  find  an 
expression  tor  dz,  Ave  expand  ^  along  the  general  integi-al  in  the 
vicinity  of  the  origin,  we  insert  the  initial  values  in  the  coefficients, 
and  then  we  retain  only  the  most  important  terms.  The  result 
can  be  expressed  in  the  form 

-2fdz=l  (^  dx^  +  2  ^  dxrdar  +  ?^.  da-^ 
dz  r=i  V^'^V  owroai.  oa,:- 

=  2  ^^{da,  +  fjL,dx,)-, 

on  using  the  former  relations.     The  quantities  dci^,  ...,  da  a  are 
given,  by  means  of  the  m  differential  relations  and  by  variations  of 

in  terms  of  dsc^ ,  . . . ,  dx„  :  these  n  —  m  variations  are 

(d-4>  d-(f>  \  (d-ji  d^(f>      J     \ 

d'-(})     ,  d^<f>  ,  _ 

+  57^2         a,a,n^,-  +  5-        ^  dXju^y  =  (), 

f'a  j»+/-  oa,m+rdXjji^)- 

for  r  =  1 ,  . . . ,  n  —  in,  account  having  been  taken  of  the  values  of 
the  coefficients  of  the  differential  elements  at  the  origin.  Using 
the  fonner  relations,  we  have 

^^  {da J  +  fiidxi)  Ci,m+y  +  . .  •  +  ^^2  (da,„  +  fMmdx,^)  C,„,  ,,,+r 

for  /•  =  1,  ... ,  n  —  m.  Also,  the  former  differential  relations  can  be 
written  in  the  form 

n  -  m 

da,  +  fXgdxg  -   S  Cs, u>+t  {da,„+t  +  fiin+tdx,,,+t) 
f  =  i 

n-  II) 

=  /XgdXs-    2    {Cg,tn^tfl,„+tdXm+t), 
t=l 

F.  V.  20 
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for  5=1,  ...,  w;  hence  all  the  quantities  da r -\- fird^i^  (tor  r=\, 
...,  It)  can  bo  expressed  linearly  in  temis  of  the  m  <jiiantities 

Now  the  quantity  dz  is  given  by 

dz  ,.:^idar- 

which,  after  substitution,  comes  to  be  a  bilinear  function  of  the 
foregoing  in  quantities.  This  bilinear  function  does  not  vanish  for 
all  values  of  dx^,  ...,  dxn,  except  under  special  conditions;  and 
therefore  the  contact  of  an  element,  common  to  a  ffeneral  integral  of 
any  class  and  the  singular  integral,  is  nsuallg  of  the  Jirst  order. 

While  the  bilinear  function  does  not  vanish  f«>r  all  values  of 
da:^, ...,  dxn  except  under  special  conditions,  there  are  certain  ratios 
of  the  values  of  the  differential  elements  (which  may  be  called 
hvperdirections  through  the  origin)  \'ov  which  the  function  does 
vanish.     Let 

n-  m 

f^xd.!,,  —  —    Ct^,„^t  fx,„+t  d-a:,„+t 
n  _ Lt} 

^•^  ~  n-m  ' 

fl^doc^-     2     C, ,  ,rt+f  fJ^m+t  dx,n+i 
t  =  \ 

U >r  K  =  2,  ...,  ni;  then  we  have 

—  2     -  dz  =  ifJt^dXi  -     ^     C,, „,+f  fl,„+t cLCm+t  1    Q{6.:,  ...,  0,n ), 

where  Q  is  a  (juadratic  function  of  its  arguments.  It  is  clear  that 
dz  will  be  of  the  third  order  whenever 

Q{e,,...,e^)  =  o. 

.an  equation  which,  in  general,  gives  two  values  of  0.^  in  terms  of 
03,  •••,  0m-  Hence  we  may  say  that,  when  variations  rf.r,,  ....  dxn 
are  taken  arbitrarilg,  there  are  generally  two  values  of  djc^  which 
can  be  associated  imth  them  so  as  to  make  dz  belong  to  a  general 
integral  o/tlie  third  order  of  small  quantities. 

Othir    results    are    given    in    the   examples   which    follow :    in 
particular,  exceptions  to  the  last  result  are  indicated. 

125.     The  preceding  analysis  is  not  nieivly  a  generalisation  of 
that  adopted,  in  §  105,  for  the  aise  when  n  =  2:  it  is  therefore  worth 
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while  setting  it  out  briefly  for  that  case,  in  order  to  allow  of  com- 
parison with  the  discussion  there  given. 

We  take  z  =  0  as  the  singular  solution:  any  position  on  it  is 
chosen  and  made  the  origin,  so  that,  for  an  element  there,  we  have 

2=0,     x=0,     _y  =  0,     p=0,     q  =  0. 

Hence  for  any  general  integral  </>  (.;,  ^,  z,  a,  h)  =  0,  possessing  that 
element,  we  have 

da     "'      db-^'      dJr^^'     8^  =  ^- 
Moreover,  we  may  assume  that  the  relations 

dadb     ^'     dadi/-^'     dbdx-^'     8^  =  ^' 

are  satisfied  at  the  point :  if  they  are  not  satisfied  in  the  form  in 
which  the  equation  arises,  they  can  be  made  to  be  so  by  making 
linear  transformations  of  the  variables  x  and  y,  and  linear  trans- 
formations of  the  constants  a  and  b. 

The  critical  condition  for  contact  of  order  closer  than  the  usual 
contact  was  found  (§  105)  to  be 

dx'  df      \dxdy)  ' 

and  it  was  indicated  (§  105,  Ex.  1)  that  this  equation  implies,  and 
IS  implied  by,  the  equation 

da'  db-  ~  [dadbj  ' 
Thus,  for  the  transformations  adopted,  these  conditions  will  be 

d^  dif      ^'     da'  db"-  ~  "' 
respectively. 

Let  small  variations  along  the  singular  integral  in  the  immediate 
vicmity  ot  the  element  at  the  origin  be  denoted  by  dx,  du,  Sa,  8b : 
these  must  satisfy 

*  =  «■    It-'-    lf  =  ".    ^  =  0,    g  =  0. 

20—2 
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Hence,  taking  account  of  the  various  vanishing  quantities,  we  have 

dodr  da-  /        cbdy  cy  ' 

Consequently,  the  two  relations 

d^d^_  /  a-</>  V-        cr'<f)?f'<f>_ic'4>    - 

a«-  a.r  ~  Va^ai/  '    a6=  df  ~  \dbdi/) ' 

are  satisfied  at  the  cuiuuiun  eleuK'nt  :  in  virtue  of  these  two,  the 
four  equations  reduce  to  two  only,  which  then  determine  8a  and  8b 
in  terms  of  dx  and  di/.  These  two  relations  may  be  expressed  by 
the  equations 

dxr  ~  ^  dadx  ~  ^    da-  ' 
d-(f)  d'<f>  „(^'<f> 

df^'^dbdy^'^'W- 

Now  consider  the  general    integral :    let  the   single   relation 
between  a  and  b,  when  expressed  in  differential  form,  be 

db  =  cda, 

where  da  and  db  are  variations  along  the  general  integral ;  the 
equations  of  this  integral  are 

0  =  0,     'Kcl^  =  0. 
do         CO 

At  the  element,  ^  and  ^  \anish  :  hence  da  and  db  are  such  that 
da  db 

taking  account  of  vanishing  quantities.  Thus,  by  the  preceding 
relations,  we  have 

^  ((/(/  +  p  d.r  )+c^^^Adb+a  dy )  =  0. 

Also 

c  {da  +  pdx)  —  (db  +  (rdy)  =  cpd.r  —  /i  dy, 
so  that 

/a^<^     ,a-0\  ,       ,        0-6      ,       J  A 
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which  give  the  necessary  values  of  da  and  db.  Also,  variation  of 
the  equation  <f>  =  0  leads,  when  account  is  taken  of  vanishing 
quantities,  to  the  relation 

-2'^dz  =  ^ daf^  +  2  1^  da d.  +  ^  da^ 
dz  c.c-  daox  da- 


^df  +  2p-dhd!j  +  ^. 
dif    "^  dhoy        -^       db- 


=  H  {da  +  pd^  +  |p  (^^  +  <'<^!/y 

d-(})  d'-6 

da-  db-     .      ,  J  .„ 

{cpdx  —  fidt/)-. 


da^'^^'db"- 


Hence  dz  is  usuall}^  of  the  second  order  in  dx  and  d(/ :  and  the 
contact  is  usually  of  the  first  order. 

There  is  a  single  direction  along  which  dz  is  of  the  third  order  : 

it  is  given  by 

du 

and  the  point  is  then  a  contact-point  of  the  branches  of  the 
intersection  of  the  surfaces  in  question,  having  this  direction  for 
its  tangent*. 

If^  however,  the  relation 

da'  d¥ 

is  satisfied  at  the  point,  dz  is  of  the  third  order  for  all  variations  of 
ic  and  y  through  the  point :  the  general  integral  and  the  singular 
integral  then  have  contact  of  the  second  order.  (This  relation 
agi-ees  with  the  result  to  be  expected  from  the  earlier  case.) 
Moreover,  when  this  relation  is  satisfied  at  the  point,  it  clearly 
is  satisfied  independently  of  any  functional  relation  between  a  and 
b :  it  therefore  is  satisfied  for  all  such  relations  and  consequently, 
■if  the  singular  integral  has  contact  of  the  second  order  tvith  any 
general  integral,  it  has  contact  of  the  second  order  ivith  every  general 
integral.     This  is  the  former  result  (§  105). 

*  This  establishes  the  statement  made  in  S  104. 
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When  the  contact  between  the  two  integi-als  is  only  of  the  Hi-st 
order,  the  single  direction  in  which  the  contact  is  of  the  second 
order  is  given  by 

The  quantities  /x  and  p  beloncj  to  the  singidar  integral  at  the 
point :  hence  this  direction  usually  changes  from  one  geneml 
integi*al  to  another. 

126.  We  now  proceed  to  give  some  examples  of  the  general 
theory  which  has  just  been  expounded. 

Ex.  1.  When  we  are  dealing  with  what  is  called  the  general  intogi-al, 
being  the  integral  for  which  there  is  only  a  single  ixistiilated  i-elatiou  among 
the  parameters,  the  formuloe  Ijecome  simple  and  le<id  &usily  to  further  results. 

Let  the  postulated  relation  l)e 

dcti  =  b/la-,  + . . .  +  /'„':/"„ ; 

then  the  equations  of  the  general  integral  are 

^  ca.,      'rt/i  c^l,^         r«, 

As.suming  all  the  ^jroi^erties  in  the  text,  we  have  the  expre.'s.sion  for  dz  in 
the  form 

The  quantities  (/«,,  ...,  d<i^  determined  for  the  general  integral  in  terms  of 
rfa'i,  ... ,  dxn,  are  given  by  the  above  relation  and  by 

^^  {da,  +  n,.dvr)  +  br  ^,  (doi  +  /x,  «/.r, }  =  u, 

for  r  =  2,  ...,  V.     Wc  tjike  the  relation  in  the  form 

•I  M 

rfo]  +ni<fj'i  -2  b, (rff/,+/i,(ir,)  =  /iici'i  -  2  b,ft,d,r, : 

4  =  2  »  =  !' 

and  we  have 

rfa,  +/x,rf.r,  =  -  (fiidxi  -  2  b,ti,d.rA  , 

da,  +  fi,d.rr=  -^'^'i^  Uiff''\  -  2/'.M.'''.  j  - 

for  r  =  2,  ....  »,  wlioro 

,      c^<b  I  b.-  /.„•■!  1 
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Substituting  these  values,  we  have  the  vahie  of  dz  in  the  form 

Hence,  for  the  general  integral  (or  the  integral  of  the  fir.st  class,  only  one 
relation  among  the  parameters  being  postulated),  an  element  common  with 
the  singular  integral  has  contact  of  only  the  fii-st  order.  This  is  the  former 
result. 

For  this  general  integral,  we  may  take  arbitrary  variations  (7.>-.j,  ...,  dx^: 
and  then  there  is  one  variation  dxx,  given  by 

n 
fiidx'i^  2  bgfigd.Vg, 

for  which  dz  is  of  the  third  order  of  small  quantities ;  accordingly,  for  those 
variations,  the  element  has  contact  of  the  second  order.  The  property  is 
special  to  this  general  integral  :  for  the  general  integrals  of  other  classes, 
where  the  number  of  postulated  relations  is  greater  than  one,  there  are  two 
variations  dx'i  for  which  the  corresponding  dz  is  of  the  third  order. 

Ex.  2.     The  relations  defining  a  general  integral  of  the  second  class  can 
be  taken  in  the  form 

do-i  =  h-.-dtt:-,  +  . ..  +  f'ndit,, 

da.,  =  c-ida^i  +  . . .  +  Cnda^^ 

An  element  at  the  origin  is  possessed  in  common  by  this  integral  and  the 
singular  integral :  and  the  various  quantities  at  this  position  have  the  same 
values  as  in  the  investigation  in  the  text.     Let 

for  .'!  =  1,  ,..,  n;  also  let 

A=l+<^„  2   ^  +  02>2  ^  +  <^„0.>,      2    ;^    2      '    -      2    -p        ; 
and  let 

du  =  flidx^  -  fJi3b:idX:i  -  . . .  -  flnbndXn, 

dv  =  H-.dx.,-  fi^csdx:^-  ...  -/i„c„rf.r„. 

Obtain  the  valiie  of  dz,  which  measures  the  order  of  possession  of  the  element 
common  to  this  general  integral  and  the  singular  integral,  in  the  form 

-  2A  -^  dz 

v: 

I  "     o  2\  /  "    h  -\ 

\  r=::^rr/  \  r=39,;/ 

"be 
-2<4iid)<..  2   -^ dudv. 

"■r=3  <Pn- 
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Hence  shew,  in  general, 

(i)  that  the  <»i*der  of  |H)ii8Cs.siun  of  the  common  element  i^s  nsiuiUy 
the  first : 

(ii)  that  usually  there  are  two  di.stinct  sets  of  variatiun.>,  having 
iLvo,  ...,  cLr,^  arbitrary,  for  which  the  clement  is  iKLsses-Mxi  to 
the  second  order: 

(iii)     that,  if  either  -    ,  or  ..A;  should  vanisli,  there  Im  onlv  one  .-set  of 

variations,  arbitrary  in  rU\,  ...,  d.r,^,  fur  which  the  element  is 
p)ssessed  to  the  second  order : 

(iv)     that,  if  the  element  is  ^KKssessed  to  the  second  order  for  all  variations, 
it  is  sufficient  that 

da;'    "'     ba.,2    "• 
Are  the  two  conditions  in  the  last  result  necessary  jis  well  as  sufficient? 
Shew  also  that,  if 

while  none  of  the  other  second  derivatives  vanish,  then 

f'Z 

where 

,=4  <Prr 

and  discuss  this  form. 

Ex.  3.  Adopting  the  notation  of  J;  12."),  and  assuming  that  all  the 
quantities  which  occur  have  the  values  there  given,  prove  that  in  order  to 
have  an  clement  common  to  a  general  integral,  defined  by  thi"ee  relations 
among  the  quantities  f/«,,  ...,  </a„,  and  tlie  >.ingular  integral,  possc-sswi  to  the 
second  ortler,  it  is  necessary  and  sufficient  that  three  of  the  quantities 

should  vanish . 

In  case  fewer  tlian  three  of  these  quantities  should  vanish,  what  are  the 
sets  of  variations  for  which  the  element  is  possessed  to  the  second  oitler  ? 

E.V.  4.  Shew  that,  if  one  general  integral  of  any  class  has  an  element 
common  with  the  singular  integral  possessinl  to  the  second  onler,  then  every 
general  integral  of  that  chuss  has  tlie  same  proiHjrty. 

127.  The  discussion  of  the  oixier,  in  which  an  ok-nicnt  connnon 
to  a  complete  integral  and  the  singular  integi-al  is  jxissessed,  is 
sinipliT.  Taking  the  element  <>n  the  singular  integral  as  before 
(§  124),  Av«"  ie(juirc  variations  along  the  complete  integral:  these 
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are  given  by  dxi,  ...,  dx.i,  dz  alone,  because  «i,  ...,  a,^  are  constants 
for  this  integral.  The  earlier  analysis  shews  at  once  that  the  most 
important  terms  in  these  variations  are  given  by 

-2^dz  =  ^Ax^+...  +  ^\da^^, 

assuming  that  the  quantities  belonging  to  the  singular  integral  at 
the  point  are  the  same  as  before.  It  is  clear  that,  except  under 
very  special  conditions,  an  element  coniinun  to  a  complete  integral 
and  to  the  singular  integral  is  usuallg  possessed  only  to  the  first 
order. 

Ex.  Discuss  the  order  of  possession  of  an  element,  common  to  a  complete 
integral  and  to  a  general  integral,  for  which  ii-\  relati<jns  are  postulated 
among  the  parameters. 


CHAPTER   IX. 

Lie's  Methods  applied  to  Equations  of  the 
First  Order. 

Many  of  Lie's  investigations  are  concerned  with  the  integration  of  jmrtial 
differential  equations  of  the  first  order  :  bro<vdly  sjKiaking,  he  has  devised  two 
general  methods  of  proceeding  which  have  considerable  features  in  common. 
It  may  be  added  that  they  arise  a.s  illustrations  of  processes  with  wider  issues 
and  of  analysis  having  a  more  extended  significance. 

One  of  the  methods  dejxjnds  uinin  the  use  of  tangential  transformations 
(or  contact  transformations,  as  they  are  more  frequently  chilled).  So  far  a-s 
concerns  the  properties  of  these  transformations  and  (»is  an  incident  in  their 
application  to  PfafTs  problem)  their  application  to  the  integration  of  a  single 
pjvrtial  differential  equation  of  the  first  oixier,  an  exposition  has  already  been 
given*  in  Part  I  of  the  present  work  ;  it  will  be  sufficient  therefore  to  give,  in 
this  place,  merely  a  statement  of  the  results. 

The  other  of  the  methods  due  to  Lie  dei)cnds  xi\k)x\  the  theory  of  groujxs 
of  functions  as  developed,  in  i)art,  through  the  theory  of  contact  transforma- 
tions. It  is  applied  to  a  system  of  sinmltaneous  equations  in  the  first 
instance  and  naturally  it  can  be  applied  to  the  simplest  cjise  when  there  is 
only  a  single  equation. 

Some  references  are  given  in  the  sections  in  Part  I  that  have  already  l>een 
mentioned.  Of  these,  the  most  imixirtint  are  Lie's  memoir  in  the  8th  volume 
(1875)  of  the  Mut/mnnd.irhe  Annaleii,  as  regards  the  fundamental  pnnwrtifrs 
of  contact  transformations  and  their  simpler  applicAtions  to  the  integration 
of  i>artial  differential  equations,  and  the  second  volume  (1890)  of  his  Thtorie 
del'  Tramfoi'mationsgriipi^n,  which  contains  many  proi)ertie*<,  developments, 
and  applications  of  the  transformations  in  question. 

Reference  may  also  l)o  made  advantago<Misly  to  the  exi)osition  given  V)y 
Goursat  in  chapters  xi  and  xii  of  his  treati.se  already  (p.  5."))  quoted. 

•  Sec  chapters  ix.  x;  for  the  application,  see  specially  §§  136,  142. 
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Contact  Transformations. 

128.  The  distinctive  idea  of  contact  transfonnations  is  derived 
fi-om  geometrical  considerations  applied  to  hyperspace.  An  element 
of  surface  at  any  position  in  a  space  of  n  +  1  dimensions  is  deter- 
mined by  means  of  ^,  aoi,  ...,  a'n,  the  coordinates  of  the  position, 
and  of  2)i,  ...,  p^,  the  coordinates  of  the  orientation,  of  the  element ; 
thus,  if  ZyWi,  ...,  Xn,  Pi,  "•>  Pn  ^e  regarded  as  2n  +  l  independent 
magnitudes  in  general,  the  element  r)f  surface  will  be  given  by  an 
equation 

dz  —pidA\  —  ...  —pndXn  =  0. 

Transformations  of  the  variables  are  conceived  by  means  of 
relations  between  z,  Xi,  ...,  Xn,  p^,  ...,  p^  and  new  variables  z,  x-i, 
...,  x,i,  Pi,  ... ,  Pn  ;  if  these  relations  are  such  that 

n  /  n  \ 

dz'  —  S  pldxl  =  p  (dz—  X  pidxi | , 

i=\  \  1=1  / 

where  p  is  a  non-vanishing  quantity  independent  of  differential 
elements,  the  transformation  is  said  to  be  a  contact  transformation ; 
it  obviously  transforms  two  elements  of  surface,  that  touch  one 
another,  into  two  other  elements  of  surface  that  also  touch  one 
another.  Accordingly,  Lie's  definition  *  of  the  most  general  contact 
transformation  is : — 

Let  Z,  Xi,  ...,  X,i,  P],  ...,  Pa  ^a  2;/ +  1  independent functiorts 
of^n  +  X  independent  variables  z,  .rj,  ...,  x^,  Pi,  ...,  j)n,  such  that 
the  relation. 

dZ-  S  P;dX,  =  p(dz-  %  pidx) 

is  satisfied  identically,  lulien  p  is  a  non-vanishing  qaantity  inde- 
pendent of  differential  elements :    then  tJie  equations 

z'  =  Z,     xi'  =  Xi,,    pi'^Pi, 
for  i  =  \,  ...,  n,  define  a  contact  transformation. 

The  most  general  contact  transformation  will  be  given  when 
the  most  general  functions  Z,  X^,  ...,  X„,  Pj,  ,,.,  P„,  satisfying 
the  preceding  relations,  arc  known.  These  are  givenf  by  the 
theorem  : — 

*  Math.  Ann.,  t.  viii  (1875),  p.  220. 

t  The  analysis  establishing  the  theorem  is  set  out  in  §§  184,  135  of  Part  i  of 
this  work.  A  difference  in  sign  should  be  noted :  it  is  due  to  the  fact  that  the 
quantity  [P,  Q]  is  used  in  this  volume  in  its  usual  sense,  and  has  the  reverse  sign 
of  [P,  Q]  as  given  in  Part  i. 
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When  the  n  +  l  (juantitie^s  Z,  X, A'„  are  obtained  as  n  +  l 

functional (ij  independent  inter/rals  of  the  etpiations 

[Z,  A',]  =  0,     [A',,  A0]  =  O. 

for  i  and  j=^,  ...,  ;»;  ivhen  the  tjnantities  P ,  P„  are  deter- 
mined,  either  from  the  n  equations 

dZ         dZ      ;!.  „  fdX..         dXr\ 

jiir  1  =  1,  ...,  n,  or  from  the  n  equations 

dz^  ^  ^  ax. 

f^Pi      rti     ''  dp:  ' 
for  i=\,  ...,  n,  the  two  sets  of  n  equations  beinrj  equivalent  to  (me 
another;  and  tvhen  p  denotes  the  non-vanishinr/  quantitij 


then  the  relation 


dZ  _  J  ^,  8A', 


dZ-  S  PidXi  =  p(dz-  :£  pidj^i 

is  satisfied  identically.  The  conditions  are  both  necessary  and 
sufficient  to  secure  the  property:  awl  other  equations  satisfied  by 
Z,  Xi,   ...,  Xn,  Pi Pn,  p,  are 

[Z,    P!]  =  pP,.       [P;,    X;]  =  -p, 

[P.,     A0]  =  ()         .        [P.;      P,]=         0, 

Jor  1  =  1,  ...,  n,  and  ralues  ofj  unequal  to  i. 

This  is  Mayor's  fonii*  of  Li«''s  theorem  relating  to  the 
(leteiininatioii  of  the  most  geiu-ral  contact  Transformation.  Ah 
regaids  the  conditions,  it  is  to  be  noted  that  p  is  known  as  soon  as 

Z,  Xi,  ...,  X„,  Pi,  ....  P„  have  been  obtained.  an<l  /■*,,  P„  are 

known  ius  soon  as  Z,  AT, A'„  have  Ix-cji  obtained. 

These  quantities  aiv  subject  to  the  injiiations 
\Z,  Xi]  =  0.     [A,.  A01  =  O: 
and  as  (§  .58)  we  have 

[\Z.  A',],  Xi]  +  [[A'„  A-;],  Z]  -  IIZ.  A'J.  A,) 

for  any  functions  whatever  ni'  z,  .<•,,  ...,Xn,pi.  ....^Jn.the  e<juations 
are  consistent  with  one  another  and  co^'xist.     But  the  con<litions 

•  Math.  A  int.,  t.  viii  (IST'i),  p.  309. 
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for  the  existence  of  the  contact  transformation  do  not  require  any 
equation  to  be  satisfied  by  any  one  of  the  quantities  Z,  Xi,  ...,  X„ 
alone ;  and  the  preceding  relation  for  coexistence  holds  for  all 
functions  which  satisfy  the  equations.  Hence  there  is  an  arbitrary 
element  in  the  equations  that  define  the  contact  transformation : 
thus  we  could  choose  any  one  (jf  the  quantities  Z,  X^,  ..,,  X^ 
arbitrarily :  or  any  other  arbitrary  relation  could  be  chosen  that 
is  not  inconsistent  with  the  aggregate  of  conditions  and  equa- 
tions. 

129.  There  is  one  most  important  form  of  contact  transforma- 
tion, viz.  that  in  which  the  difference  between  the  old  variables 
and  the  new  variables  is  small.  Such  transformations  are  called 
infinitesiiiud  :  they  can  be  represented  by 

Z=z-\re^,     Xi  =  (Ci  +  e^i,     P;=2)i  +  e7r;,        {i=l,...,n), 

where  f,  |i,  ...,  ^«,  Ti,  ...,  7r,j  are  functions  of  z,  oc^,  ...,  Xn,  Jh,  •-■, 
Pn,  and  e  is  a  quantity  so  small  that  its  square  and  higher  powers 
may  be  neglected.  Moreover,  when  we  have  the  identical  trans- 
formation, then  p  =  1  ;  hence,  for  an  infinitesimal  transformation, 

we  have 

p  =  1  -f  ecr, 

where  a  will  be  a  quantity  to  be  determined.    Then  the  equations 

[^,X,]  =  0,     [X;,Xj]  =  0,     [P,;Xj]  =  0,     [P,,Pj]  =  0, 

for  unequal  values  of  i  and  j,  respectively  give 

dpi       ,=1         dpr 

dpj      dp; 


d^'i 


'  dz)      dpj~^' 


The  last  three  equations,  taken  for  all  values  of  i  and  j,  shew  that 
a  function  U  of  z,  x^,  ...,  x^,  pi,  ...,  p,t  exists,  such  that 

dU 

^'~    dpV 

dU        dU 
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for  all  values  of  i  =  1 n.     Tlu-  LMjuation 

[P,,   AM  =  -p  =  -l-.C7 

then  gives 

__dU 

~      dz  ' 
and  the  equations 

[Z,P,]  =  pP,- 
then  give 

"When  thes(>  are  taken  in  conjunction  with  the*  e(juations 

Si  ^  ^       8f  .• 

we  find  the  value  <>t  t  to  be 

consequently  Me  7/ioa<  (jeneral  infinitesiinal  tranJifoi'mation  is  given 
by  the  ecjuations 

Z  =  z  +  €^,     Xi  =  :r,  +  €^;.     Pi  =  Pi  +  eTT,-.     p=  \  +  eo", 
where 

for  i=  I,  ...,  n,  (ntd  U  denotes  tiny  arbitrary  function  of  z,  .r,,  .... 

'^n  i  Pi>  •  •  •  >  Pn ' 

130.  .Sometimes  it  is  neci'ssary  to  know  the  contact  tmns- 
formations  for  which  A', A'„,  P, ,  ...,  P„  are  e.rpUcitly  inde- 
pendent of  z,  so  that  Z  is  the  only  quantity  that  involves  z.  The 
results*  arc  sw  follows: — 

TJie  quantity  p  is  constant  and  may  be  made  unity;  then  Z  is 

given  by 

Z=  A:+  II, 

where  11  is  a  function  of  j\,  ...,  .r„,  p^,  ....  y)„  that  does  not  involve 

z,  and  A  is  a  constant.     The  quantities  A', A'„  ai'e  functionally 

independent  integrals  of  the  equations 

{Xi,Xj)  =  0, 

*  See  Part  i  of  tbis  work,  §  137.     The  same  remark  as  to  difference  of  sign 
from  the  results  in  Part  i  applies  here  as  in  the  foot-note  on  p.  315  of  this  volume. 
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for  i  andj=  I,  ...,  n,  and  11  is  an  intefjral  of  the  equations 

r  =  l        opr 

which  is  functionally  independent  of  X^,  ...,  X^.  The  quantities 
Pi,  ...,  Pn  are  then  (jiven  by  any  n  independent  equations  of  the  set 

dxi     jCi     '  dxi  ^"     dpi      r=\     ''  dpi 

for  i=l,  ...,  n.     The  functions  thus  determined  satisfy  the  relation 

dU-  %  PidXi  =  -A  t  pidxi 

identically:  and  otJier  equations  satisfied  are 

{Xi,  Po  =  A,   {n,Pi)  =  A  I  Pi  -  i  p,  1^) , 

{Pi,Xj)  =  0,       {Pi,Pj)  =  0, 

for  all  values  of  i  and  j  unequal  to  one  another.  The  constant  A 
is  usually  taken  to  be  unity. 

The  determination  <jf  IT  can  be  etfected  by  a  quadrature,  when 
Xi,  ...,  Xn  are  known.  To  see  this,  let  the  variables  be  changed 
to  2/i,  ...,  yn,  Vi,  ...,  Vn,  where 

and  Vi,  ...,  Vn  are  n  functions  of  a-j,  ...,  a'„,  p^,  ...,  p,^,  chosen  so 
that  the  new  variables  make  up  an  aggregate  of  2/1  independent 
functions.     Now,  because 

the  quantity  (IT,  X,-)  vanishes  Avhen  11  is  made  equal  to  any  of  the 
quantities  X^,  ...,  Xn',  and  therefore,  when  the  new  variables  are 
taken,  no  one  of  the  derivatives 

m        an 

oi/i  dya 

occurs  in  (11,  A^).     Hence  the  n  equations 

"        dX- 

(n,A-,)  =  -j  ip,.'^ 

can  be  resolved  with  respect  to 

m        m 
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giving  these  quantities  in  terms  of  the  vaiiabh-s :   a  quadrature 
then  determines  11. 

Con\erfic\y,  if  we  regard  the  contact  transformation  as  changing 

the  variables  from   Z,   A'l,   ...,   A'„,  Pj,   ....  Pn,  the   results   are 

similar.     We  then  have 

2  =  aZ  +  U, 

where  11  is  a  function  of  Af,,   ....  A',,,  1\,   ...,  P„,  and  a  is  a 
constant ;  the  differential  relation  is 

(III-  i  pid.n  =  -a  i  P;dX;: 
1=1  1=1 

the  quantities  .7-,,  ...,  ccn  are  functionally  independent  integrals  of 

the  equations 

(.r,-,  .r,)  =  0, 

for  i  and  j=l,  •••,  »^  where  the  independent  variables  are  Xj,  .... 
AT,,,  P,,  ...,  P„  ;  and  IT  is  an  integral  of  the  equations 

(n,  a-,)  =  -ai  P,.^, 

,•=1  O^r 

which  is  functionally  independent  of  a;,,  ...,  .r„.     The  quantities 
Pi,  •■•,  Pn  ai'6  given  by  any  n  independent  equations  of  the  set 

an     ;;      a.r, _      p      du_  ^      ^r_^ 

dx~r^,^''dxr  "  "  dPi  rJ^'^c^Pi 

k)V  i=\,  ...,  n  ;  and  other  equations  satisfietl  are 

(.r,-,  Pi)  =  a,   (U,  Pi)  =  a  (p;  -  S  P,  ^  j  , 

for  1  =  1,  ...,  n,  as  well  as 

{pi,Wj)  =  0,     {pi,pj)  =  0, 
for  imequal  values  of  ?*,  /  from  the  seri«^s  1,  ...,  n. 

And  a  A  =  1  :  so  that,  as  ^-1  is  usually  unity,  so  also  is  a. 

As  regards  these  results,  it  is  to  be  noted  that  p  hjis  become  a 
constant  which  has  justifiably  been  made  unity.  Tho  (piantities 
P,,  ...,  P„  are  known  as  soon  as  IT,  A'^i,  ...,  X„  an-  known:  and 
the  (juantity  IT  is  to  be  constructed  after  X,,  —  A'„  an-  known. 
These  quantities  are  subject  to  the  equations 

(A',,  Xj)^0: 
so  that,  as  (§  52)  thr  relation 

({Xi,  Xj)  X,)  +  {{Xj,  X,)  Xi)  +  {(X,,  Xi)  X;)  =  0 
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is  satisfied  for  any  functions  whatever  of  a^i,  ...,  Xn,  p^,  ...,  pn, 
the  equations  are  consistent  with  one  another  and  coexist.  The 
conditions  for  the  existence  of  the  contact  transformation  do  not 
impose  any  equation  involving  only  a  single  one  of  the  quantities 
Xj,  ...,  Xn',  and  the  preceding  conditions  for  coexistence  of  the 
equations  are  satisfied  identically,  whatever  be  the  functions 
Xi,  ...,  Xn-  Hence  the  equations  defining  the  contact  trans- 
formation under  consideration  contain  an  arbitrary  element :  thus 
any  one  of  the  quantities  Xj,  ...,  Xn  can  be  assigned  arbitrarily,  or 
any  other  arbitrary  relation  can  be  chosen  that  is  not  inconsistent 
with  the  aggregate  of  conditions  and  equations. 

Corollary  1.  There  is  one  special  case  of  this  contact 
transformation,  usuall}^  called  the  infinitesimal  transformation  of 
this  type. 

It  is  characterised  by  the  properties 

Z  =  z  +  ei;,     Xi  =  Xi  +  e^i,     Pi=pi  +  €'Tri,  (i  =  l,...,n), 

where  e  is  a  small  quantity  of  such  a  magnitude  that  squares  and 
higher  powers  may  be  neglected.  The  critical  equations  impose 
limitations  upon  the  forms  of  ^,  fj,  tt^,  for  i  =  l,  ...,  n;  thus  the 
equations 

{Xi,  Xj)  =  0,     {Xi,  Pj)  =  0,     (P,;  Pj)  =  0,     (Xi,P,)=l, 
give  the  conditions 

dpj      dpi 


dpi      dXj 

=  0, 

dxj      dxi 

=  0, 

dxi      dxi 

=  0, 

respectively.     Hence  there  is  some  function   U  of  x^,  ...,Xn,pi, 
...,  Pn  such  that 

^^  =  dpr     ^'  =  -a^'  {^  =  h...,n), 

and  any  function  (J  of  these  variables  will  enable  all  the  conditions 
to  be  satisfied.     Also  writing 

n  =  er, 

F.  v.  21 
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we  Hnd  the  equations  for  ^  to  be 

d^      du     "       d'U 


^/m .  ^fv« .  _   " 


dXi  dXi        r=  1        ^PrdXi ' 

80  that 

Hence  an   infinitesimal    contact  transtonnation   is  given  by  the 

equations 

y         _       dU 

^--  i!.(-£)--l- 

The  equations 

rf2=  JhcL'i     +  ...  +  PndiCn, 
dZ=l\dX\  +  ...+P„dXn, 

are  simultaneously  stitisfied,  when  either  is  sjitisfied :  it  is  easy 
to  verify  this  property  from  the  foregoing  values.  Hence  an 
infinitesimal  contact  transformation,  in  luhich  the  cJtanges  of  x,, 
...,  Xn,  Pi,  ...,  Pn  ffo  not  involve  z,  is  given  by  the  equations 

8a:,  =  e^,     S;,,  =  -  e  ^  ,         (t  =  l n). 

where  U  is  a ni/  function  (f  the  v(n'i(ibles  x^,  ...,  .r„,  ;j, .  ...,/)„. 

Corollary  2.     There  is  another  special  civse  of  this  type  of 

contact    transformation,   in    which    A', A'„  are   homogeneous 

functions  of  zero  dimension  in  the  variables  jt>,,  ...,  pn'-  the 
quantity  Z  is  given  by 

Z  =  z  +c, 

vihere  c  is  a  constant;  and  P, ,  ...,  P„  are  then  homogeneous,  of  one 
dimension  in  the  variables  pi,  ...,  pn,  given  by 
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fo7'  i—\,   ..,,  n,  tlie  (luantities   X^,   ...,   X„   still   satisfying   the 
equations 

(X,,Xj)  =  0, 

for  i  and  j=  1,  ...,  n;  and  the  differential  relation 

n  n 

X  PidXi  =  S  pidxi 

i=l  i=l 

is  then  satisfied  identically.     Other  equations  satisfied  are 

(X,,Po  =  i,   (P.-,x,)  =  o,   (P,,P,)  =  o, 

for  all  values  of  i  and  j  unequal  to  one  another. 

Such  transformations*  are  called  homogeneous.  As  before,  any- 
one of  the  quantities  X^,  ...,  Xn  may  be  chosen  arbitrarily:  or 
some  other  arbitrary  relation  may  be  assigned  that  is  not  incon- 
sistent with  the  other  relations  and  equations. 

Corollary  3.  The  corresponding  infinitesimal  homogeneous 
contact  transformation  has  already  f  been  given.  It  affects  only 
the  values  of  a^j,  ...,Xn,p^,  ...,p„:  and  it  can  be  taken  in  the  form 


Xi  =  a:i  +  e  ^- 
p  oH 

0.1  i  j 


(i  =  l,  ...,  n). 


where  H  is  a  function  of  x^,  ...,  x^,  pi,  ...,  pn,  ivhich  is  homogeneous 
of  one  dimension  in  jj^,  ... ,  pn  and  is  otherwise  arbitrary. 

If  we  write 

Xi  -Xi  =  dxi,     Pi  -  Pi  =  dpi,     €  =  dt, 

these  equations  take  the  form 

dxi  _  dH      dpi  _      dH 
dt      dpi  '      dt  dxi' 

for  i  —  1,  ...,  n.     These  equations,  exactly  in  this  form,  will  occur 
later  as  a  canonical  system  of  equations  in  theoretical  dynamics. 

131.  One  remark,  indicating  a  relation  between  these  infini- 
tesimal transformations  and  the  integration  of  a  partial  ditferential 
equation 

J    {^Xi  ,     .  ..,    Xfi,   pi,     .  .  .  ,   pyi)  =   \), 

*  L.C.,  §  139.   The  remark,  in  the  foot-note,  p.  315,  as  to  change  of  sign  applies 
here  also. 

t  See  vol.  I  of  this  work,  §  140. 

21—2 
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niiiy  at  once  be  made*.  If  it  be  required  to  find  the  infinitesimal 
contact  transformations 

82=  e^,     8.1- i  =  e^i ,     8pi  =  eTT,- ,      (t  =  1 ,  . . . ,  n ), 

which  transform  /  into  itself,  we  clearly  must  have 

Denoting  by  IJ  any  arbitrary  function  of  a;,,  ...,  j-„,  ;j,,  ...,  7),,  (thus 
omitting  z  from  its  arguments),  we  know  that  the  quantities  f  and 
TT  can  be  taken 

^'       dpi'         '"'"        dXi' 

thus  the  appropriate  infinitesimal  contact  transformations  will 
arise  through  a  function   U  such  that 

{f,U)  =  0. 

Consequently,  the  determination  of  all  such  transformations  is 
equivalent  to  the  integration  of  the  original  equation 

Applications  of  Contact  Transformations  to  the 
Integration  of  an  Equation  or  Equations. 

132.  The  application  of  the  properties  of  finite  contact  trans- 
foiiiiations  to  the  integration  of  a  single  partial  diflerential 
equation  is  immediate. 

First,  suppose  that  the  depentlent  variable  z  occui"s  explicitly 

in  the  equation  so  that  the  given  e(|uati(>n  may  be  written  in  the 

form 

J\xi,  ....  .r„,  z,  p,,  ...,pn)  =  {). 

We  then  take 

Z=f{x,,  ....  .r„,  z,  pi,  ...,  pn), 

and,  applying  tiu-  preceding  results,  we  ivssume  that  we  have 
2?? -h  1  inde})en(l<nt  functions  of  the  2;j  +  1  variables  z,pi,  ...,p„, 
a-,,  ...,  .r„,  being  Z.  /', P„,  A',,  ...,  A^,,  such  that  the  relation 


z-  i  PidXi  =  p(dz-  i  pid^) 


Lie,  Miiih.  Ann.,  t.  viii  (1875),  p.  240. 


182.]  INTEGRATION  OF  EQUATIONS  325 

is  satisfied  identically  for  a  non-vanishing  quantity  p  that  does 
not  involve  the  differential  elements.  All  the  required  quantities 
Pj,  ...,  Pn  are  known,  if  Xj,  ...,  Xn  are  known,  by  equations 
characteristic  of  a  contact  transformation ;  and  these  quantities 
Xi,  ...,  Xn  are  such  that  the  equations 

[Z,Xi]  =  0,     lX,,Xj]  =  0, 

for  t  =  l,  ...,  n,  txndj—l,  ...,  n  but  unequal  to' i,  are  satisfied. 
It  has  been  seen  that,  even  when  Z  is  arbitrarily  assigned,  these 
equations  are  consistent  and  coexist.  Accordingly,  assuming  the 
general  results  of  the  theory  of  contact  transformations,  we  may 
assume  that  quantities  Xj,  .,.,  Xn  are  determined  by  these 
equations  and  that  the  quantities  Pj ,  . . . ,  P„  have  subsequently 
been  obtained. 

Now  what  is  desired  is  an  integral  of  the  equation 

Zi  =J  {^Xi ,   . . . ,  Xji ,  Z,  JJi ,  •  •  • ,  Pn)  ^^  ^) 

SO  that,  lis  pi,  ...,pn  are  derivatives  of  z  with  regard  to  a^j,  ...,  ccn 
respectively,  we  have 

dz  —p^dx^  —  ...  —pndxn  =  0  ; 

hence  the  quantities,  defining  the  contact  transformation,  must 
satisfy  the  relation 

'  dZ-P,dX,-...-PndXn  =  0, 

or,  since  ^  is  a  permanent  zero,  we  must  have 

P,dX,+  ...+PndXn  =  0. 

This  relation  is  the  only  relation,  except  Z  =0,  that  needs  to  be 
satisfied  in  order  to  secure  the  existence  of  the  relation 

dz  —  py dx-^  —  ...  —  pndxn  =  0  ; 

and,  subject  to  the  specified  exception,  Pj,  ...,  Pn,  X^,  ...,  X„  are 
independent  functions  of  the  variables  involved.  We  therefore 
require  an  integral  equivalent  of  the  relation 

P,dX,  +  ...  +PndXn  =  0, 

where  Pj,  ...,  Pn,  X^,  ...,  A",,,  Z  are  2n  +  1  independent  functions 
of  the  quantities  z,  a;,,  ...,  Xn,pi,  ...,pn,  the  relation  being  satisfied 
identically. 
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Such  a  relation  possesses*  three  types  of  integral  equivalents, 
(i)     It  is  satisfied  identically  if 

where  a,,  ...,  a„  are  7i  arbitrary  constants:  these  n  equations  give 

n  differential  relations 

dX^  =  0,  ...,  dXn  =  0, 

in  virtue  of  which  the  differential  relation  obviously  is  satisfied. 

(ii)     It  is  satisfied  identically,  if  yu.  equations  of  the  type 

Xi  =  gi  (X^+i ,  . . . ,  A  „ ), 

for  I  =  1,  . . . ,  /x  (where  fi  <  n),  are  postulated,  provided  the  equations 

1=1       ^X-j 
for  j  =  /i+l,   ...,  n,  also  are  satisfied:    for   these    equations  give 
ix,  differential  relations 

f /  Y  •  -  "'^^ -^  f/ Y 
j=i  oXj 

for  1=  1,  ...,  /ti  which,  in  connection  with  the  other  ;?  —  fi  relation.s, 

obviously  satisfy  the  required  differential  relation. 

(iii)     It  is  satisfied  identically  if 

P,  =  0,  ...,P,.  =  0; 
these  relations,  however,  do  not  possess  (and  do  not  necessarily 
imply)  any  differential  character. 

We  consider  the  significance  of  these  three  types  of  integral 
equivalent  in  succession. 

In  the  first  place,  we  have 

concurrently  with  the  equation  Z=0;  and  these  relations  are 
sufficient  to  secure  the  differiMitial  relation 

dz  =  ]\  d.i\  +  . . .  +  Pnd^n  • 

As  Z,  Xj,  ...,  Xn  are  independent  functions  of  z,  Xi -r,,,  Pi,  •••> 

Pn,  it  is  possible  to  eliminate  ;>,,  ...,  ;)„  among  the  n  equations 

Z  =  0.     .Y,  =  a, A'„  =  (i„ , 

the  eliminant  being  an  equation  involving  z,  x^,  ...,  a:„,  a^,  ...,  a^. 
The  differential  relation  shews  that  the  value  of  z  thus  provided  is 
an  integral  of  Z=  0  :  manifestly,  it  is  the  complete  integral. 

•  See  Part  i  of  this  work,  §  142,  foot-note. 
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In  the  second  place,  we  have  ix  relations 

for  i=l,  ...,  fji,  and  n—  ^i  relations 

for^'  =  /i  +  l,  ...,  n,  concurrently  with  the  equation  Z=0:  and 
these  equations  are  sufficient  to  secure  the  differential  relation 

dz  =p^dx-^  +  . . .  -\-pndXn. 

As  Z,  X^,  ...,  Xn,  Pi,  ...,  P„  are  independent  functions  of  their 
arguments,  the  n  relations  are  independent  of  one  another  and  of 
Z=0:  thus  it  is  possible  to  eliminate  pi,  ...,  pn  among  the 
n  relations  and  Z=0,  and  the  eliminant  is  an  equation  involving 
z,  cci,  ...,Xn  and  the  functional  forms.  The  differential  relation 
shews  that  the  value  of  z  thus  provided  is  an  integral  of  Z  =  0 : 
manifestly,  it  is  a  general  integral.  Clearly,  there  will  be  a  number 
of  classes  of  such  integrals,  a  class  being  determined  by  the  number 
of  functional  relations  between  the  quantities  Xj ,  . . . ,  Xn  initially 
postulated :  as  before,  the  most  comprehensive  general  integTal 
occurs  when  only  one  such  relation  of  the  most  unrestricted  type 
is  postulated. 

The  equations  are  expressed*  in  another  form  by  Lie,  as  follows.  Let  H 
denote  a  function  of  Pj,  ...,  P^,  JT^n  +  i,  ...,  X^,  which  is  homogeneous  and 
linear  in  Pj,  ...,  P^  and  otherwise  is  quite  arbitrary;  then  the  equations  are 
given  by 

for  z  =  l,  ...,  /a;  ^■=/x  +  1,  ...,  n. 

For,  since  j^ is  homogeneous  and  linear  in  Pj,  ...,  P^a,  we  have 

^-^^3Pi+-"+^'^e7v 


hence 


:PiA'i  +  ...  +  P^A- 


M' 


2  PidXi+  2  XidPi  =  dH 

i=l  i-1 

=  2  ^dPi+     2     ^dXj 


=  'kXidPi-    2    PjdXj, 

i=l  j=fi+l 

and  therefore 

2  P,c^A',  =  0, 

r=l 

which  is  the  equation  to  be  satisfied. 

*  Math.  Ann.,  t.  ix  (1876),  p.  250. 
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In  the  third  place,  wc  havo  n  equations 

concurrently  with  Z=0:  but  as  pointed  out,  they  do  not  definitely 
secure  the  differential  relation 

dz  —  pi  (U\  —  ...  —  p,i  d,Vn  =  0, 

for  they  have  no  differential  character.    If,  however,  they  do  secure 

it,  we  then  have 

dZ  =  p  {dz  —pidxi  —  ...  —  Pndxn) : 

consequently 

dZ  dZ  dZ     ^ 

that  is, 

^A  =  o      — +    i~  =  0 
dpi       '     dxi     ^*  dz 

for  t  =  1,  . . . ,  n.    Thus  In  equations  must  be  satisfied,  in  addition  to 

Z=0,     P,  =  0,  ...,P„  =  0; 

and  as  p  is  not  to  vanish,  ^  is  not  zero.     Assuming  that  all  the 

equations  coexist,  and  that  it  is  possible  to  eliminate  pi,  .,.,/)„  so 
as  to  leave  an  equation  expressing  z  in  terms  of  x^,  ...,ar„,  the 
value  of  z  thus  provided  is  an  integral :  it  is  the  singular  integral. 

Ex.  1.    Let 

Z=piXi  +p-iX.i  +  p»C3  -2  =  0. 
The  quantities  Xi,  A'2,  X3  are  subject  to  the  equation 

[Z,  Z,]  =  0,      [Z,  A',]=0,       [Z,  A'3]=0, 
[A'2,  Z3]  =  0,     [X„A'3]=0,     [A„A'2]  =  0; 
and  it  is  easy  to  verify  that  these  are  satisfied  by 

'Vi  =/>i ,     A'o  =/)2 ,     X3 = Pi . 
The  quantities  /\,  Z'^,  1\  are  then  given  by  the  equations 

^^^^  I  P  ^II 

for  i  =  l,  2,  3:  evidently 

A  =-^'11       A'  =  -''2>      7*3  =  ^3. 

It  is  clcjvr  that  the  quantities  Z,  A*,,  A'a,  A3,  P,,  A,  /'s  are  indei)endent 
of  one  another:   also 

dZ -  Pj  (/A'l  -  r.,dX.,  -  /'3d X3  =  -  {dz  - pi  dXi  -p^dx^  -p^dx^) : 

the  vahio  of  p  is  —1. 
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The  complete  integral  is  given  by 

where  «!,  a2,  as  are  arbitrary  constants  :  it  is 

One  class  of  general  integi-als  is  given  by 

Pl=ff(P2,P3), 


together  with 


^<7  ^  da 


up2  op. 


'3 


Clearly  ^2,  P^,  and  therefore  also  ^i,  are  functions  of  -^  and  "^  ;  and  when  g 

IS   as   unrestricted   as   possible,    they  will  be  arbitrary  functions  of  these 
quantities.     Thus 

2=PiX-i-lrp2X2-\-psX^ 


f  ,     X;  X-i  \ 


=X^G'^'^        A3 


.^1    ■'>\. 

where  G  is  an  arbitrary  function  of  its  arguments :  the  integral  represents 
the  first  class  of  general  integrals. 

Another  class  of  general  integrals  is  given  by 

.       ,,  .^,  Pi=ffiiP3),    pt=g-i{p3), 

together  with 

^^¥3+"4f;+-^-=o,  z=o. 

Manifestly,  it  is  given  by  the  elimination  of  JO3  between  the  equations 

2  =  Xigi  ip-i)  +  ^25^2  iPs)  +  x^Ps  ] 

0=.r,  ^+a7o^^2-l-r  1' 

"-'^»8j.3+*'^S^3^^'  ) 

it  represents  the  second  class  of  general  integrals. 

The  equations 

.ri  =  Pi  =  0,     ^2  =  ^2  =  0,     a;3=P3=0, 

with  Z=0,  clearly  do  not  provide  an  integral :  there  is  no  singular  integral. 
Ex.  2.     Integrate  in  the  same  way  the  equations : — 
(i)       2=^1071  +^2-^2  ^Pz^s  +P1P1P3 ; 
(ii)      z  =pi  X2  +P2X3  +pa  ^1 +P1P2P3 ; 
(iii)    22 = (a?i  -apiY  +  {X2  -  ap^f  +  {x^  -  ap^f. 

133.  Next,  suppose  that  the  dependent  variable  2  does  not 
occur  explicitly  in  the  differential  equation  to  be  solved,  which 
therefore  is  of  the  form 
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We  then  take 

A  ft  =y  {Xi ,  ... ,  Xn,  pyy  . . . ,  Pn), 

nnd,  applying  the  results  of  §  130,  we  assmne  that  we  have  functions 

n,  A',,  ...,  A'„_,,  P,,  ...,  P„  of  J*, -In,  Pi,  '•',  Pn,  such  that  the 

relation 

dU-  1  l\dXi=-  i  pidxi 
1=1  1=1 

is  satisfied  identically.  The  (Quantities  P,,  ,..,  P„  are  kno\^^l  by 
means  of  equations  characteristic  of  the  contact  transformation, 
when  once  U,  X^,  ...,  Xn  are  known:  and  n  is  determined  by  a 
number  of  equations,  as  soon  as  X^,  ...,  X„  are  known.  These 
quantities  are  subject  to  the  equations 

(X,;  Xj)  =  0, 

for  i  and  j  =  1,  ...,  n,  the  values  oft  and  J  being  unequal.  As  h;is 
been  seen,  any  one  of  these  quantities  can  be  arbitrarily  assumed : 
accordingly,  we  assign  /{Xi,  ...,  .t„,  /j,,  ...,  p„)  Jis  the  value  of  Z„. 
And  then,  adopting  the  general  results  of  the  theory  of  contact 

transformations,  we  may  suppose  that  the  quantities  X^, A',,.,, 

n,  Pj,  ...,  P„  are  known. 

What  is  desired  is  an  integral  of  the  equation 

A'„  =/(.r, ,  ...,  x„,pi,  ...,  p„)=0. 

For  that  purpose,  />,,  ...,  jt>»  are  derivatives  of  z  with  regard  to 
ar,,  ...,Xn  respectively,  so  that 

(h  -p,dx,-  ...- p„dx„  =  0 ; 

hence  the  quantities,  defining  the  contact  transformation  in  the 
present  circumstances,  must  satisfy  the  relation 

dU  -    i    P;dXi  =  -dz, 

I   1 
or.  since  A'^n  is  a  permaiicnt  zti. i.  w.-  must  have 

d(z  +  U)-  P.rfA,  -  ...  -  P„_,rfX„_,  =  0. 

This  is  the  only  relation,  other  than  A''„  =  0,  which  needs  to  be 
satisfied  in  order  to  secure  the  existence  of  the  relation 

dz  -  ptda\  -  ...  -  p„d.r„  =  0  ; 

we  therefore  require  an  integral  equivalent  of  the  differential 
relation 

d{z+ 11)-  l\dX,  "...  -  P,.-,f/A„_,  =  0. 
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SO  that  it  may  be  satisfied  identically.  As  in  the  former  case, 
there  are  varieties  of  integi-al  equivalents  :  but,  as  will  be  seen,  the 
singular  integral  does  not  occur. 

(i)     The  differential  relation  is  satisfied  identically  if 

z  +  'n.  =  c,     Xi  =  a,,  ...,  X„_i  =  a,i_i, 

where  c,  a,,  .,.,  Un-i  are  arbitrary  constants.  These  equations  are 
to  be  taken  concurrently  with  X^  =  0 ;  and  the  quantities  11, 
Xi,  ...,  Xn-i,  Xn  are  functionally  independent  of  one  another. 
Hence  w-e  may  consider  the  equations 

Xi  =  tti ,   . . . ,  Xn-i  =  «M-i ,       Xn  =  0 

resolved*  with  regard  to  i\,  ...,pn,  and  the  deduced  values  sub- 
stituted in  n  :  the  result  is  of  the  form 

The  integral  clearly  is  the  complete  integral. 

(ii)    The  differential  relation  is  satisfied  identically  if  a  number 

of  relations 

z  +  U=g  (Z^+i ,  . . . ,  X„_i), 

Xi  —  gi  (X^+i ,  . . . ,  Xn-\), 
for  i  =  \,  ...,  fJ',  hold,  provided  the  further  relations 

^9        ^   p  ^9i       p  _  A 


dXj      i=i      dXj 

for  j=  {x+l,  ...,  n  —  1,  also  hold.  Eliminating  p^,  ...,pn  among 
these  n  relations  and  X„  =  0,  we  have  an  integral :  it  is  a  general 
integral.  Obviously  there  will  be  a  number  of  classes  of  general 
integrals,  a  class  being  determined  by  the  number  of  functional 
relations  postulated.  The  most  comprehensive  general  integral  is 
given  by  the  equations 

s  +  U  =F (Xi,  ...,  X,i_i), 
V  —  -^r,     A  ,1  =  0, 


dXr 

for  ?'=  1,  ... ,  /I  —  1,  the  function  F  being  completely  arbitrary. 

(iii)     The  differential  relation  is  satisfied  identically  if 

P,  =  0,  ...,  P„_i  =  0,     z  +  U  =  a, 

*  Exceptions  might  arise,  when  resohition  with  regard  to  p^,  ...fPn  is  either 
inconvenient  or  impossible:  we  should  tlien  proceed  as  in  §§  58,  59. 
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whc'iv  a  is  a  constant  that  may  be  zun).     Eliminating  p, pn 

among  these  n  relations  and  X„  =0,  we  have  an  integi'.al  which  is 
an  exceedingly  special  case  of  the  foregoing  general  integral  obtained 
by  taking  a  as  the  expression  of  i^(A',,  ...,  -.Y„_,).     The  relation 

dz  +  dU=0 
gives 

du  =  -  i  pidxi, 

so  that 

^  =  0       — =-;• 

for  i  =  l,  ...,  n,  which  are  in  agreement  with  the  equations  charac- 
teristic of  the  contact  transformation  in  this  case. 

And  these  exhaust  the  modes  of  satisfying  the  differential 
relation :  thus  a  singular  integral  does  not  arise. 

It  appears,  from  the  results  of  §  132  and  from  the  results  just 
obtained,  that  the  construction  of  the  various  integi'als  of  a  partial 
differential  equation 

can  immediately  be  effected,  if  a  contact  transformation  of  which 
U  is  an  element  is  known  ;  hence  this  method  of  proceeding 
requires  either  a  knowledge,  or  the  determination,  of  such  a  contact 
transformation.  If  it  hjxs  to  be  determined,  then  a  number  of 
simultaneous  partial  equations  have  to  be  solved. 

Kv.     As  an  illustration,  consider  the  equation 

We  take 

a  contact  transformation  of  wiiicli  X3  is  an  element,  is  given  by 

A'i=/>i,     A'->=Pi, 

/  1=  -.?i  +  77.f3,     /...=  — .r2+      0^3,      '3—-K—' 

The  complete  integral  of  the  equation   is  given  by  the  eliminatinn  of 

Pii  Pii  Pi  between 

s  +  n=t",     .V,  =  ai,     A;;="2,     -^3  =  0: 

that  is,  the  complete  integral  is  given  l>y 

z  —  a\  .J'l  —  <i-,.r.i  —  a3.i'3  =r  r, 
where 

^3^=1  -a/'^-a..*. 
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There  are  two  classes  of  general  integrals.     A  general  integral  of  the  first 

class  is  given  by 

z  +  n=fiA\,X,),    .1-3=0, 

P -^      P-£L 


where  /  is  an  arbitrary  function :  that  is,  it  is  given  by  the  elimination  of 
Pi 5  Pit  p3  among  the  equations 

Pl^+P2^+P3^  =  'i-  \ 

Z-Pl-Vl-P2^'2-P3^'3=f{pl,p2) 

Pi  0/>i 

p-i      3/ 

-J72  +  — *3  =  5^ 

P3      m 

A  general  integral  of  the  second  class  is  given  by 

2  +  n=/(X,),     X,=g{X,\     X3  =  0, 
df       p    dg 


dXi  dX^ 

that  is,  by  the  elimination  oi pi,  pi,  ps  among  the  equations 

Pi^+P2^+Ps^  =  ^ 
z  -piXi  -pix^  -pzx^=f{p-^ 

pi=9{p2)      ^. 

dpi       V  P3       J  dpt  1)3 

There  is  no  singular  integral. 

134.  In  the  same  manner,  the  properties  of  contact  trans- 
formations can  be  applied  to  obtain  the  integi-als  of  a  system  of 
equations.  We  may  assume  that  the  system  is  complete,  that  is, 
that  all  the  relations 

according  as  the  dependent  variable  does  or  does  not  occur,  are 
satisfied,  either  identically  or  in  virtue  of  the  equations  of  the 
system  :  and  we  may  also  assume  that  the  number  of  such  equations 
is  less  than  ri  +  1  or  less  than  n,  in  the  two  cases  respectively. 

In  the  fii'st  place,  suppose  that  the  dependent  variable  does 
occur :   and  let  the  complete  system  be 

where  m  <  n,  the  relations 

[Z,A'i]  =  0,     [A\-,A0]=O, 
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being  sati.sfiid.  If"  those  relations  are  satisfied  identically*,  the 
quantities  Z,  A'j A',„  c<in  be  constituents  of  a  conUict  trans- 
formation Z,  Xy^ X„,  P,,  ...,  P„ :  for  the  quantities  Z,  Xi,  .... 

A'',,  are  detennined  by  equations 

for  r  and  s  =  1,  ... ,  n  :  and  the  quantities  P, Pn  are  then  given 

by  linear  algebraic  equations.  This  contact  transformation  leads 
to  the  differential  relation 

dZ  —  F^dXi  —  ...  —  PndXn  =  p{dz  —  y>,  dx\  —  ...  —  PndjCn), 

where  />  is  a  non-vanishing  quantity. 

When  the  quantity  z  is  an  integral  of  the  given  system,  we 

must  have 

dz  =  pidxi  +  . . .  4- J0„ dxn  : 
also 

dZ  =  0,       dX,  =  0,   ...,dX,n  =  0, 

because  Z=0,  A",  =  0 A'„,  =  0  permanently:  hence  the  above 

relation  becomes 

P,„+lr/A^„+,  +  ...  +P„^/A„  =  0, 

and  when  this  relation  is  satisfied,  we  have 

dz  -  p,dx\  -  ...  -  jj„rf.r„  =  0, 

so  that  an  integral  of  the  equation  is  provided.  As  before,  the 
relation  can  be  satisfied  in  three  kinds  of  ways. 

(i)     The  relation  will  be  satisfied  if 

where  a,„+,,  ...,  a„  are  constants  which  may  be  taken  arbitrarily. 
The  quantities  Z,  Xi,  ...,  Xn  are  independent  of  one  another: 
hence,  eliminating  /),,  ...,pn  between  these  n  —  77i  equations  .ind 
the  m  + 1  equations  of  the  complete  .system,  we  have  a  relation 
between  z,  Xi,  ...,  .t„,  which  involves  «  —  m  arbitrary  constants  and 
provides  an  integral  of  the  system.  The  integral  thus  provided  is 
clearly  the  complete  inteyral. 

(ii)     The  relation  will  bo  satisfied  if  the  quantities  A'„+,,  ..., 

*  The  alternative,  when  these  relations  are  satisfied  only  in  virtue  of  the  members 
of  the  complete  system,  will  be  a  matter  for  subsequent  consideration. 
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Xn  are  connected  by  q  equations  (where  q  is  less  than  n  —  m) 
which  may  be  taken  in  the  form 


9q  {^  m+i ,  •  •  • ,  Xn)  =  0 ; 
but  in  addition,  the  equations 

■L  m+r  —  '^l  ;^  y  r   ...   +  Ag  ^^ , 

O^  7n+r  OA.  ,n+r 

for  r=l,  ...,n-m,  must  be  satisfied.  We  now  have  the  m  +  1 
equations  of  the  original  system,  the  q  relations  of  condition  among 
the  variables  Xm^^,  ...,  Xn,  and  the  deduced  n  -  m  equations  con- 
necting the  quantities  Pm+^,  ...,Pn  with  the  variables  Z,„+i,  ..., 
Xn :  that  is,  there  are  n  +  l  -\-q  equations  in  all  Eliminating 
Ih,  ■■■,J)n,  A,i,  ...,  \q  among  this  aggi-egate,  we  obtain  a  single 
equation  as  the  eliminant :  the  form  of  the  equation  is  affected  by 
the  form  of  the  q  postulated  relations  of  condition.  The  value  of 
z  thus  provided  is  an  integi-al :  obviously  it  is  a  general  integral. 

Manifestly  there  are  n -m-1  classes  of  general  integrals, 
determined  by  the  assignment  of  1,  2,  ...,  n  -  m-1  relations  of 
condition  among  the  variables  X,n+i,  ...,  A^,.  The  most  compre- 
hensive class  is  that  determined  by  the  assignment  of  only  a 
single  relation :    if  this  relation  be  taken  in  the  form 

Xm+i  =  h  (X,n+o,  ...,  X,i), 

then 

-t^m+r  +  -)  Y  Pm+i  =  0, 

^-^  m+r 

for  r  =  2,  ...,n-m-2:  and,  as  before,  we  obtain  the  integral  by 
elimination. 

(iii)     The  relation  will  be  satisfied  if 

Pm+i  =  0,   . . . ,  Pn  =  0, 
We  then  have 

dZ -  P,dX^  -  ...  - P,ndX,n  =  p  (dz -ihdx,  -  ...  - p^dx^), 
so  that 

dz         '  dz       '"      ^'^   dz   ~P' 


■m 


9B        'dpj      --'-1]^-^' 
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for  i  and  j='l,  ...  ,n.    Eliminating  P, Pm ,  p  among  these  2n  +  1 

equations,  we  have  2n  — m  conditions  to  be  satisfied  among  the 
derivatives  of  Z,  A', ,  . . . ,  .V,,, ,  which  can  be  expressed  in  the  form 


dZ 
dxx 

dX, 
dxi 


dZ       dZ 


dZ    1=0. 


dxn  '    dpi  '  '"'    dpn 
dX,      dX,  dX, 

dXn   '      dp^    '    '"'     dpn 


dX, 


dX,n    dX, 


dXr, 


dXi  '  '"'    dxn  '    dpi  '     "'    dpn 

When  these  .are  satisfied,  either  identically  or  in  virtue  of 

Z  =  0,     Z,  =  0,  ...,  X„,  =0,     P,„+,  =  0,  ...,  P„  =  0, 

then  the  eliniinatiou  <»f  y)i,  ...,  pn  among  these  n  equations  leads 
to  an  equation  connecting  z,  a-,,  ...,  .r„.  This  value  of  z  is  an 
integral  of  the  equation  :  clearly  it  is  the  singular  integi'al. 


E.r.     Obtain  integrals  of  the  equations 

Z=z-pi  .Vi  -pi.T2  -p3.r3-a  =  0) 

which  satisfy  the  condition 

[Z,  X,]  =  0 

of  coexistence :  the  quantities  a  and  c  are  given  constants. 

The  quantities  Z  and  T,  are  constituents  of  a  contact  tr.insforniation, 
represented  in  full  by 

Z,       A  I,       Ai=pi,       A3=p2, 
^1— $— ,       1  2  =  •^\  —  •^i    ~  1        J  3  —  .V.,-  .Ts—  . 

Pa  P3  Pi 

The  complete  integral  is  represented  by 

where  a^  and  as  are  arbitrary  constants :  combining  these  with 

Z=0,     A\=0, 
we  lind  tlie  ct)mplete  integral  given  by 

where  oj  and  02  are  arbitrary,  and  03  is  given  by 

"I* +  02' +  "3''=  1  '• 
or,  expressed  .solely  in  terms  of  independent  constants,  the  integral  is 
{z  -  o, .7*1  -  02-^2  -  a)* = X3*  ( 1  -  n,*  -  02*). 
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To  find  the  general  integral,  we  take 

I\ff'(X,)  +  P,  =  0; 

that  i.s,  the  general  integral  i.s  given  by  the  elimination  of  Pi,  p-,,  />•)  among 
the  equation.s 

z—p\^i—p2  x-i  —p3^'z  -  a = 0 

Pl'^+P2^+P3^-<^=0 

P\=9{Pt)   r 

The  singular  integral,  if  it  exists,  is  given  by 

Z=0,     Zi=0,    P2=0,     P3=0. 

The  further  neces.sary  conditions  are  satisfied.  The  elimination  of/)i,^2>/'3 
among  these  four  equations  leads  to  a  relation 

which  is  therefore  the  singular  integral. 

135.     Next,   suppose    that  the  dependent  variable   does  not 
occur  explicitly  and  that  the  complete  system  is 

where  the  relations 

for  i  and  j=  1,  ...,  in,  are  satisfied,  the  integer  m  being  less  than  n. 
As  these  relations  are  satisfied,  the  quantities  X^,  ...,  X^  are 
constituents  of  a  contact  transformation  such  that 

and  quantities  H,  X„j+i,  ...,  Xn,  P\,  •••,  Pn,  being  functions  of 
Xi,  ...,  Xn,  pi,  ...,  Pn,  exist  such  that  the  differential  relation 

rfn-  I  PidXi=-  i  pidwi 

i=l  i=l 

is  satisfied  identically. 

What  is  desired  is  an  integral  of  the  system 

A 1  =  0,  . . . ,  A„i  =  0, 

so  that  we  must  have 

dXi  =  0,  ...,  dXm  =  0\ 
also,  as  the  value  of  z  is  to  be  an  integral  of  this  system,  we  have 

dz=pidxi+  ...  +  pndxn. 
F.  v.  22 
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Thus  the  differential  relation  can  be  taken  in  the  form 

d(z+  U)-P.„^,dX.„^,  -  ...  -  P„dX„  =  0. 

When  this  relation  is  satisfied  concurrently  with  the  m  equations 
of  the  system,  then  the  relation 

dz  =  }\dxi  +  ...  -'t- pndxn 

also  is  satisfied:  so  that  the  value  of  z,  expressed  in  terras  of 
•Ti,  ...,  Xn,  is  an  integi-al. 

As  in  the  case  of  a  single  equation,  there  are  two  distinct 
kinds  of  integral  equivalents  of  the  differential  relation,  leading 
to  a  complete  integral  and  to  the  general  integrals  respectively : 
there  is  no  singular  integral. 

(i)     The  differential  relation  is  satisfied  identically  if 

z-\-\\=c,     A,,,^.]  =  rt,„+i,   ...,  A„  =  a„, 

where  c,  a„+i,  ...,  «„  are  arbitrary  constants.  These  equations 
exist  concurrently  with  the  equations 

A  ]  =  0,  . . . ,  .iV  ,rt  =  0  ; 

and  the  quantities  II,  X^,  ...,  X-m,  A',„^i,  ...,  A'„  are  functionally 
independent  of  one  another.  We  may  therefore  resolve  the  set  of 
equations 

with  regard  to  the  variables*  yj,,  ...,  jt)„  :  when  we  substitute  their 
values  in 

2  +  n  =  c, 

we  have  an  integral  of  the  system  of  equations  in  a  form 

Z  +  Jl  (;rj ,  . . . ,  Xfi,  ttm+i »  •  •  • )  rt„ )  =  c, 

involving  /i  —  ni  +  \  variable.s.  The  integral  is  clearly  the 
complete  intepral. 

(ii)  The  differential  relation  is  t>atisfied  identically  if  a 
number  of  relations 

«+  n  =  7  (A'^+, Xn\ 

■^  >n+r  =  5''"  (-^M+i'    ••••    A„), 

•  Exceptions  may  arise  when  the  resolution  with  regard  to  another  set  of  m  of  the 
variables  -r, ,...,  j-„  ,  p,  ,...,/>„  is  more  convenient :  we  then  proceed  as  in  §§  -58,  59. 
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for  ?'  =  1 ,   . . , ,  fi—  m,  hold  provided  the  further  relations 

dXj      ,Zi     "'"-'' dXj        '~    ' 

for  J  =  yu-  +  1,  . . , ,  n,  also  hold.  Eliminating  p^,  ...,  p^  among  these 
n  —  m-\-\  relations  and  the  equations  of  the  original  system,  we 
have  an  integral  of  that  system.     It  is  a  general  integral. 

Obviously,  there  will  be  a  number  of  classes  of  general 
integrals,  a  class  being  determined  by  the  number  of  functional 
relations  postulated.  The  most  comprehensive  general  integral 
is  given  by  the  elimination  of  pi,  ...,  p^  among  the  equations 

2  +  Tl  =  h  (X,„+i ,   . . . ,  Xn), 

-—  —  P  Y  —  0  Y     —  0 

"i  y   —  -'■  >■>       -'i  1  —  '-')   • '  •  }  -^^  III  —  ^> 

for  r  =  m  +  1,  ...,  n. 

(iii)     The  differential  relation  is  satisfied  identically  if 

P,n+l  =  0,   ...,  Pa  =  0,     2+U  =  a, 

where  a  is  a  constant  that  may  be  zero.  Eliminating  p^,  ...,  p,t 
among  these  n  —  m  +  1  relations  and  the  m  equations  of  the 
complete  system,  we  obtain  an  integi'al  which  is  an  exceedingly 
special  case  of  the  foregoing  comprehensive  general  integral, 
the  case  arising  by  taking  a  as  the  expression  of  the  function 
h(Xjn+i,   •..,  Xn).     The  relation 

gives 

n 

dU  =  -  %  pidxi, 

i=l 

SO  that 

opi  d.i'i 

for  i=l,  ...,  n;  these  equations  are  characteristic  of  the  contact 
transformation  for  the  present  case. 

The  modes  of  satisfying  the  differential  relation  are  exhausted  : 
hence  a  singular  integi-al  does  not  arise  for  the  complete  system  in 
the  supposed  circumstance  that  the  complete  system  does  not 
explicitly  involve  the  dependent  variable. 


oo 
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Ex.  1.     Intcgmte  the  .sinniltancf»ii.s  equations 

/'=.r2;j,  +  jr,;>i  +  a/j3  (p,  -p.^)  -  c=0| 
(7  =  (jo,+p2)(.r,+x,)-6=0  ) 

where  o,  h,  and  c  are  const^uits. 

It  is  easy  to  verify  that  the  condition 

{F,  0)=0 
is  satisfied  identically,  and  that,  if 

JJ=p„ 
then  the  equations 

{F,H)  =  0,     (G,n)  =  0, 

also  are  satisfied  identically.     Hence,  taking 

A\  =X2pi+.rip2+ap3  {pi  -pi)  -  c, 

-^2  =  ipi  +JO2)  (•»•!  +  ^2)  -  b, 

the  quantities  A'l,  A'.,  X,  can  be  constituents  of  a  contact  transformation. 

To  complete  the  contact  transfonnation,  the  quantities  n.  Pi,  /*2,  Pj  are 
rcqiiired.     Of  these,  n  satisfies  the  three  equations 

(n,  X\)=  -  2  pr  ^'=-(pi+p-;){:ci+.ril 

(n,  A',)=  -  2  Pr^^-=  -P\{-''i  +  ('Pi)-Pi{^\-apz)-apAP\-Pt) 
=  -PiX-i  - Pi-vx  -  iap^  (pi  -pi). 
From  the  first  of  these,  we  have 

where  u  is  any  function  of  .z'j,  .i\.,  />i,  p.>,  p^.     From  the  second  of  them,  we 

have 

?t  +  i  ( X2  +  b)  log  (;r,  +  .rj)  =  V, 

where  v  is  any  function  of 

X'2+h,     .r.,-xi,    Pi-pi,    pzy 

or  say  of  .,Vo  +  6,  o,  /3,  /)3, 'where 

a  =  .r,-Xi,      fi=p.-p\- 

From  the  third  of  the  equations,  we  have 

where  id  is  any  function  of  A'g  +  6,  ;3  (a  +  2a/>3)  +  6,  JO3.     Now  for  the  integration 
of  our  equations,  A'i  =  0,  Xj=0  ;  and 

/3  (a  +  2ap2)  =  A'j  -  2  A',  +  6  -  2c 
=  6- 2c,* 
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so  that  eft'ectively  v:  is  a  function  of  jOj:  consequently, 

n  +pzXz  +  H^2  +  h)  log  (x-i  +  A-2) 

=*  (.r,  -  2X1  +  26  -  2c)  { -  log  {X.  -  a-,+2«j03)  +(/)  (/,3)}. 

The  complete  integral  is  given  by 

z+U  =  A,     .ri=0,     A'o=0,     A'3=C, 
where  A  and  (7  are  arbitrary  constants ;  consequently,  it  is 

A  =z-Cxz - hb log (A-i  +  A'a)- (6 - c) {- log (xo - x-i  +  2aC)  +  (f>  (C)}, 
or  as  {h-c)(^{C)  can  be  absorbed  into  J.,  this  complete  integral  is 
z  -  Cx^  - 1 6  log  {xi  +x.>)-{b-c)  log  {xo —Xi  +  2aC)  =  A. 
The  general  integral  is  given  by 

z  +  n^gLYs),     A'i=0,     A'2  =  0, 
together  with  the  x-elation 

Also,  the  quantities  Pi,  P2,  P3  are  given  by  any  three  of  the  six  equations 

CVi      r=l        CX^  ^  OPi     r=l        ('Pi 

which  are  independent  of  one  another :  in  particular, 

^  ^on  ^    ajpi-p-i)   /an    gn\ 

^      ?j03        A-2-A'i+2a/>3  VCyOi        0/)2/' 

which,  on  substitution,  gives 

Hence  the  general  integi-al  is  given  by  the  elimination  of  p^  between  the 
equations 

S  -P3^3  -  i 6  log  (a'i  +  Xo)  -(b-c)  {log  (X2  -  X^  +  2api)  -  (p  (p^)}  =g  (jOg), 

or,  writing 

9{p?d-{b-c)<i>  (ps) =h  ip-s), 

so  that  A  (^3)  is  a  new  arbitrary  function,  we  have  the  general  integral  given 
by  the  elimination  of  ^03  between 

s  -p3^3  -  5  6  log  {xi  +  .^2)  -  (6  -  c)  log  (0:2  -  Xi  +  2ap3)=k  (ps)  ^ 


"^     A:>-Xi  +  2api 


2-Xi  +  2.^3  =  ^^-^^^j 

And  there  is  no  singular  integi-al. 

yote.  The  example  is  worked  out  in  oi-der  to  illustrate  the  i-elation 
between  the  constituents  of  the  contact  transformation  and  the  construction 
of  the  integral. 

If  the  Jacobian  method  (Chap,  iv)  were  adopted  for  the  integration  of 

F=0,     (9=0, 
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wo  .should  find  a  thini  eqimtion  to  associate  with  th&se:  proceeding  in  the 
U3ual  way,  we  cnvild  take  either 

or 

where  03  and  C3  are  arbitrary  constants.     We  then  I'e.solve  the  equations 

F=0,     6'  =  0, 
with  one  of  the  equations 

^3=03,     aiP\-p2)-Jp3=C3, 

for  jt>,,  P2.  P3;  we  substitute  in 

d2=pidvi+p.id.v.,+p3d.t'3, 

and  effect  a  quadrature.    The  resulting  equation  gives  the  complete  integral : 
and  the  general  integral  would  lie  deduced  by  the  customary  process. 

Writing 

P3  =  Ii,     a{pi-  p.)  -  .V3  =  A', 
we  have 

(/-,  «7)=0,     (F,  ^)=0,     {G,ff)  =  0, 

all  .satisfied  identically,  .so  that  F,  G,  If  can  be  the  constituents  A\,  A'j,  A's 
of  a  contact  transformation.     Also 

{F,K)  =  0,     (6',  A')=0, 

satisfied  identically,  .so  that  F,  G,  K  can  be  the  constituents  T,,  A'o,  -Vj  of 
another  contact  transformation.     The  integration  of 

F=0,     (?  =  0, 
by  means  of  the  latter  contact  transformation  is  left  as  an  exercise. 
But 

hence  F,  If,  A' cannot  be  the  constituents  A',,  A'2,  ^3  of  a  contact  transforma- 
tion, nor  can  (i,  If^  K  l)e  those  constituents. 

Ex.  2.     Integrate  by  thi.s  methotl  the  equations 


«(/),-;>j)-.r3=0j 


where  u  and  c  are  constants. 

Ex.  .3.     ."Similarly  integrate  the  equations 


.r,  pi  -  .v^p^  +  .»-3;)3  -  .v^p^  =  a| 
•^zPx  +  .»^4/>8  -  X\P3  -  ^iPi  -=  0 ) 


where  a  and  c  are  constants. 

136.     It  thus  apix^ii-s  that,  when  a  single  differential  equation 
is  given  in  a  form 

r  =  o, 

the  quantity   U  can  always  be  made  a  constituent  of  a  contact 
transformation,  the  e.xplicit  expression  of  which  adopts  one  or  other 
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of  two  forms  according  as  U  does,  or  does  not,  explicitly  involve 
the  dependent  variable  :  and  the  various  kinds  of  integi-als*  can  be 
deduced  when  the  full  expression  of  the  transformation  is  known. 

Again,  when  a  complete  system  of  equations  is  given  in  a  fonii 

Jl  1  =  0,  • . . ,  A  „,  =  0, 

(where  m  is  less  than  the  number  of  independent  variables),  so 

that  the  relations 

[X,-,X,]  =  0,  or  {Xi,Xj)  =  0, 

(according  as  the  equations  in  the  system  do,  or  do  not,  involve  the 
dependent  variable  explicitly)  are  satisfied,  it  has  been  proved  that, 
if  the  relations  are  satisfied  identically,  the  theory  of  contact  trans- 
formations can  be  applied f  immediately  by  making  X^,  ...,  X,„ 
constituents  of  the  transformation  in  the  mode  indicated.  The 
various  kinds  of  integi-als:|:  could  be  deduced  when  the  full 
expression  of  the  transformation  is  kno^^^l, 

Consequently,  in  order  that  the  method  of  contact  trans- 
formations may  be  made  eflective  for  the  practical  integi'ation  of  a 
single  equation  or  of  a  complete  system  of  equations,  it  is  necessarj' 
to  devise  a  practical  process  for  the  completion  of  a  contact  trans- 
formation when  one  constituent  can  be  assumed  or  when  several 
constituents  can  be  assumed.  These  constituents  have  been  sup- 
posed, in  every  case  thus  tar  considered,  to  belong  to  the  X-type 
and  not  to  the  P-type  in  a  relation 

rfZ -  i  PidXi  =p(dz-  i  pidxi 

i=l  \  1=1 

alternative  suppositions  have  not  been  considered, 

*  No  indication  of  the  occurrence  of  special  integrals  Las  been  given  :  these, 
however,  usually  depend  on  the  details  of  form  of  particular  equations,  and  such 
details  have  been  ignored.  They  would,  of  course,  have  to  be  taken  into  account 
if  a  complete  theory  were  being  based  upon  contact  transformations  and  their 
properties,  and  upon  these  alone  :  but  the  present  chapter  has  no  such  purpose. 
What  is  intended,  is  the  exposition  of  the  more  important  general  methods  of 
integration,  in  a  sufficient  amount  of  detail  to  make  their  scope  clear:  among  such 
methods,  contact  transformations  must  find  a  place. 

t  No  implication  has  been  made  that  the  theory  cannot  be  applied  unless  the 
relations  are  satisfied  identically :  the  condition  was  requisite  merely  for  the 
immediate  use  of  the  propositions  quoted  in  §§  128 — 130. 

*  With  the  same  exception  of  special  integrals  as  occurs  sometimes  when  a 
single  equation  is  propounded  for  integration. 
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Moiteover,  m  i:^  quite  poasibk  (examples,  inked,  hare  occurred 
fineehr  in  iDu^akkn  of  precediiig  discossioiis)  tluit  a  ^rslion 
Xi=Oy  ...,  Xm  =  0  shoukl  be  complete,  ev^oi  tkoogfa  the  nations 

[X„  Xj]  =  0,  or  (X.,  J;>  =  0 

dioakl  not  be  salissBed  identkally ;  all  that  is  necessarv,  is  that  the 
lelalMBB  ahonld  be  satisSed  ^mnhaneously  with  the  equations  at 
the  system  wildioat  the  intcrcentioii  of  any  otho-  equation.  The 
qoestion  thus  is  raised  as  to  the  use  (if  any)  that  may  be  made  of 
the  property,  when  the  relations  <^  coexistaKe  aie  satisfied  odIt  in 
rirtne  of  the  equations  of  the  system;  and  the  answer  to  the 
qjoestion  is  to  be  Ibond  in  the  properties  <^  groups  of  functions. 


Gbouts  of  Frxcnoss. 

137.  Aceofdingly,  we  paroceed  to  the  cc»sidaation  of  the 
simpler  properties  of  jfnNqp*  of /mmdioms* :  they  are  based  upon 
the  properties  oi  contact  tian^Minations,  and  their  development  is 
solBcientiy  distinct  to  cause  their  application  to  be  r^arded  as  a 
distinct  method  §ar  the  integration  of  sjrstems  of  equations. 

Abo,  partly  lor  the  sake  of  some  simplicity  in  the  formulae;  and 
partly  because  there  is  no  intention  of  derek^ping  the  full  theory, 
it  win  be  assumed  that  we  are  dealii^  with  the  limited  contact 
tianaftnnations  of  §  130,  so  that  we  may  take 

wlme  i  =  1.  ....  !l,  anii  II,  P^.  ...,  P.,  X,,  ....  J,  are  functions  of 
x^.  ....  x^,  pi,  ...^ p^y  as  the  type  •>f  transformation  to  be  discussed. 

The  gi^ieral  notion  *ii  a  group  is  of  exceedingly  comprehensiTe 
rai^ :  for  the  immediate  purpose,  it  may  be  described  by  saying 
that  the  aggregate  of  a  number  of  entities  is  called  a  group  when, 
if  those  entities  are  compounded  in  aU  possible  ways  whidi  conform 
to  assigned  laws,  the  results  of  the  composition  can  be  expressed 
in  terms  cf  those  entities  by  forms  whidi  are  subject  to  other 
awagnpd  laws. 


is,  at  camtmt,  ornlj  •  fait  ai  Lkfu  coHpRk^ane  mtaB,M 

wtiL  n,  PPL  ITS  c<  wf. :  ace  aim  MmMk.  Amm^  t.  Tin  (1975), 
ppi.  MS  et  «ef .,  A.,  t.  xi  (1877),  fpc  4tt  H  acf. 
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Thtb^^- ._^:  -:   _^  :-  •     -  ••   -±-  "  \>e 

poBKieol  'crf  coike  s_'  -  like  projiorcies  ':"f  t^  seis  c»f 

finactaooas  asre  c;^     "-  \    j  t^wo  imieiiQBffis  *  '   «f  libe 

^asall  fee  ©orHaSsBjaed  ua  T.he  farm 

32a  acefiraSaaDoe  wida  T3ike  ii<jfta-T-  i-  ;^-:-.  i'     -ri.  likis  -•  i_"_^^:i_  i_  25 


, V  '  N\         r  -  -  -  

i:--:--   -   '      T  _•:....  -      :    -:_  r_i-^-^^  7--    ___    ^.    -^hx: 

-rrr:    --.    _~   ursi   :-      jv^^    m-   _'        _    '     _  "  _.^ 

:    -  "    re  of  likt-  T^-;       — 

T :  aiad  ewenr  fasieiaian  'Crf  '  : 

"dbe  tfemeaftflEB  %, 14^  iL  _        _l  -^  TiKf-  i- 

im  ijeaMfte  toif  ifee  fflasEMafeas  . :  like  garcnrp-  as  s^^ 

t,Q>  like  giPonajL 

Fumtha",  ii  ibo_     ^  ^i  _  _    __ 

likare  JEaanr  fee  £  sea:  'Csf  f  fr  :,sisii  -■      t^ 

saiiafir  ifce  -aaadrQcaas  far  a  _:  _    "  j      ~-  in  ":   ■       --r.  <»•''< r. 

TSike  sei  •otf  r  ifeimeiaciQS  is  liken  ealied  a  *     -  :   '  -    ,  jf 

■caxier  r. 

Wlieaii  all  like  easBJsnaisciCDs  ^av.         :  :  *  aikd  f=l ^  r_ vsziisci 

like  g!no>iip  is  called  a  ts^^im  im  imwsiaiaimL. 

A  fcDDeQCffi  T  of  like  2*  i:afliB3siles,  sisicfti  itiaci:  i(^k,  «^i,i=  -    :        =1 
—  «,  is  said  iici  fee  as  imny^ii^&h  wsiii  j%«  J^mpa^  %., -,  ^r- 

SoB©e  scBQ|9iir  TrrrTVrm-e?  of  grouTKi.  litai  are  "praeracaBr  rh-r-  •.-:=; 
UMT  £X  icaaee  fee 

■'?^    HTnexT  rcaaeiMBa  'Caif  like  ansniiets  -jsf  a  ^[rciinjt  feelon^  t» 
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(ii)  If  ;•  functions  i\,  ...,  Vr  of  thf  members  of  Mj,  ...,  Ur  of  a 
group  of  order  r  bo  algebraiailly  indejxndfnt  of  one  another,  they 
constitute  a  gioujj.  This  group,  composed  of  i-,,  ,..,  tv,  is  regarded 
merely  as  another  form  of  the  original  group:  thus  a  group  can 
have  an  unlimited  number  of  forms. 

When  any  form  of  a  group  is  in  involution,  ever}'  form  of  the 
group  is  also  in  involution. 

(iii)  When  /•  functions  m,,  ...,  Ur  are  connected  by  .s,  and  by 
not  more  than  s,  relations,  and  when  all  the  combinations  («,-,  m^) 
are  expressible  in  teniis  of  ?/,,  ,..,  Ur,  the  functions  belong  to  a 
group  of  order  r  —  s. 

(iv)  When  two  diti't-rent  groups  have  members  in  common 
with  one  another,  the  aggregate  of  those  common  members  con- 
stitutes a  group ;  for  if  the  aggi-egate  be  fj,  ...,(,„,  the  combinations 
(ti,  tj),  for  i  and  /  =  1 ,  . . . ,  m,  are  expressible  in  terms  of  members  of 
the  fii-st  group  and  also  in  terms  of  members  of  the  second  group, 
that  is,  they  are  expressible  in  terms  of  the  members  common  to 
the  two  groups. 

(v)  A  group  of  functions,  involving  2u  variables  in  two  com- 
plementary sets,  is  of  order  not  greater  than  2«  ;  for  if  the  ninuber 
of  inembei-s  were  greater  than  2»,  they  coidd  not  be  algebraically 
independent. 

We  shall  .see  later  that  the  oi-der  of  a  group  in  involution 
cannot  be  greater  than  n. 

(vi)  A  contact  transformation  changes  a  gi'oup  of  order  r  into 
another  group  of  order  r. 

Let  the  variables  introduced  by  the  transformation  be  j-,' 

^n,  Pi',  ••',p„',  so  that  the  equations  characteristic  of  the  trans- 
formation an' 

where  i  and  j=\,   ...,   n,  and   are  unequal   to  one  another,  the 
independent  variables  b<'ing  .i\,   /„.  p ,  p,^:   also 

(xi ,  .tj)  =  0,     { Pi ,  pj)  =  0,     (/),-,  .Vj)  =  0,     ( /), ,Xi)  =  -  I, 

the  independent  variables  being  .r,', r,/,p^',  ...,  p^'. 

Let  »/, II r  be  the  group  to  be  transfonned,  and  let  v,-  be  the 

value  of  J/,-  (for  i=\,  ...,  ;•)  aft«'r   the    transfonnation  has  been 
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efifected;  as  u-i,  ...,  Vr  are  algebraically  independent  of"  one  another, 
so  also  are  Vi,  ...,  Vr.     Then,  since 

dvi  _   ^    fdui  dx^      d>';  dp^\ 


we  have 


dps       ^^iKdx^dpg       dp^dps 
■^      s=i\dx/dj)s       dps  dxs' 


M 


^    Ud'Ui  duj      du;  duj\    "    /dx^  dp^  _  dx^  9/V\  I 
\dx^  dp^     dp^  dxj  s=i  \dxs  dps      dp/  dxP] 


^=1  \dx^  dp^      a/V  9-<>/   '"''"' 
_  y   fdiii  duj      dui  di(j\ 
^=i[dx^d2)f,      dp^dx^j 

=  {Ui,  Uj). 

But  {ui,  Uj)  is  expressible  in  terms  of  Wj,  ...,  «,.  alone,  so  that 

(lli,  Uj)=0ij{u„  ...,  llr) 
=  Oij(Vu  ...,  Vr); 
hence  (vi ,  Vj)  =  6{j (v„  ...,  Vr), 

and  therefore  the  functions  Vj ,  . . . ,  Vr  form  a  group  of  order  ?•. 

A  question  is  thus  suggested,  as  follows.  Given  two  groups  of 
order  ?*,  each  involving  2n  variables  in  complementary  sets :  what 
are  the  contact  transformations,  if  any,  which  transform  one  of  the 
groups  into  the  other  ?  An  answer  to  the  question  will  be  obtained 
through  the  determination  of  a  canonical  form  to  represent  a 
group. 

138.  Passing  now  to  properties  of  gi'oups  that  are  less  obvious 
than  those  just  given,  we  have  the  following  theorem,  due*  to 
Lie : — 

Let  Ui,  ...,  Ur  be  a  group  of  order  r  in  2u  variables,  composed 
of  two  complementary  sets;  then  the  r  linear  partial  differential 
equations 

(u„f)=0,  ...,(u,.,f)=0 

are  a  complete  system. 

*  It  appears  to  have  been  the  earliest  result  in  Lie's  researches,  and  was  first 
published  in  1872:  see  Forh.  af  Christ.,  (1872),  pp.  1.33—135,  ib.  (1873), 
pp.  237—262. 
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In  the  firsst  phici',  the  /•  «quation.s  are  linearly  independent  of 
one  another:  for  otherwise  a  set  of  det<-nninants  involving  the 
derivatives  of  ?<,,  ...,  u^  would  vanish  and  so  would  iin])ly  identical 
relations  among  the  quantities  u-^,  ...,  u^,  contrary  to  the  hyjiothesis 
that  the  r  functions  constitute  a  group  of  order  /•. 

When,  for  convenience,  we  write 

(Ui,f)=A,/. 
for  i=  1,  ...,  /•,  the  Poisson-Jacobi  identity 

((«,,    Uj)f)  +  ((  Uj,f)  Ui)  +  ((/,   Ui)  Uj)  =  0 

becomes 

((>';.   ";)/)-A;{Ajn  +  Aj(A;/)  =  0, 

that  is, 

Ai  {Ajf)  -  Aj(A;t  )  =  ((//,-,  uj)f) 

_^Aj+...+—AJ, 
where,  as  before, 

Hence  all  the  equations 

for  i  and  y  =  1.  ..,,  /•,  are  satisfied  in  virtue  of  the  r  equations 

J,/=0,  ...,.4,/=0, 

which  therefore  (§  37)  aix-  a  complete  system.     The  proposition  is 
thus  established. 

As  the  system  of  /•  equations  in  2ii  variables  is  complete,  it 
possesses  2n—  r  distinct  integrals:  let  these  be  u,,  ...,  Vm-r-  It  is 
known  (§  41)  that  ever}'  other  integial  of  the  complete  system  is 
expressible  in  tenns  of  these  2n  —  r  functionally  distinct  integrals; 
and  by  the  Poisson-Jjicobi  theorem,  («,,  Vj)  is  an  integnil  of  the 
system  :  hence 

{Vi,  Vj)=<f)ij(Vi u,„_,X 

and  theiefore  the  271  —  7'  functions  r, ,  ...,  v-in-r  form  a  group. 

Applying  Lie's  theorem  to  the  group  i',,  ...,  y...„_r,  w'e  see  that 
the  systi'jii  of  2/f  — /•  equations 

(i;,,f/)=().  ...,{r-,n-r,0)  =  ^ 
is  comj)lete,  so  that  it  possesses  /•  fundamentally  distinct  integrals. 
Evidently  the  membei-s  of  the  group  n^,  ....  u^  can  be  taken  an 
these  integi-jUs ;    and  all   the  equati«>ns 


138.]  FUNCTIONS  849 

are  satisfied  identically,  owing  to  tlie  property  (§  41)  of  integrals 
of  homogeneous  linear  partial  differential  equations  of  the  first 
order.     We  thus  have  the  further  theorem : — 

A  group  of  functions  of  order  r  in  2n  variables  determines 
another  group  of  functions  of  order  'In  —  r  in  those  variables,  and 
conversely:  every  function  of  either  group  is  in  involution  with  the 
other  grouj). 

The  two  groups  thus  associated  are  called,  sometimes  reciprocal 
to  one  another,  sometimes  jiolars  of  one  anothei*. 

Corollary  I.  When  a  contact  transformation  is  effected  ujion 
two  reciprocal  groups,  the  transformed  groups  are  recip>rocal  to  one 
another.  Let  Uj,  ...,  u,.,  and  I'l,  ...,  v.n-r,  be  the  reciprocal  gi-oups, 
transformed  into  ?//,  ...,  ;//,  and  v^  ,  ...,  v'.^n-r,  hy  the  contact  trans- 
formation :  then,  as  before  (§  137), 

{ul,  Vj)  =  iU;,  Vj) 

=  0, 
for  all  values  of  i  and  j.     This  result  is  the  analytical  expression 
of  the  property  stated. 

Corollary  II.     The  order  of  a  system  in  involution  cannot  be 

greater  than   n,  the  total   number  of  variables  being   2n   in   two 

complementary  sets.     Let  u^,  ...,  tir  be  a  system  in  involution,  so 

that  the  equations 

(vi,  Uj)  =  0 

are  satisfied  for  all  values  of  i  and  j.     The  equations 

(w„/)  =  0,  ...,  {u,,f)  =  0 
are   a  complete   Jacobian   system,   possessing   2?<  —  r  functionally 
independent   integrals.     Owing  to   the   equations   which    express 
the   involution,  it   is  clear  that   Ui,   ...,  w,.  are   integrals  of  the 
complete    Jacobian    system,    and    they    are    independent    of    one 

another :    hence 

r  ^  2)1  —  r, 

so  that  r  cannot  be  greater  than   ». 

Corollary  III.     The  converse  of  Lie's  theorem  also  is  true : 

that  is,  if 

(u„f)  =  0,  ...,  («,,/)  =  0, 

are  a  complete  system,  and  if  Mj,  ...,  Ur  be  functionally  distinct 
from  one  another,  then  '.<i,  ...,  (/;.  form  a  group.  For,  as  before, 
the  equation 
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is  satisfied  in  virtue  of  the  system.  Now  (u,-,  Uj),  being  some 
function  of  the  variables,  can  be  expressed  in  terms  of  u-i,  ...,  i/,., 
and  of  2ii  —  r  of  the  variables,  say  a;,+, ,  . . . ,  .r„,  p, ,  ...,  pn:  hence,  if 

we  have 
and  therefore 

^  =  ,.+1   Od^  a^i  Cpa 

that  is, 

Now  the  given  system  is  complete,  so  that  /  satisfies  no  other 
equation :  hence  the  last  equation  must  be  evanescent,  and 
therefore 

dx^        '     dp„ 
for  /Li  =  /  -fl,  ...,  ",  and  <r  =  l,  ...,  n.     Thus 

{Hi,    Uj)  =  6ij{Ui,    ...,    Ur), 

and  it,,  ...,  iir  are  supposed  to  be  fiuictionally  distinct  from  one 
another:  hence  they  form  a  group. 

Indici.\l  Functions  of  a  Group. 

139.  A  function,  which  belongs  to  a  group  »,,  ...,  Ur  Jmd  is  in 
involution  with  all  the  functions  of  the  group,  is  willed*  iudicial. 
E.'ich  indicial  function  /satisfies  the  e(juati(»ns 

and  therefore  the  number  of  indicial  functions  belonging  t«»  the 
group  is  the  number  of  integrals  of  these  t'quations,  which  are 
indejK'ndent  of  one  another  and  can  be  expressed  in  terms  of 
II. M,..     These  equati<ins  are 

*  The  Ocnuan  title  is  autgezeuhtute  Function ;  the  French  title  is  fonction 
dUtinguie. 
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the  coefficients  of  the  derivatives  of  /  are  expressible  in  terms 
of  -Ui,  ...,  u,.,  so  that  apparently  there  are  r  equations  in  r 
variables. 

Now   these   equations   are   not   linearly   independent   of  one 
another :  one  obvious  linear  relation  is 

(4,/)|  +  ...+U,/)|f;  =  0; 

and  other  linear  relations  may  exist.  Accordingly,  suppose  that 
there  are  m  such  relations,  so  that  the  /•  equations  reduce  to  r  —  m 
linearly  independent  equations ;  the  conditions,  necessary  and 
sufficient  to  secure  this  reduction,  are  that  the  determinant 

(«l,   Wi),    («!,   Wa),    ...,    (u^,   Ur) 
(?(.,    Uy),    (m.,    W.,),    .,.,    (?/,,    Mr) 


(U,,    Wi),    (Ur,    Uo),    ...,    (tir,    U,) 


and  its  minors  of  all  orders  up  to  vi  —  1  inclusive,  but  not  all  the 
minors  of  order  7/t,  shall  vanish. 

We  may  assume  that  the  linearly  independent  equations  are 
the  first  r  —  m  of  the  set.     As 

where  {ui,  Uj)=fij{(h,  •••.  Ur),  and  as  each  of  the  quantities 
A ,._^n-tif, ...,  Arf  is  linearly  expressible  in  terms  of  Aif,  ...,  Ar-mf, 
it  follows  that  the  equations 

A,(Ajf)-Aj(AJ)  =  0, 

for  i  and  j=l,  ...,  r—  m,  are  satisfied  in  virtue  of  the  set  of  r  —  in 
retained  equations ;  hence  these  r  —  m  equations  are  a  complete 
system.  Any  integi-al  is  an  indicial  function,  and  the  complete 
system  of  r  —  m  equations  in  r  variables  possesses  in  independent 
integrals ;  hence,  under  the  conditions  associated  with  the  jyreceding 
determinant,  the  group  possesses  m  indicial  functions. 

Note  1.  The  number  of  indicial  functions  of  a  group  subjected 
to  a  contact  transformation  is  unaffected  by  the  transformation. 
Let  the  transformed  gi-oup  be  «-i',  ...,  ?</:  then,  as  in  §  137,  we 
have 

(Ui,    llj)  =  (Ui,    Uj), 
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so  that  the  critical  determinant  and  its  minors  are  unaltered,  and 
therefore  the  number  of  indicial  functions  is  unaffected. 

Note  2.  The  number  of  indicial  functions  of  a  group  is 
independent  of  the  form  of  the  group. 

Let  Ux,  ...,  Ur  be  a  fonn  of  the  group  ?/,,  ...,  xir,  so  that  the 
Jacobian 


\V »'r  / 


does  not  vanish,  becau.se  the  functions  U^,  ...,  Ur  'ir«'  independent. 

Now 

for  i=\,  ...,  r;  hence  every  function,  which  is  indicial  for  the 
form  </,,  ...,  Ur,  is  indicial  for  the  form  Ui,  ...,  Ur'.  and,  as  the 
determinant  of  the  coefficients  of  (j<i,/),  ...,  {Ur,  f)  is  the  non- 
vanishing  Jacobian,  everj'  function  indicial  for  the  form  CT,,  ...,  Ur 
is  indicial  also  for  the  form  u^ ;/,.. 

Note  3.  The  ciitical  determinant  is  obviously  skew :  it 
vanishes  if  r  be  odd.  Hence  eveiy  group  of  odd  order  possesses 
at  least  one  indicial  function. 

Note  4.  When  there  are  m  indicial  functions,  they  are  the 
independent  integrals  of  v  —  m  homogeneous  linear  equations  in 
r  variables.  The  actual  expression  of  the  indicial  functions  may 
therefore  be  Jissumed  known,  on  constructing  the  integrals  of  those 
equations  by  any  of  the  methods  explained  in  Chapter  in. 

Ex.     The  fiuiction.s 

«i  =PiPi -  ^s^*,     "-i^Pspi -  'i -^2,     "3 "'Pi  vi  +P-ri - /)j.r3 - p^x^ , 
form  a  gi'oup  of  order  three,  becau.se 

The  critical  determinant  is 

0  ,       ?/.-,    ,     -2m,  |; 

-W3,       0     ,      2m... 

2m,,     -2u^,       0 

it  is  easy  to  see  that  m  =  l,  so  that  the  groiii)  possesses  one  indicial  function. 
This  indicial  function  .satisfies  the  equations 


9/ 

'^^f 

=0' 

df 

-  M3  a— 

"■^"^^ii 

=0 

-2„.f- 
011.2 

=0, 
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which  are  equivalent  to  two  independent  equations.      These   possess   one 
integral;   it  is  easily  found  to  be 

which  accordingly  is  the  indicial  function  of  the  group. 

It  has  been  seen  that  a  group  m,  ,  . . . ,  ii^  determines  a  reciprocal 
group  Vi,  ...,  V2n-r,  the  members  of  the  latter  being  the  2n  — ?' 
independent  integi'als  of 

(2^1,/)  =  0,  ...,  (u„f)  =  0; 

and  any  integral  of  these  equations  is  expressible  in  terms  of 
Vi,  ...,  v^n-r-  Now  the  indicial  functions  of  the  original  group  are 
integrals  of  these  equations ;  hence  there  are  m  relations  between 
the  members  of  the  two  groups  of  the  form 

Ui  (% ,    . . .  ,  Ur)  =  (f)i{Vi,   ...,  V.n-r), 

for  i  —  1,  ...,  ni. 

Conversely,  a  relation  of  thi.s  character  implies  the  existence 
of  an  indicial  function :  because,  as  the  equations 

(«i,    /)  =  0,   ...,  (u,,    /)  =  0, 

are  satisfied  fory=  I'l,  ...,  v.2n-r>  we  have 

that  is, 

shewing  that  Ui  is  an  indicial  function.  Denote  the  value  of  this 
indicial  function  by  Wi,  so  that  Wi  can  be  expressed  in  terms  of 
i^ ,  . . . ,  u,.  alone,  and  therefore  Wi  belongs  to  the  original  group :  it 
can  be  expressed  in  terms  of  v,,  ...,  Van-*-  alone,  and  therefore  Wi 
belongs  to  the  reciprocal  group.  Owing  to  the  reciprocity  between 
two  polar  groups,  we  know  that  r  independent  integrals  of  the 
equations 

(Vi,  g)  =  0,   ...,  (Von-r,g)  =  0 

are  Ui,  ...,  u^.     As 

Wi=  Ui{U^,  ...,  Ur), 

it  follows  that 

(v,,   Ui)  =  0,  ...,  (V2„_r,   Ui)  =  0, 

and  therefore 

Now  Wj  can  be  expressed  in  terms  of  Vj ,  . . , ,  v-in-r ',  hence  iVi  is  an 
indicial  function  of  the  reciprocal  group, 

F.  V.  23 
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Gathering  together  these  results,  we  can  enunciate  them  as 
follows: — 

Two  reciprocal  groups  ?/,,  ...,  Ur,  and  «,,  ...,  v^-r  have  the  same 
indicial  functions  w, ,  ...,  Wm-  and  the  existence  of  each  indicial 
function  implies  the  existence  of  a  relation  between  functions  of  the 
two  groups  of  the  type 

Ui{u,,    ...,    Ur)  =  Wi  =  <f)i{Vi,    ....    Von-r), 

for  1=1,  ...,  m. 

Corollary.  If  a  function  belongs  to  two  reciprocal  groups,  it 
is  an  indicial  function  for  each  of  them. 

Ex.     In  an  earlier  example  (p.  352),  it  was  seen  that 

«I=/>lP2--^3-^4)       «2=i'3/>4--^l^'2.       «3=/>l-^l +P2-»^8 -PS-^^S  "P^-^*. 

form  a  group  of  order  three.     The  reciprocal  group  is  of  order  five,  and  is 
composed  of  five  independent  integrals  of  the  equations 

(«i,/)  =  0,      («2,/)  =  0,      («3,/)=0. 

Five  such  integrals  can  be  taken  in  the  form 

Vl=PlP3-X2Xi, 
Vi=PiPi-XiX3, 
V3  =  PlPi-^i'!3, 
Vi=P2P3--'^lJ^i, 

Vfi  =pi  Xi  -piXi  +paX3  -ptXt, 

which  accordingly  constitute  the  recii)roca]  group. 

It  was  seen  that  U3^  +  4uiU.2  is  thb  indicial  function  of  the  original  group: 
it  is  therefore,  by  the  preceding  theorem,  the  indicial  function  of  the 
reciprocal  group,  and  one  relation  must  subsist  between  the  functions 
?/,,  u~i,  M3  and  the  functions  Vi,  v.^,  V3,  j'4,  v^.     It  is  easy  to  verify  that 

?/3-  -f-  4«,  j/j  =  iJj*  +  4vi  Vj, 

the  common  value  of  these  quantities  Ijeing  the  indicial  function  for  the  two 
grouixs. 

Canonical  Form  of  a  Group. 

140.  Wiun  a  group  is  a  system  iu  involution,  it  is  obvious, 
iVoni  the  characteristic  equations 

(ui,  uj)=0, 

that  every  member  of  the  group  is  an  indicial  function. 
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Also,  if  a  group  of  order  r  certainly  possesses  r  —  1  indicial 
functions,  it  is  a  system  in  involution;  for  if  u-^,  ...,  Ur-\  are  the 
indicial  functions,  and  if  v  is  the  other  member, 

that  is, 

(w,,  y)  =  0,  ...,  {iir-x,  •y)  =  0; 

therefore  v  is  an  indicial  function  also,  and  the  group  is  a  system 
in  involution. 

Hence,  if  a  gi-oup  of  order  r  is  not  a  system  in  involution,  it 
cannot  possess  more  than  /•  —  2  indicial  functions.  We  now  pro- 
ceed to  obtain,  for  gi-oups  that  are  not  systems  in  involution,  a 
canonical  form  which  shall  obviously  shew  the  number  and  the 
incidence  of  the  indicial  functions  of  the  group*:  the  main  result 
is  contained  in  the  theorem  : — 

The  order  of  a  group,  that  is  not  a  system  in  involution,  exceeds 
the  number  of  its  indicial  functions  by  an  even  integer ;  and  a  group 
of  order  2q  +  m,  which  possesses  m  indicial  functions,  can  be  trans- 
formed into  a  group  X^,  ...,  Xq+m,  Pi,  •••,  Pq,  such  that 

{Xi,Xj)  =  0,     (P„P^)  =  0,     {Xi,P,)  =  0, 

for  which  i  and  j  =  1,  ...,  q  +m  ;  jul  and  k  —  \,  ...,  q\  while  i  and  fi 
are  unequal  to  one  another. 

It  will  appear  that  the  unity,  as  the  value  of  (P^,  X^,  is  merely 
a  determinate  constant:  and  it  is  clear  that  X^+i,  . . . ,  A^^^.;,,  are 
the  m  indicial  functions  of  the  transformed  group.  The  form,  thus 
selected  for  the  group,  is  usually  called  the  canonical  form. 

The  proposition  is  established  as  follows.  Let  the  group  be 
of  order  r  and  let  its  members  be  u-i,  ...,  Ur',  also,  let  m  be  the 
number  of  indicial  functions  so  that,  after  the  earlier  explanations, 
m^r  —  2.  Suppose  that  u^  is  a  member  of  the  group  which 
is  not  an  indicial  function:  then  not  all  the  quantities  (u^,  u.,), 
(uj,  u-i),  ...,  (Ui,  Ur)  vanish,  and  so  the  equation 

/       /i\      /  .  d9  ,  ^  do 

(Mj,  6)  =  («,,  Z<2)  g^  +  •  •  •   +  ("l>  ^<r)  9^  =  1 

*  It  is   unnecessary  to  deal  witl^  a   system  in  involution :   every  function  is 
an  indicial  function:    and  every  form  of  the  group  is  a  system  in  involution. 

23—2 
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is  possible  and  possesses  integrals  which,  being  functions  of  «,,  ..., 
?/,.  or  of  some  of  thein,  belong  to  the  group.  Take  one  of  these 
integi-als,  and  let  it  be  denoted  by  u,;    thus 

(«,,  t/„)=  1. 

Now  consider  the  two  equations 

they  are  a  complete  system,  because 

("i  («*s,  v))  -  (Ma  («i,  V))  =  ((m,,  u^)  V)  =  (1,  V)  =  0. 
In  full  expression,  they  are 

dv      .         .   dv  ,  X  9t;      - 

dU-i  dUj  OUr 

they  determine  v  in  terms  of  ttj,  ...,  Ur\  and  being  a  complete 
system  of  two  equations  in  /-  variables,  they  possess  i'  —  2  function- 
ally independent  integi-als.  Let  these  be  Vj,  ...,  Vr-,,  which 
accordingly  are  independent  of  one  another ;  also  they  are  functions 

of  Ml,  ...,  Ur. 

Then  iii,u^,Vi,  ...,  Vr-^t  are  a  set  of  r  independent  functions: 
for  othenvise,  some  relation 

g{n^,  Ma,  V,,  ...,  tv_3)  =  0 
would  be  satisfied  identically,  and  then 

0  =  {>i„g)  =  {((„  M,) ^+(>h-  f.)  g|-  +  . . .  +  (*/, ,  IV-,) ^ 

aw,' 

so  that  g  would  not  involve  u^  or  »...,  and  the  relation  would  subsist 
between  v,,  ...,  Vr-.i,  ^vhich  are  known  to  be  functionally  inde- 
pendent. Hence  our  original  group  can  be  repl.aced  by  a  group 
«!,  M,,  t'j,  ...,  tv_a  such  that 

("1 ,  Hn)  =1,     (Jti ,  w.)  =  0,     (m,,  v.)  =  0, 

for  /  =  1 /•  -  2.    We  have  seen  (§  139,  Note  2)  that  the  number 

of  indicial  functions  is  independent  of  the  form  of  the  group ;  and 
it  is  clear  that  neither  m,  nor  m,  is  an  indicial  function. 
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Let  w, ,  . . . ,  w.,,;-,-  be  the  polar  of  the  original  group,  so  that 

f(jr  i=  1,  ...,  2n  —  7';  and  as  the  2n  —  r  quantities  form  a  group,  all 
the  quantities  (wi,  lUj)  are  expressible  in  terms  of  w^,  ...,w.,n-r- 
Then  v^,  u^,  Wi,  ...,  w.:yn-r  form  a  group:  for  they  are  2n—  r  +  2 
independent  functions  and,  as 

(u„  Uo)  =  1 ,     (ih ,  tVi)  =  0,     (u. ,  Wi)  =  0, 

all  the  combinations  of  members  of  the  group  are  expressible  in 
terms  of  those  members.     Now 

(Vi,  Uj)  =  0,     (vi,  u^)  =  0,     {vi,  Wj)  =  0, 

for  i=  1,  . . . ,  r  —  2,  and  j=\,  ...,2n  —  r:  the  first  two  are  the  equa- 
tions defining  v,-,  and  the  rest  are  satisfied  because  Vi  belongs  to  the 
group  that  is  reciprocal  to  w, ,  ...,  iv^i_r-  Hence  Vj,  ...,  iV-2  is  a 
group  reciprocal  to  u-^,  U2,  Wi,  ...,  w^n-r'  so  that  v^,  ...,  Vr-2  is  a 
sub-group  of  the  gi-oup  Ui,  11-2,  v^,  ...,  v,._2.  Moreover,  the  indicial 
functions  of  our  group  are  functions  of  i<],  u^,  v^,  ...,Vr-o:  denoting 
any  one  of  them  by  d(ui,  u.,,  v^,  ...,  v^-^),  we  know  that  the 
equations 

(wi,  6)  =  0,     («.,,  d)  =  0,     {v„  e)  =  0,  ...,  (v,_,,  (9)  =  0 

must  be  satisfied.     The  first  of  these  equations  is 

9  Mo 

so  that  0  does  not  involve  u.^ ;  the  second  is 

so  that  6  does  not  involve  Ui]  and  so  6  is  a  function  of  Vi,  ...,  iV-2' 

Thus  the  gToup  of  order  r  possessing  m  indicial  functions  has 
been  transformed  into  another  gi'oup 

»i,  u.„  Vi,  ...,  Vr-2; 

the  quantity  («i,  Uo)  =  1 ;  and  the  r  — 2  quantities  Vi,  ...,  tv_2 
constitute  a  group  of  order  r  —  2,  possessing  m  indicial  functions. 

If  the  group  Vi,  ...,  iV-2  is  a  system  in  involution,  then,  as  it 
possesses  vi  indicial  functions,  we  have 

m  =  r  —  2; 
and  writing 
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we  have 

(P„Z,)=1,     (P„A'.)  =  0,     (.Y,.Z,)  =  0,     {Xi,Xj)  =  0, 

for  I  and  j  =  2,  . . . ,  r  -  I .  The  reduction,  indicated  in  the  theorem, 
has  been  made. 

If  the  gi-oiip  ?',,  ...,  rv_2  possessing  m  indicial  functidns  is  not  a 
system  in  involution,  so  that  w^r-4,  then  we  transform  it  in 
the  same  manner  as  the  original  gi-oup  was  transformed.  It  can 
be  made  to  take  a  form 

A'a,  ]\,  li'i,   ...,  Wr-^, 

where 

(P,,X,)=],     (P^_,Wi)  =  0,     (X„Wi)  =  0, 

for  1  =  1,  ...,  r-4;  and  then  w^,  ...,  ?^,._,  constitute  a  gi-oup  of 
order  r-4,  possessing  w  indicial  functions.  The  original  grtnip 
has  thus  been  changed  to  the  form 

,       ,  ^1,  Pi,  X^,  Pi,Wi,  ...,  Wr-t, 

such  that 

(X,,P,)  =  0,     (P,,p^)=o, 
(X, ,  Wi)  =  0,    (X„  Wi)  =  0,      (P, ,  ».,)  =  0,     (P,,  «.,)  =  0. 
If  the  group  u-,,  ... ,  •?<;,._,  is  a  system  in  involution,  the  required 
reduction  h.is  been  effected  :  and,  as  the  group  possesses  tn  indicial 
functions,  we  then  have 

ni  =  ?•  —  4. 

If  the  group  ?y,,  ...,  «v-4  >«  not  a  system  in  involution,  we 
proceed  as  before.  At  each  stage  in  the  successive  changes,  we 
isolate  two  functions  Xi  and  P,  such  that 

(P,:X,)=], 

and  we  are  left  with  a  group  of  order  r  —  2i  possessing  m  indicial 
functions.  Ultimately,  we  shall  reach  a  stage  when  this  remaining 
group  is  a  system  in  involution,  so  that 

r  —  2<j  =  /// ; 
the  isolated  ])aii-s  of  functions  are 

the  remaining  functions,  being  (jis  stated)  a  system  in  involution, 
may  be  represented  by  Xg+„  ...,  X,+„,  such  that 

(A,^,-,  Ag+;)  =0. 
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The  original  group  of  order  r,  possessing  m  indicial  functions,  has 
been  replaced  by 

such  that 

for  1  =  1,  ...,  q;  also 

for  fjb  and  k=1,  ...,  q,  and  for  i  and  j=l,  . . . ,  q  +  m,  the  values  of 
fi  and  i  being  unequal.     Also 

1 —  m  =  2q. 

The  proposition  is  thus  established. 

Note  1.     Obviously  Xj,  ... ,  X,n+q,  a  group  of  order  m  +  q,  is  a 
system  in  involution  :  hence  (§  138) 

m  +  q^  n. 
Note  2.     It  is  obvious  that,  on  account  of  the  relations 

{P„X,)=l,...,(Pq,Xq)=l, 

no  one  of  the  functions  P^,  X^,  ...,  Pq,Xq  can  itself  be  an  indicial 
function.     It  is  equally  obvious  that,  on  account  of  the  relations 

(Pfji,  Nq+i)  =  0,       (X^,  Xq+i)  —  0, 
{Xq+i,  Xq+j)=  0, 

for  yti=  1,  ...,  q,  and  ^  and  J=  1,  ••.,  m,  the  quantities  X^+i,  ..., 
Xq+rti  are  indicial  functions. 

If  it  were  possible  to  have  any  other  indicial  function,  say 
g  (Pi,  ...,  Pq,  Xi,  ...,  Xq+m),  it  would  have  to  satisfy  the  equations 

(P„g)  =  0,     {X„g)  =  0,     (Xq^,,g)  =  0, 
ior  fM=l,  ...  ,q,  and  i=l,  ...,  m.    The  first  set  of  these  equations  is 


dx, 

the  second  set  is 

dg 


=  0; 
=  0;- 


dP^ 

and  the  third  is  identically  satisfied.  Thus  g  does  not  involve 
P^,  ...,  Pq,  Xi,  ... ,  Xq-.  and  every  indicial  function  is  expressible* 
in  terms  of  X^+j,  ...,  Xq+m- 

*  This  is  only  another  way  of  stating  that,  as  the  group  Xq+^ ,  ...,  Xg^„^  is 
in  invohition,  any  form  of  the  group  is  in  involution. 
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Note  3.     The  relation 

r  —  m  =  2^, 

enables  us  to  verify  the  former  result  (§  139,  Note  3)  that  a  group 
of  odd  order  cannot  be  devoid  of  indicia!  forms.     If 

then 

m  =  'Ip  —  2^  +  1 , 

so  that  the  number  of  indicial  functions  possessed  by  a  group  of 
odd  order  is  certainly  odd. 

Ex.  1.     On  p.  352,  it  \va.s  seen  that  the  functioiiH 

'^il=PlP2-X3Xi,       ih=p3Pi-XiX2,       U3=PiXi+p.,X.-p3X2-ptXi, 

form  a  group  of  order  3 :  and,  jva 

(m,,   U2)  =  -lhy       (ill,  H3)=-2?<,,       (M2,  ?<3)  =  2ef2, 

this  group  is  not  a  system  in  involution. 

The  canonical  form  can  be  obtained  as  in  the  text.     Obviously  m,  is  not 
an  indicial  function  :  consequently,  we  require  an  integntl  of  the  equation 

that  is,  of 

--2m   —  =1 


An  integral  is  given  by 


0=-''' 


2m,' 
so  that  two  functions  for  the  canonical  form  are 

One  other  function  is  required :  it  must  be  a  common  integral  of 

(P„«/.)=o,   (.r„0)=o. 

The  former  equation  is 

and  the  latter,  after  reduction  in  conjunction  with  thi.s  equation,  is 

u 
A  common  integral  is  given  by 

Accordingly,  we  take 

/',  =  >/,,     ■\'i  =  -o"f'     -V2  =  u^«  +  4m,m^: 

wo  have 

(P,,A',)  =  1,     (/'„.l',)  =  0,     (A',,Xs)  =  0, 

which  is  a  canonical  form.     Obviously,  X^  is  the  one  indicial  function  of  the 
group. 


PM,  ?M.j 
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Another  transformation  arises  by  taking 


u 


Pi = 11-2 ,   .r,  =  — -,    X.2 = us^ + 4«iM2 ; 


M 


.'i 


and  again,  another,  by  taking 

Pi  =  Us ,       A'l  =  I  log  ?<i ,       X2  =  Ms^  +  4WiZ<2 . 

Both  of  tliese  are  canonical :  they  satisfy  the  equations 

{Pi,Xi)=:l,     {Pi,X.2)  =  0,     {Xi,X,)  =  0. 
Ex:  2.     On  p.  354,  it  was  seen  that  the  functions 

Vl  =PlP3  -X-iX^,  V2  =p2Pi  -  Xi X3 , 
V3=PlPi~^2X3,  n=  Pips -^l^i, 
V5=PlXl  -P2X2+P3X3  -Pi^il 

form  a  group,  being  the  reciprocal  of  the  group  Ui,  u-^,  M3  in  the  preceding 
example. 

Introducing  a  quantity  t,  where 

t  =pi  Xi  -  Pi  x-i  -pzx^  +/>4  ^4 , 
so  that 

«2 = vi  +  4Vi  Vi  -  4^3  V4, 

obtain  a  canonical  form  for  the  group,  given  by 

X  -       * 
--~2^^3' 

so  that 

{Pi,Xi)  =  \,     (A,  ^'2)  =  !, 

and  all  other  combinations  of  the  functions  in  this  form  of  the  group  vanish. 

141.  Next,  when  a  group  of  order  m  +  2q,  having  m  indicial 
functions,  is  given  in  canonical  form,  it  can  he  amplified,  hy  the 
association  of  2n  —  (m  +  2^)  appropriately  determined  functions, 
so  that  the  2n  functions  are  a  group  of  order  2n  in  canonical  form. 

Let  the  group  be 

-Aj,    X^i,     ...,    Xq,    ±q,    Xqj^i,     ...,    A^^,„, 

with   the   preceding  notation,  so    that    Xq+i,    ...,  Xqj^,n   '^^e   the 
indicial  functions  of  the  group. 

Suppose  that  X^+i  is  omitted  ;  the  surviving  m  4-  2^  —  1  func- 
tions form  a  group  having  m  —  1  indicial  functions.  Form  the 
reciprocal  of  this  diminished  group ;  this  reciprocal  contains  X,+i 
and  other  2«  —  {m  +  2q)  functions.  Now  A^^+i  does  not  belong 
to  the  diminished  group  and  therefore  it  cannot  be  an  indicial 
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function  of  the  reciprocal  group ;  and  therefore,  as  in  the  preceding 
investigation,  we  can  determine  a  function  P,+,  of  the  other 
2ii-(m  +  2(j)  functions  in  the  reciprocal!  group  such  that 

Moreover,  P,,+.  cannot  belong  to  the  original  unmodified  group : 
if  It  were  expressible  in  terms  of  the  members  of  that  group,  we 
should  have 

because  Z,+,  is  an  indicial  function  of  the  unmodified  gn.up. 
Also,  a.s  P,+,  belongs  to  the  reciprocal  of  the  diminished  groui*,  we 
have 

for  r  =  l,  ...,  q,  and  s  =  2,  ...,  m.     Hence,  when  P,+,  is  associated 
with  the  original  unmodified  group,  we  have  a  new  group 
A,,  P,,  ...,  X,j,  ]\j,  A',^+,,  P,j^,,  A',^+,,  ...,  A',+^, 

which  is  in  a  canonical  form  and  possesses  ni  -  1  indicial 
functions. 

Repeating  this  process  w  -  I  times  so  as,  on  each  occa.sion,  to 
associate  a  new  function  P  with  the  group  and  to  diminish  the 
number  of  indicial  functions  by  one  unit,  we  ultimately  obUxin  a 
grouj) 

which  is  in  a  canonical  form  and  possesses  no  indicial  functions 
We  have  seen  (§  140,  Note  1)  that 

^  +  m  <  n. 

liq  +  m  is  equal  to  h,  the  required  amplification  of  the  original 
gi-oup  has  been  effected. 

If  <]  +  m    is    less    than    u,    take    any    member   of    the    group 
reciprocal  to 

A,,  P,,  ...,  A',/,,„,  P.j^,„, 

and  denote  it  by  A',+,„+,.  Associating  it  with  this  group  of  ortler 
2q  +  2m,  we  have  a  new  group  of  order  2ry  +  2;«  +  l,  po.ssessing 
A,+„+,  as  Its  one  indicial  function.  We  then  applv  the  earlier 
process  so  as  to  determine  a  new  function  P,^„^, :  and  we  have  a 
new  grouj) 

V      />  V  ij 

which  is  in  a  canonical  funn  and  p..ssesses  no  indicial  function. 
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Proceeding  in  this  way,  by  associating  alternately  a  function 
X  and  a  function  P  until  the  amplified  group  is  of  order  2??,  we 
ultimately  obtain  a  group 

which  is  of  order  2n,  is  in  a  canonical  form,  and  possesses  no 
indicial  functions. 

Ex.  Let  it  be  required  to  achieve  the  first  stage  in  the  completion  of  the 
group  I'l,  ^72,  %,  ^4,  Vi,  which  is  given  in  §  140,  Ex.  2,  so  that  it  shall  have  a 
canonical  form. 

As  there  indicated,  we  take 

the  required  first  step  towards  completing  the  group  is  to  determine  a  function 
P3  such  that 

(P3,  ^1'3)  =  1. 

For  thi«  purpose,  we  need  a  set  of  four  independent  integrals  of 

(Pi,^)=o,   (x,,0)=o,   {P,,e)=o,   {X,,e)=o, 

or,  what  is  the  same  thing,  four  independent  integrals  of 

(vue)=o,   {v„e)=o,   (vs,e)=o,   it,d)=o. 

Also,  we  know  that  the  group  t'l,  V2,  V3,  ^4,  ^5  (or,  what  is  the  same  thing,  the 
group  V],  ^5,  V3,  t,  V2)  is  the  reciprocal  of  %,  Uo,  U3 ;  so  that  three  independent 
integrals  of  the  preceding  complete  system  of  four  equations  are  given  by 
Ui,  Uo,  «3.     Moreover, 

-i'3  =  ^'5^  +  4^1  *'2 = u^^ + 4«i  W2 ; 

so  that  what  is  needed  is  an  integral  of  those  four  equations,  independent 

of  «i,   M2,   %. 

d6 
Expanding  the  equations  in  full,  resolving  them  so  as  to  express  p— -, 

CXi 

dd       dd       d6     ,.         1      .      ^  .    d0       de       de       de  ,    .   ^ 

;s— ,    ^ — ,    .^r-   Imearly  ni   terms   01   ,5 — ,    ,5—,    5 — ,    ;^— ,    and    integrating 

dx2        9^3        3^4  3??i'     dp2        9p3        OJO4'  a  a 

them  either  by  Jacobi's  method  or  by  Mayer's  method  (Chap,  iv),  we  find 

Pi 

Ml,  «2,  %,^, 
*2 

as  four  independent  integrals,  so  that  —  is  the  fourth  integral  required. 

The  quantity  P3  is  to  be  a  function  of  Ui,  U2,  W3,  — ,  such  that  {P^,  A'3)  =  1. 
Now 

{Ui ,  v)  =  v^-,      {U2 ,v)=  -I,      {U3,V)  =  2V, 
so  that 

( A's ,v)  =  4.  {u2V^  +  u-iV  -  Ml) : 
and  we  know  that 

(X3,  tti)  =  0,       (X3,«2)  =  0,       (A3,  W3)=0. 
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Hence  7*3  is  given  by 

P^=  [ ^ 

where  ?/,,  «.^,  x,^  are  constant  in  the  qiiadrature:  that  is, 

Two  more  steps  are  needid  in  order  to  obtain  the  complete  group  ex- 
pressed in  canonical  form.  We  first  require  the  group  of  two  members  which 
is  reciprocal  to  .V„  /'„  .V„  P^,  X3,  l\',  or,  as  t/„  «,,  t^  is  the  group 
reciprocal  to  .1,,  /',,  A'.,  l\,  A'3,  we  require  a  function  6  of  «,,  mj,  u,  such 
that 

(A,  5)=0. 

There  are  two  such  functions,  indeiKJiident  of  one  another:   let  them  be  tr, 

and  (''2-     As 

iri,  ir-i,  X3  are  three  indejjcndent  functions  of  ??,,  ?/-,,  M3.     We  then  take 

X^  =  «•, . 

The  last  step  is  the  determination  of  P^  as  a  function  of  ?/-..  and  the  other 
functions  «»„  P3,  A'3,  P.,  X,  /'„  Jf,,  such  that 

(A,  X4)  =  l: 
or  smce 

{A\,wt)  =  0,     (X„T,)  =  0,     (.r4, />,)  =  0, 

for  i=l,  -2,  3,  wc  have 

.'(»^2,  Wi)' 
where  (w^,  ?r,)  should  be  expressed  in  terms  of  Wg,  w,,  /'s,  X3,  P^,  Jl'„  /^,,  X, 
and,  for  the  quadratures,  ic^  should  be  regarded  Jis  the  only  variable. 

Groups  of  Functions  and  Contact  Transformations. 

142.  The  piicrdiiig  ivsults  can  be  used  to  e.stabli.sh  an 
important  property  of  giHuips,  viz.  when  a  rfnnip  of  /unctious  is 
subjected  to  a  contact  transformation,  there  are  two  invat-iants, 
being  the  order  of  the  group  and  the  number  of  indicia!  functions; 
and  when  tw»  groups  in  the  same  variables  have  the  same  in- 
variants, they  can  be  transformed  into  one  anotJwr  by  a  contact 
transformation. 

The  fii-st  part  of  this  i)i-oposition  is  merely  a  restatement  of 
two  results  aheady  established.  It  wjvs  seen,  in  §  137,  (vi),  that  a 
contjvct  transformation  does  not  alter  the  order  of  a  group;  and,  in 
§  139,  Note  1,  that  a  contact  transfimnation  does  not  alter  the 
number  of  indicial  function.s. 
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For  the  second  part,  we  express  each  of  the  groups  in  a 
canonical  form  :  as  the  orders  are  the  same,  say  2q  +  m,  and  as  the 
numbers  of  indicial  functions  are  the  same,  say  m,  the  canonical 
forms  of  the  groups  may  be  expressed  by 

-'^l)    -^1)    •••!   -^^'/y   -^(/j   -^q+lj )   -^q+m) 

-'ij   ^1)   •••>     '  7'    ^'j>    -' 7+1'   •••'    ^q+inj 

respectively.     The  former  group  can  be  amplified  into 
and  the  latter  can  be  amplified  into 

Now,  on  account  of  the  relations 
(Pi,Xi)  =  l,    (P,,Pj)  =  0,    (Pi,Xj)  =  0,    {Xi,Xj)  =  0, 
for  i  and  j  =  1,  ...,7i,  with  unequal  values  for  i  and  j,  the  equations 

for  /Li  =  1 ,  . . . ,  n,  determine  a  contact  transformation ;  and  the 
equations 

for  the  same  values  of  /x,  similarly  determine  a  contact  transforma- 
tion.    Consequently,  the  equations 

for  /u.  =  l,  ...,  n,  determine  a  contact  transformation,  which  mani- 
festly transforms  the  one  group  into  the  other. 

143.  We  have  seen  that,  when  a  group  of  order  1q  +  m  pos- 
sessing m  indicial  functions  is  expressed  in  a  canonical  form 

-^  1  >  ^\ >   •••  1  -^q^  -t^q >  -^ g+1  >   •  •  •  >  -^ q+m j 

the  q  +  m  quantities  Xi,  ...,  Xg^m  are  such  that 

{Xi,  Xj)  =  0  : 

that  is,  the  group  contains  a  sub-group  of  order  q  +  m  which  is  a 
system  in  involution.  It  will  now  be  proved  that  any  sub-group 
ivhich  is  a  system  in  involution  is  of  order  not  greater  than  q  +  m. 

Let  a  sub-group,  being  a  system  in  involution,  be 

Z I , . . . ,  Z^ . 

Conceive  the  original  group  amplified  so  as  to  be  of  order  2n, 
expressed  in  canonical  form  by  the  association  oi  n  —  q  functions 
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Pq^.1 P„  and  of  n—q  —  m  functions  A'^+^+n  •••.  ^n-     Now 

these  V  —q—  m  new  functions  X  are  themselves  a  system  in 
invohition :  they  are  in  involution  with  every  member  of  the 
original  group,  and  therefore  with  Z, ,  ...,  Z^:  and  therefore 

7  7        y  Y 

^l>   •••>  ^M>       ■^*-q+m+\>  •••!  -^11 

is  a  system  in  involution.  The  order  of  a  system  in  involution 
cannot  be  greater  than  ?j  (§  138):  hence 

p,  +  II  —  (J  —  m  ^  n, 
that  is, 

fi^q  +  m. 

Further,  this  result  can  be  used  to  obtain  an  upper  limit  for 
the  tale  of  indicial  functions,  when  the  group  is  of  order  greater 
than  71  and  therefore  is  not  a  system  in  involution.     Let 

r  =  2q  +  ni  =  11  +  k, 

where  k  is  positive :  then  as 

q  +  in  <  n, 
we  have 

2n  ^2q  +  2m. 

^  m  +  /J  +  k, 
and  therefore 

in  ^11  —  k, 

so  that  a  group  of  order  n  +k  cannot  possess  more  than  n  —k 
in  dicial  fu  ii  ctions. 

144.  It  is  of  iiuportance  to  be  able  to  construct  the  sub-gi-oup 
of  greatest  order  q  +  in  which  is  a  system  in  involution.  Denoting 
the  gi'oup  by 

we  first  determine  the  in  indicial  functions  as  the  m  functionally 
independent  integrals  of  the  ecjuations 

making  n~^,  ...,  W2,+,„  the  independent  vari.ables.  This  system  of 
c(]uati(>ns  is  equivalent  to  2q  linearly  independent  «'quations  and 
is  a  complete  system :  it  can  be  integrated  by  any  of  the  methods 
in  Chapter  ill.     Let  the  in  independent  integrals  be 

'  1  >   •  •  •  >   '  //I  > 

which  are  therefore  the  m  indicial  functions  and  can  be  taken  as 
m  members  of  the  required  sub-group. 
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Now  let  Wi  denote  a  function  of  the  group,  and  suppose  that  it 
is  not  an  indicial  function  so  that  it  cannot  be  expressed  in  terms 
of  Vi,  ...,  v,n.     Then,  for  the  equation 

where  0  is  regarded  as  a  function  of  the  members  of  the  group,  we 
know  m  +  1  independent  integrals,  viz.  %,  Vj,  ...,  Vm,  and  the 
number  of  variables  is  2q  +  m ;  hence  it  possesses  25-  —  2  other 
independent  integrals.  Assuming  that  q  is  greater  than  unity,  let 
W2  be  one  of  these  other  2^  —  2  integrals:  then  u^,  w^,  v^,  ...,Vm 
are  in  involution  with  one  another. 

Again,  for  the  equations 

{u„e)  =  o,   {iv,,d)  =  o, 

where  0  is  regarded  as  a  function  of  the  members  of  the  group, 
we  know  that  it  is  a  complete  system  in  the  2q  +  m  variables ; 
it  therefore  possesses  2q  +  m  —  2  independent  integrals.  We 
already  know  rn  +  2  of  these  integrals,  in  the  form  u^,  w^,  v^,  ...,v„^; 
hence  there  are  2^  —  4  other  independent  integi-als.  Assuming 
that  q  >2,  let  W3  be  one  of  these  2g  —  4  integrals ;  then  Wj,  Wo,  W3, 
Vi,  ...,  Vm  are  in  involution  with  one  another. 

Proceeding  in  this  way,  we  shall  (after  ^  —  1  similar  stages) 
have  obtained  q  +  m  functions,  independent  of  one  another  and  in 
involution  with  one  another ;  the  aggregate  is  a  sub-group  of  the 
greatest  order  that  permits  it  to  be  a  system  in  involution. 

Application  of  Groups  of  Functions  to  the  Integration 
OF  Systems  of  Equations. 

145.  As  our  main  purpose,  in  connection  with  these  groups  of 
functions,  is  theii-  application  to  the  integration  of  a  system  of 
differential  equations  in  one  dependent  variable,  we  shall  not 
pursue  the  further  development  of  their  properties  which  will  be 
found  in  Lie's  treatise  already  quoted  (p.  344) :  we  proceed  to 
apply  them  for  the  purpose  of  integi'ation. 

Accordingly,  let  the  equations 

/;  =  o,  ...,/;  =  0 

be  a  system  in  involution  :  they  may  be  a  system  initially  given,  in 
which  case  there  is  no  question  of  arbitrary  constants  occurring  in 
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them  :  or  tliey  may  be  a  system  in  a  stage  of  gra^lual  construction 

as  in  Jacubi's  method,  in  which  c<ise  some  at  least  of  the  quantities 

/,,  ...,y;  will  contain  additive  arbitrary  constants.     Suppose  also 

that  independent  integrals  «/,, ^/nf  the  cmpk-te  system  of 

equations 

have  been  obtained,  and  that  the  Poisson-Jacobi  theorem  has  been 
api^hed  so  as  to  give  all  the  integrals  of  the  type  (<f>,,  <f>j)  that  can 
thus  be  constructed.     Then  the  set  of  functions  in  the  .aggregate 

fu  •■■,f^,<f>i,  ...,4>r  constitute  a  gicup:  and/, /^  certainly  are 

mdicial  functions  of  this  gioup.  It  may  happen  that/,,  ...,/^  do 
not  complete  the  tale  of  indicial  functions  of  the  gioup :  if  they  do 
not,  let/^+,,  ...,/„  be  the  other  independent  indicial  functions  of 
the  gi-oup,  so  that 

constitute  a  system  in  involution.  Moreover,  as  ;•  +  /x  is  the  order 
of  a  group  which  possesses  m  indicial  fimctions,  we  have 

r  +  ^-  ni  =  even  integer 

say,  where  q  is  a  whole  number. 

It  ha.s  l»een  i)roved  that  a  group  of  order  »i  +  2q,  p^-vse-ssing 
m  indicial  functions,  contains  a  sub-group  of  order  vi  +  q  which  is 
a  system  in  involution  ;  and  consequently,  our  group  of  order  r  +  ^ 
contains  a  sub-group  of  order  m  +  q,  which  is  in  involution  and  of 
which  tn  members  are  given  by 

./i «  •  •  • .  .A;i : 
let  the  other  meu.bers  of  this  sub-group  be  /„.,,,  ...,/„^,.     Then 
the  mtegration  of  the  original  system  of  fi  equations  in  involution 
is  reduced  to  the  integration  of  the  m.Hlified  system  of 

equations  in  involution:  as  m^fx,  q^O,  the  mmlified  form  of  the 
problem  is  usually  simj)ler  than  the  original  form. 

To  complete  the  integration,  we  need  integrals  of  the  complete 
system 

(/,.0)  =  O,  ...,(/„,^,^.0)=O; 
by  the  earlier  theorj',  this  is  known  to  possess  2n  -m-q  inde- 
pendent integrals.     Of  this  aggregate  m  +  q  integrals  are  known, 
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being  /i,  ...,  fm+q-.  so  that  other  2?i  — 2?/i— 2^  integrals  are 
required. 

li  q  +  m  =  n,  the  complete  aggregate  of  integrals  is  possessed. 
If  q  +  m  <  n,  then  we  can  conceive  that  the  proper  number  of 
integrals  necessary  to  complete  the  aggregate  has  been  determined, 
e.  g.  by  Jacobi's  method  as  amplified  by  Mayer.  Let  this  aggregate 
be  denoted  by 

y  1  =  ^j  •  •  • ) yM  ~  ^'     y M+i  ~  "^i >  •  •  • )  Jn  =  Ct^/i— MJ 
where  we  can  take  aj,  ...,  a~n^^  to  be  arbitrary  constants. 

The  construction  of  the  integral  of  the  system  of  equations 
now  proceeds  as  before.  If  the  n  equations  can  be  resolved  so  as 
to  express  p^,  ...,  pn  in  terms  of  iCj,  ...,  Xn,  a^,  ....  an-^,,  then,  when 
the  resolved  values  are  substituted  in 

dz  =  pidxj  +  ...  +pndxn, 

a  single  quadrature  leads  to  an  equation  of  the  form 

•3^  ~r  C  =  -T  \X\ ,   . . .  ,  Xfi ,  ttj ,   . . .  ,  Ctfi^fi), 

which  is  the  complete  integi'al  of  the  system :  and  the  remaining 
integrals  can  be  deduced  by  the  known  general  theory.  If,  how- 
ever, the  n  equations  cannot  be  conveniently  resolved  for^j,  ...,pn, 
we  determine  a  function  11  from  the  equations 

for  i  =  \,  ...,  n,  by  a  quadi-ature  (§  130):  the  complete  integral 
of  the  system  of  equations  is  then  given  by 

^  —  c  =  n, 

and  the  other  integrals  can  be  deduced  as  before. 

A  sufficient  indication  of  the  method  has  been  given :  for 
further  developments,  reference  may  be  made  to  the  authorities 
quoted  (p.  314)  at  the  beginning  of  this  chapter*. 

*  Special  reference  should  be  made  to  two  memoirs  by  Lie,  Math.  Ann.,  t.  ix 
(1876),  pp.  245—296,  ib.,  t.  xi  (1877),  pp.  461—557. 
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CHAPTER   X. 
The  Equations  of  Theoretical  Dynamics. 

The  present  chapter  is  devoted,  more  to  matters  cognate  with  the  theory 
of  the  integration  of  partial  differential  equations  than  to  the  theory  itself  or 
to  processes  of  integration. 

The  only  process  of  integration  included  is  that  which  is  commonly  called 
the  Jacobi-Hamilton  process  :  in  order  to  make  it  more  easily  comprehended 
and  to  shew  the  source  of  its  inspiration,  a  brief  account  of  Uamilton's 
investigations  in  theoretical  dynamics  i.s  prefixed. 

The  analysis  shews  once  more,  as  so  often  before  in  the  processes  already 
explained,  the  close  relation  between  the  integration  of  a  partial  differential 
equation  and  the  integrals  of  the  set  of  ordinary  equations,  sometimes  called 
subsidiary  equations,  sometimes  the  equations  of  the  characteristics,  here  a 
canonical  system.  Some  properties  of  canonical  systems  are  given  ;  but  there 
is  not  an  attempt  to  deivl  with  them  exhaustively  because,  as  every  property 
of  such  a  system  can  be  expressed  as  a  result  in  theoretical  dynamics,  they 
r&iUy  belong  to  the  subject  of  theoretical  dynamics. 

The  older  development  of  theoretical  dynamics  was  due  mainly  to 
Lagrange,  Poisson,  Hamilton,  Jacobi,  Donkin,  Bertrand;  and  expositions  of 
that  theory  will  be  found  in  Jacobi's  Vorlesungen  iiber  DifnamiJc,  in 
I  mschenetsky's  memoir*  Sur  Vint^gration  des  e'quatioiui  atia,'  cU'rioeet  partielles 
du  premier  ordre,  and  in  Graindorge's  treatise  Integration  des  e'qmitions  de  la 
mecayiujue.  Further  developments  have  been  effected  by  Routh  and  are 
expounded  in  his   Treatise  on  the  Dynamics  of  Rigid  Bodies. 

The  subject  has  develoj)ed  in  a  diflerent  direction,  since  the  application 
of  Lie's  theory  of  contact  transformations  to  a  quite  general  canonical  system 
and  the  discovery  of  his  im^jortant  projKjsition  that  such  transformations  at 
once  con.serve  the  form  of  a  general  canoniwil  system  and  are  the  only 
transformations  which  do  conserve  that  form — a  result  that  enables  many 
older  properties  to  l>e  seen  in  an  entirely  new  relation.  An  account  of  this 
theory  and  of  the  mode  of  development  will  be  found  in  D/iobek's  treati.se t 

•  Translated  from  the  original  Russian  by  Hoiiel,  and  published  in  GrunerCs 
Archiv,  t.  I.  (1869),  pp.  278 — 174  ;  .«iep,  in  jiartictilar,  clmpter  vii  of  the  memoir, 
t  An  English  translation  was  published  in  1892  (The  Inland  Press,  Ann  Arbor). 
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Die  matkematischen  Theorien  der  Planetenbewegungen  (Leipzig,  1888),  Section  ir, 
and  in  Whittaker's  Analytical  Dynamics  (Cambridge,  1904).  Reference  may 
also  be  made  to  an  interesting  paper  by  E.  0.  Lovett*,  which  gives  a  critical 
and  historical  account  of  the  subject. 

While  these  results  hold  of  quite  general  systems,  they  are  an  incomplete 
statement  of  the  case  (particularly  as  to  contact  transformations  being  the 
only  transformations  which  conserve  the  form)  for  particular  given  systems. 
Lie's  original  memoir t  discusses  the  whole  matter.  The  present  chapter 
purports  to  give  indications  of  the  theory  as  connected  with  the  theory  of 
partial  differential  equations;  it  does  not  aim  at  being  an  introductory 
account  of  theoretical  dynamics,  as  developed  on  the  lines  of  Lie's  theory. 


Hamilton's  Characteristic  Equations. 

146.  We  have  seen  that  Cauchy's  method  of  integi'ation 
introduces  the  notion  of  initial  values  of  the  variables  and  utilises 
them  in  the  expression  of  an  integral.  The  same  idea  was  used 
by  Jacobi  in  developing  some  researches  of  Hamilton  on  theo- 
retical dynamics  where  such  initial  values  had  been  used :  and  in 
connection  with  the  idea,  he  devised  a  method  of  integration, 
which  is  sometimes  called  Jacobi  s  first  method  and  more  often  the 
Jacobi-Hamiltonian  method.  The  details  of  the  method  diifer 
from  those  in  Cauchy's  method :  but  on  account  of  the  ideas  and 
the  results,  both  Lie  and  Mansion  claim |  the  method  as  Cauchy's. 
Some  account  of  the  method  will  be  given  here,  partly  because  of 
its  close  association  with  methods  and  results  obtained  in  the 
region  of  theoretical  dynamics  when  the  equations  are  taken  in 
their  canonical  form.  Later  researches  in  some  branches  of  this 
subject  have  diverged  from  the  earlier  course,  mainly  because  of 
the  application  of  Lie's  theory  of  contact  transformations. 

In  treatises  concerned  with  the  djTiamics  of  systems  of  bodies §, 
it  is  shewn  that  the  equations  of  motion  of  a  holonomic  system 
can  be  expressed  in  a  form 

dei_dH      dui__dH 
dt  "  dui  '      dt  ~      ddi ' 

*  "  The  theory  of  perturbations  and  Lie's  theory  of  contact  transformations," 
Quart.  Jouni.  Math.,  t.  xxx  (1899),  pp.  47—149. 

+  "Die  Storungstheorie  und  die  Beriihrungstransformationen,"  Arch.  f.  Math, 
og  Nat.,  t.  II  (1877),  pp.  10—38. 

J  See  Part  i  of  this  Treatise,  p.  18.3,  foot-note. 

§  Such  as  Routh's  Treatise  on  Rigid  Dynamics;  see  vol.  i,  ch.  viii. 
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for  i=l,  ...,  nt,  the  quantity  H  being  (in  the  simplest  case)  the 
total  energ}'  of  the  system   expressed   in  terms  of  t  and  of  the 

variables  ^,,  «,,   The   form   is  usually  .i-ssociated  with  the 

name  of  Hamilton,  Jis  having  been  obtain».'d  by  him*. 

The  following  derivation  of  this  result  in  the  simplest  ciise 
will  give  some  indication  as  to  the  source  of  the  transfonnation 
adopted  by  Jacobi  in  his  method  of  integration.  Denoting,  as 
usual,  the  kinetic  energy  of  the  system  by  T  and  its  potential 
energy  by  F,  by  ^i,  ...,  0,n  the  m  independent  coordinates  of  the 
system,  and  by  d/,  ...,  d,n  their  derivatives  with  regard  to  the 
time  t,  we  have  Lagiange's  equations  of  motion  in  the  form 

rf/8r\_ar    dv_ 

Introducing  a  function  L,  such  that 

L  =  T-V, 

and  noting  that    V  does  not  involve  d^,   ...,   6J,  we  have  the 
equations  in  the  form 

dt  [del')  ~  dSi ' 
The  function  H  is  defined  by  the  equation 

the  form  of  which  hsis  analogies  with  Legendre's  contact  trans- 
formation ;  and  it  is  convenient  to  introduce  variables  ?/, ,  . . . ,  ?/,„ 

such  that 

U_ 

for  1=1,  ... ,  ///.     Thus 

H  =  6i'uii-  ...  +  e,„'H,n-L, 
and  therefore 

dH  =  Uid6i  +  ...  -\-ii,ndO,n'  +  Oidut  +  ...  +  6,„'df'm 

-  (^li^de;  + . . .  4-  u,„de„:  +  l^^d0,  +  ...+  ^^ de,„  +  f^  dt^ 

=  e/du,  +  . . .  +  0,„'du„,  -  ^^(/^.  -  ...  -  ^^  r/^,„  -  f^  dt. 
•  Phil.  Trans.,  (1834),  pp.  247—308,  (1835),  pp.  95—144. 
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In  its  initially  defined  form,  H  is  a  function  of  ^,  ^,,  ...,  d,n, 
^1,  ■•',  ^m  \  let  its  expression  be  supposed  changed,  by  means  of 
the  7/1  equations 

az  _  az  _ 

so  that  it  becomes  a  function  of  u-^,  ...,  w„,,  Q^,  ...,  ^,„,  t,  the 
variables  d(,  ...,  ^,ft'  being  replaced  by  xi^,  ...,  w,„.  Then  the 
foregoing  differential  relation  gives 

9-ff  _  a> _  ddi 
_dH_dL 

ddt  "ddi 

~dt[ddi') 
^  duj 
~  dt  ' 

for  1=1,  ...,  in:  and  these  equations  are  frequently  called  the 
canonical  form  of  the  equations  of  motion. 

Now 

iT  =  ^/Wi  -i-  . . .  +  dju,n  -  L, 
so  that,  as 

ai_ 

for  i  =  l,  ... ,  m,  we  have 

dH  =  d.'du,  +  ...  +  9Jdu,n  -^ddi-  ...-^  d6,n  -  ^  dt. 

Hence,  when  H  is  expressed  as  a  function  oit,di,  ...,  6^,  u^,  ...,  Um 
through  the  removal  of  ^Z,  ...,  d^'  by  means  of  the  equations 

a^  _ 

we  have 

dH     ^  , 

OUr 

for  ?'  =  1,   ...,  m;    thus 

rr  dH  dH         ^ 

H  =  U^^ h  ...  +  Uri^ L, 

on I  OUr 

and  therefore 

^  dH  ^H         rr 

i/  =  ?<i  ^—  +  ...  +  Ur  5 H, 

OUi  OUr 

so  that  the  relation  between  L  and  H  is  reciprocal. 
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This  is  true  when  t  (Kcurs  explicitly  in  L  and  in  //:  it  can 
easily  be  verified,  in  the  simplest  case,  when  neither  T  nor  V 
involves  t  ex})licitly.  Then  T  is  a  homogeneous  quadmtic  function 
of  the  second  ordir  in  0^' 6,,,',  so  that 


that  is, 

that  is, 

and   tiierefore 


n  =  2T-L 
=  T  +  V, 

so  that,  in  this  case,  H  is  the  total  energy  of  the  system.     Also, 

as  the  equations 

dL_ 

in  this  ctise  determine  Oi,  ...,  dj  Jis  quantities  linear  and  homo- 
geneous in  Hi,  ...,  u,n,  the  quantity  T  is  a  homogeneous  quadratic 

function  of  the  second  order  in  «, «,«  after  the  change  of 

variables  is  effected,  so  that 

Ui^-  +  ...  +  UmK —  =  27, 

dill  OUm 

and  therefore 

dH  dH     c>m 

«,  5 h  ...  +  w„,5 —  =21  : 

dui  dihn 

con.sequently, 

L  =  2T-H 

dH  dH      „ 

=  Ml  5—  +  . . .  +  '/„,  5 H, 

so  that,  as  before,  H  and  L  are  reciprocal  to  one  another  in  form. 
The  preceding  analysis  shews  that,  when  L  is  derived  thus  from 
th(^  function  H,  and  when  it  is  cxpre-ssed  as  a  function  of 
61,  ...,  0,n,  Oi',  ...,  6m    by  means  of  the  equations 

dH  _  ^  ,  bH  _  ^  . 

the  equations 

d   (bL\_dL 
dt  \dei)     dOi ' 

for  i  =  1,  . . . ,  7)1,  are  satisfied. 
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The  canonical  equations 

dOi^dH      _dH_dui 
dt      dui '        ddi  ~  dt  ' 

are  the  general  equations  of  motion,  whether  H  involves  t 
explicitly  or  not ;  but  there  is  a  substantial  difference,  as  regards 
the  relation  of  H  to  the  equations,  according  as  t  does  or  does  not 
occur  in  H. 

When  t  does  not  occur  explicitly  in  H,  we  have 

dH  _   "j^   /dHdu,     dH  ddr\ 
dt      ^=1  \dur   dt      ddr    dt  J 

=  0, 

that  is,  H  is  constant  throughout  the  motion :  or 

H  =  constant 

is  an  integral  of  the  system,  being  of  course  the  energy  integral. 
Also,  if 

f=f(ui,  ■•-,  Um,  6,,  ...,  ^,,i)  =  constant, 

be  any  other  integi'al  of  the  system,  we  have 

dt      ,."^1  V9^/   dt      dur   dt 

r=l    \d6r    dUr        dltr    ddr 

in  the  earlier  notation.  Conversely,  any  quantity/,  distinct  from 
S,  involving  the  variables  but  not  involving  t,  and  satisfying  this 
equation,  is  an  integral  of  the  canonical  system. 

But,  if  t  does  occur  explicitly  in  H,  then  in  connection  with 
the  system  of  equations  we  have 

dt       dt  "^  ,.ti  [dUr    dt  "^  d0r   dt  ) 

_dJl 

dt  ' 

which  does  not  vanish :  so  that  H  =  constant  is  not  then  an 
integral  of  the  system.     If 

g  =  g{t,  6y,  ...,  d,n,  iiu  ...,  u,J  =  constant, 
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be  an  integral  of  the  system,  we  have 

dt      dt      rZ  yddr  dt  "^  du,  dt  J 


=  !  +  (.,  i/); 

and  this  is  the  partial  differential  equation  which  is  characteristic 
of  every  function  g  leading  to  an  integral  of  the  system.  It  is  one 
of  the  equations  that  occur  in  Hamilton's  theory :  and  {g,  H)  is 
homogeneous  and  linear  in  the  derivatives  of  ^r. 

147.     Another   characteristic    partial   differential   equation   is 
derived  by  Hamilton  through  the  consideration  of  the  integral 


S 


=  r  Ldt, 


so  that,  in  the  most  general  ca.se,  S  is  a  function  of  t  and  to  and 
also  of  the  values*  of  ^,,  ...,  0,„,  0^,  ...,  0,„'  at  t  and  at  tg.  To 
obtain  some  of  its  properties,  imagine  a  quite  general  variation 
and  (in  order  the  more  simply  to  allow  t  also  to  undergo  this 
variation)  introduce  a  new  variable  s,  so  that 

^'  ~  dt  ~t'  ds't'"*"'' 
say,  for  i  =  1 ,  . . . ,  in,  where  t'  =  j  ;  thus 

=   1     X{t,  t',  01,  <f)i,   ...,  0,n,  4>m)ds, 

J  .»„ 

where  now  all  the  arguments  in  X  are  jtssumed  functions  of  s,  and 
s  itself  is  not  subject  to  variation.  Taking  a  variation  t  +  Bt, 
01  +  S0 ,  0,n  +  B0,n,  we  find,  as  usual, 


BS  = 

+ 


ot 


i    —  B0r]' 

/:g-^(i)i«'- 


+.-J..k-sUJr''-*- 


*  Only  half  of  these  4m  quantities  can  be  taken  as  independent  variables. 
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As  s  is  at  our  choice,  we  shall  choose  it  so  that  the  equation 

9\  _  _rf  /dX\  _ 
di      Js  [dt'J  ~ 

is  satisfied  :  the  actual  value  of  s  is  not  required.     Also 

a\  ^  ,  (1  dL 


dL 


]t'dd^']    do;' 


so  that 


dX_,dL_ 


d\      d  /d\\ 


dd^      ds  \d<f)^ 


for  all  values  of  ft.     Hence 

8S  = 


N  _     aZ  _  ^  fdL\ 
_  ,  (ax       d  /dL\ 

"   \dd^    dt\dd;) 

=  0, 


Now,  as  above, 

and 

consequently 


_I*0 

t 


8S  = 


at  ■).  =  !  0(pr 

Ob  ,.  =  1  OCpr 


ax  _  dL 

d<j>r        dOr 

L-te;'^;)dt^l^,8e. 


"»    dL 

-HU+  S  ^,8dr 


It  is  an  immediate  consequence  that  in  any  configuration,  as 
developed  from  assigned  initial  conditions,  the  value  of  S  at  any 
time  depends  only  upon  the  configuration  at  that  moment  and 
upon  the  initial  conditions. 

To  make  these  initial  conditions  precise,  let 

6^  =  /3^,  when  ^  =  ^o,  for  /x  =  1,  . . . ,  m, 
L  =  Lo,   , 


'0) 


aio 


de, 


7  =  Cr,  when  t  =  to,  for  r  =  1,  . . . ,  m  : 
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then  we  have 

dS                dS 

[147. 


lor  y  =  1,  ...,m.    These  are  the  values  of  the  derivatives  of  S  with 
regard  to  each  of  the  quantities  it  involves. 

As  our  purpose  is  not  the  discussion  of  the  organic  significance 
of  any  jiropirty  or  group  of  pn.portios  of  the  quantities  concerned, 
but  only  to  indicate  so  much  of  the  analysis  connected  with  the 
equations  of  theoretical  dynamics  as  will  throw  some  light  upon 
the  analysis  introduced  into  what  is  comm<.nly  called  the  Jacobi- 
Hamilton  method,  we  shall  indicate  only  one  inference  from  the 
preceding  equations.  The  quantity  H  can  be  expressed  as  a 
function  of  t,  6,,  ...,  t),^^  >,,,  ...,  u,„,'si\y 

H=yjr{t,  0,,...,  0,„,  n,,  ...,  fi„,): 
hence  S  satisfies  the  equation 

and  this  is  another  of  the  characteiistic  equations  in  Hamilton's 
theory.  Moreover,  when  //  involves  t  explicitly,  H  is  not  homo- 
geneous in  the  quantities  u,  so  that  the  equation  satisfied  bv  S  is 
not  homogeneous  in  the  derivatives. 

If,  however,  H  is  independent  of  any  explicit  occurrence  of  /, 
we  know  that 

//  =  /*, 

where  h  is  a  constant ;  and  then 

S  =  -I>{t-t,)  +  S„ 


so  that 


dS_     _dS, 
d0.~"'-d0r'' 


and  thi'  equation  .sjitisficd  bv  >S,  is 

f>  =  H(0, 0„„u„  ...,u„) 

=  "i' "-at w}- 

This  IS  the  modified  form  of  Hamilton's  characteristic  equation 
when  H  does  not  explicitly  involve  t :  the  right-hand  is  homo- 
geneous in  the  derivatives  of  <Sf,. 
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148.  These  characteristic  equations  have  been  derived  from 
the  initial  set  of  equations  in  the  canonical  form :  the  relation 
between  them  can  be  exhibited  in  another  light.  By  the 
existence-theorem  of  a  set  of  ordinary  simultaneous  equations 
of  the  first  order*,  the  canonical  equations 

'dt  ~  dm  '      dt         ddi ' 

determine  the  2m  quantities  6,,  ....  dm,  ih,  ••.,  u.a  as  functions  of 
t  and  of  parameters,  which  are  the  values  of  those  quantities  when 

i  =  ^u :  these  are 

6i  —  ^i ,    Ui  —  Ci , 

when  t  =  to.  Now  X  is  a  function  of  t,  Bi,  ...,  6m,  ^i'>  ■•■>  ^w  '•  ^^' 
by  means  of  the  equations 

vi  —  5 —  , 
OUi 

the  quantities  6>/,  ...,  6,;  are  expressible  in  terms  of  u,,  ...,«„<, 
it  follows  that  L  can  be  expressed  as  a  function  oi  t,  6^,  ...,  6m, 
Ml,  ...,  Urn-  When  the  integrals  of  the  canonical  system  are  used, 
they  can"  express  u„  ...,  Um,  c^,  ...,  Cm  in  terms  of  the  other 
quantities:  thus  L  can  be  expressed  in  terms  oi  t,to,  6^,  ■■■,  6^, 
A>  •••'  ^m,  and  therefore  also  S,  which  is 

[  Ldt, 

can  be  expressed  in  terms  oit,U,d^,  ...,  6,„ ,  ^i ,  . . . ,  /3,„ .  Assummg 
this  expression  effected,  we  have 

dS  _         9^  _  _ 

Mr""''  d^r  "'•' 

which  are  2m  equations  expressing  u^ ,...,  u,a  and  Ci , . . . ,  c,„  m  terms 
of  t,  U,  6,,...,  6„„  A,  ...,  /3,„:  that  is,  they  are  equivalent  to  the 
2m  relations  which  are  the  integrals  of  the  canonical  system. 
Combining  these  results,  we  have  the  following  theorem:— 

The  system  of  ordinary  canonical  equations 

de^_dH      dui^_dH 
'dt  '  dui '     dt  d6i  ' 

*  See  vol.  II  of  this  work,  §  10. 
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ruhere  H  =  H  {t,  6^ 6,„,  u,,  ...,  u^),  is  connected  in  the  following 

manner  with  the  partial  differential  equation 

-^  +  H  {t,  6i,  ....  6„, ,  w, w„, )  =  0, 

where 

_dS  _dS 

Obtain  the  complete  set  of  integrals  of  the  system  of  ordinary 
equations,  determining  the  arbitrary  constants  so  that 

^I  .    •  •  •  ,   &m  =  /3i ,    ■•■,  ^„,, 
"1 )    '••>''  m         ^l  >    •  •  •  t   Cf„  , 

when  t  =  ^0-     Constrxict  the  function 

r  dH  dH       ,, 

du,  du^ 

and,  expressing  it  in  terms  of  t,  ^j,  ... ,  /9,„,  c, c„,  by  means  of 

the  foregoing  integrals,  obtain  the  function 


rt  m 

1=        Ldt-   ^   Cr^r\ 


and  when  this  is  obtained,  use  the  integrals  to  e.rpress  I  in  terms  of 
<, /8, ,  ..., /9,„,  ^1,  ...,  ^„,,  denoting  the  resulting  expression  by  8. 
Then  the  relation 

S  =  a  +  s, 

when  a  is  an  arbitrary  constant,  if  an  integral  of  the  ]xi7'tial 
differential  equation :  (W  it  contains  in  +  1  arbitrary  constants 
a,  )Qi,  ...,  )9„, ,  it  is  a  complete  integral.    Moreovei',  the  2m  equations 

can  be  regarded  as  an  integral  equivalent  of  the  system  of  ordinary 
eq  nations. 

This  process  has  been  derived  thnnigh  the  general  equations 
of  motion  of  a  dynamical  system,  so  that  there  are  limitations  on 

the  form  of  H,  quk  function  of  », u„,,  when  the  theorem  is 

thus  obtained.  The  result,  however,  is  not  subject  in  fact  to 
these  limitations:  and  it  is  this  extension  and  generalisation  of 
Hatnilton's  investigation  which  constitute  the  method  of  integra- 
tion.     As   it   was   ])ublished*   by  Jacobi,  it   is  often   called   the 

•  Crellf,  t.  xvTi  (1837),  pp.  136  et  seq. :  see  also  Part  i  of  this  treatise,  §  109. 
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Jacobi-Hamiltonian    method;    but,  as   already  pointed    out,   the 
use  of  the  initial  values  had  been  introduced  earlier  by  Cauehy. 

149.  Other  characteristic  functions  are  introduced  into  the 
study  of  theoretical  dynamics :  among  them,  one  of  the  most 
important  is  Hamilton's  function  often  denoted  by  A,  which 
represents  the  dynamical  Action  when  H  does  not  explicitly 
involve  t,  and  which  in  general  is  defined  by  the  equation 

=  >Si  +  Ht  —  Hq  to . 
With  this  value,  we  have 

8A  =  SS+  [lIBt  +  tBH'^* 


Jto 


tSH  +x  ^,  Be, 


t8H+  X  u,8d. 


r  =  \ 


■tri} 
m- 


Now  by  means  of  the  integrals  of  the  canonical  system  as  associated 
with  initial  values,  H  can  be  expressed  in  terms  of  t,  to,  0i,  ...,  6. 
/3i,  ...,  /3,rt,  and  Ho  can  be  expressed  in  terms  of  ^o,  A:  ••■>  /? 
Also  A  can  be  expressed  in  terms  oi  t,  to,  6■^,  ...,  6^,  ^i,  ..-,  ^m- 
when  t  and  ^o  ^-re  eliminated  fiT>m  its  expression  by  means  of  the 
expressions  for  H  and  Hq,  it  comes  to  be  a  function  of  H,  Ho, 
0^,  ...,  6,n,  ^1,  ■••,  ^m-     In  this  form,  the  equations 


dH     ^' 


dA_ 
3(9.  ~  "'■' 


dH 


--      h, 


are  satisfied ;   they  must  be  equivalent  to  the  integi'als  of  the 
canonical  system. 

Ex.  1.  Prove  that,  when  the  expressions  for  the  kinetic  energy  Tand  the 
potential  energy  V  do  not  explicitly  involve  the  time,  the  function  A  satisfies 
the  partial  differential  equation 

Ti6i,  ...,  6m,  g^  ,  ■••i^~)  —  ^~  ^  (^1'  •••'  ^m\ 
where  h  is  a  constant.  (Jacobi.) 

Ex.  2.  Shew  that,  if  a  complete  integral  of  the  partial  differential 
equation  satisfied  by  ^-1  be  obtained  in  the  form 

A=g{0i,  ...,  (9,,,,/i,  ai,  ...,  am-i)  +  «m, 
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where  a,,  ...,  «„,_|,  «,„  arc  the  urhitrary  conHtantw,  then  a  set  of  integrals  of 
the  canonical  .sy.itciu  is  given  hy 

dar  ''  •••'?;;— i-^-"  a/,='+"' 

where  '^i,  ...,  «„,_i,  h,  6,,  ...,  />„,_i,  t  are  the  2m  arbitrary  constants  in  the 
integrals.  (Jacobi.) 

Ex.  .3.  Let  m  integrals  (in  involution)  of  the  canonical  system  be  sup- 
posed known,  involving  ^,,  ...,  ^,„,  k,,  ...,  ?/„,  in  .such  a  way  that  m,,  ...,  w^ 
can  be  cxpres-scd  in  terms  of  5,,  ...,  0^,  t,  and  the  m  arbitrary  constants  of 
the  integrals;  and  let  these  values  be  substituted  in  U,  the  resulting  value 
being  denoted  by  II.     Prove  that 

Uidei  +  ...  +  u,„dd„- licit 

is  an  exact  differential ;  and  shew  how  the  remaining  integrals  of  the  canonical 
system  can  be  obtained.  (Liouville.) 

Ex.  4.  When  the  expression  for  the  energy  of  the  system  does  not  involve 
the  time  and  when  m-  I  integrals  (other  than  11=  h)  of  the  canonical  .system 
have  been  obtained,  .so  that  Mj,  ...,  u„,  can  be  expressed  in  terms  of  ^, ,  ...,  $„ 
by  means  of  those  m-  1  integrals  and  II  =h,  prove  that 

Ujddi  +  ...  +  u,„(Id„ 

is  an  exact  differential  d'S.    Obtain  the  other  integrals  of  the  canonical  system: 

and  shew  that  the  variables  in  the  integrals  are  connected  with  t  by  the 

relation 

82 

(Liouville.) 
Ex.  5.     Integrate  the  equation 

where   a    is   a   constant,    by   using   the   theorems  in  an}-  of  the  preceding 
examples. 

Jacobi's  generalis.\tio\  of  Hamilton's  results. 

150.     Till'  pivceding  brief  discus-sion  will  .sufficiently  illustrate 
the    "  'yiection    between   a   ])artial    diftercntial    equation    and    a 
canoi.ivial   system   of  ordinary   equations,  as   it  arises  in  the  dis- 
cussion   of  theoretical    dynamics :    and    each    of  the  methods  of 
integration,  which  have  been  expounded  in  the  preceding  chapters, 
Shews  a  similar  organic  relation.     Thr  detailed  a})plication  of  the 
met.hod,  suggested  by  the  processes  of  theoretical  dynamics,  differs 
from  trV  u*^^  made  in  other  methods;  and  though  it  is  somewhat 
more  ct/'"^^"'*^'*^  than  those  methods,  its  association  with  the  results 
of  theor^etical  dynamics  .seems  ample  justificj\tion  for  its  retention 
amonTa  tliC  p»-incipal  methods  of  integration. 
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We  proceed  from  the  generalised  form  of  the  equation  satisfied 
by  *S'  and,  making  a  change  in  the  notation,  we  suppose  that  a 
given  partial  differential  equation  has  been  resolved  with  regard 
to  one  of  the  derivatives  into  the  form 

p+  H {x,x^,  ...,  Xn, pi,  ..., pn)  =  0, 

where,  as  usual 

dz  _  dz 

for  i  =  l,  ...,  n.     It  will  be  noticed  that  z  does  not  occur  explicitly  : 
the  alternative  forms,  when  z  does  occur,  vdW  be  given  later. 

The  equations  of  the  characteristics  are 


dx      dxi 
1      dH      • 

dx,i 
••      BE 

dp, 

dpn 

dH 

dp 
aH 

dpi 

dpn 

dXy 

dXn 

dx 

but  the  last  fraction  can  be  omitted,  because  p  occurs  there  only 
and  we  have  the  permanent  equation 

p  =  -H. 

Thus  the  equations  can  be  ta,ken  in  the  form 

dxi  _  dH       dpi  _     dH 
dx      dpi '       dx  dxi ' 

for  i=\,  ...,n:  and  these  agree  with  the  canonical  form  of  the 
equations  of  theoretical  dynamics.  Assume  that  these  equations 
have  been  completely  integrated,  the  arbitrary  constants  being 
determined  by  the  conditions  that 

Xi,  . , . ,  Xn ,  Pi,  ••• ,  Pn  ^^  f'l )   •  •'  >  ^n  >  ^i  >   —  >  ^n> 

when  x  =  a;  and  let  the  results  be  expressible  in  the  form 

Xi  =^  gi{X,  tti,  ...,  Ct,j,  Di,  ...,  On), 
pi  =  TTi{x,  tti,  ...,  a,i,  bi,  ...,  bn), 
for  i=l,  ...,  )(.     The  determinant 


/ 


•  J  (^n 


is  unity  when  x  =  a,so  that  it  cannot  vanish  identically;  hence  the 
n  equations  Xi  =  ^i  can  be  resolved  for  a^,  ...,  a„. 
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Now  the  quantity 

Pi  rfa*,  +  . . .  +  pndx,,  +  pdj: 

is  iin  exact  diflFerential :    substituting   for  da:,,  ...,  rfx„  from  the 
(.rdinary  equations,  and  also  - //  f„r  ;,,  it  takes  the  form 

(     dH  dH      ^\ 

v'M^-'^p^^p,rV'^' 

which  also  is  a  form  suggestefl  by  the  analysis  connected  with  the 
equations  of  theoretical  dynamics.     We  therefore  take  a  quantity 

on  the  analogy  of  the  dynamical  results  and,  substituting  for  the 
variables  a-,,  .,.,a;„,p,,  ...,  ;j„  their  values  as  given  by  the  integrals 
of  the  canonical  system,  we  effect  the  quadrature  which  then  gives 
f  as  a  function  of  a:,  a, ,  ... ,  «„ ,  6, ,  . . . ,  6„ .  Let  c  denote  any  one  of 
these  2«  con.stants  that  occur  in  ^;  then,  taking  account  of  the  fact 
that  the  values  of  the  variables  have  been  substituted  in  the  initial 
form  of  ^,  we  have 


dc 


=  f  V    \^J  (^Ji\  ^Jidju  _dHdh  _d^djjrA 

J  a   ,  =  1  1  '  CC  \dpi)        dpi    dc         dXi  dc        dpi   dc  \ 

-I 


a  .Til   ^dc\d.v)      dc  dx)    ^ 
Jai^\\    ^dx\dc)      dc  dx]   ^ 


n 
—    V 

«  =  1 


'  ac  J, 


consequently 


da 

5?  _  V   /'      ?^ 


h      .C:  V    '  da  J  ' 


^r    ^^  f   d^A  u 

We  have  seen  that  the  »  equations  .r,  =  ^,,  ...,  ir„=  f„  can  be 
resolved  so  as  to  express  o,,  ...,  a,,  in  terms  of  .r,,  ...,  a;„,  a:,  6„  ..., 


150.]  PROCESS   OF    INTEGRATION  385 

bn',  let  the  values  thus  obtained  be  substituted  in  ^,  and  denote 
the  resulting  value  by  Z.     Then,  as 

dag      iZ\  dxi  dag ' 

dhg      dbg      iCi  dxi  dbg ' 

we  have,  on  substituting  the  preceding  values  for  the  derivatives  of 
^,  the  equations 

iZiKdxi         'Jdug 

.iU^       ""'Jdbg-'"'      dbg' 
for  5  =  1,   . . . ,  n.      The   former  set   of  n   equations  is  linear  and 

dZ 

homogeneous  in  the  quantities  ^^ tt,-,  and  the  determinant  of 

the  coefficients  of  these  quantities  does  not  vanish ;  hence 

5 TT,-  =  0, 

OXi 

for  1  =  1,  ...,  n,  and  therefore  from  the  remaining  equations 

for  2  =  1,  ...,  n.  These  relations  are  not  identities,  because  ttj,  ..., 
TTn,  «!,  ...,  a„  do  not  occur  in  Z;  and  they  clearly  are  independent 
of  one  another.  Moreover,  they  are  satisfied  in  connection  with 
the  equations  ^i  =  fi,  . . . ,  ^n  =  ^n,  j^i  =  ttj,  . . . ,  j9„  =  7r„ ;  hence  they 
are  a  general  integral  equivalent  of  the  2n  differential  equations 

dxi_djl        dpi__djl 
dx      dpi '       dx  dxi ' 

Again,  we  have 

dx      i=i\      dpi 

on  replacing  x-^,  ...,  x^,  pi,  ...,  Pn.^J  their  values  :  and 

dZ^dJ       «    dZ^d^i 
dx      dx       ,d  dxi  dx 

^d_Z      «       35" 
dx      ,Ci  "^^  dpi  ' 
F.  v.  25 
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on  using  the  preceding  equations.     Hence  the  equality 

da;~  dx' 
leads  to  the  relation 

dZ  TT  /         y 

^   =  -  /i  (a,   f, ,    .  .  .  ,   f  „,   TT, ,    .  . .  ,  7r„) 

and  therefore  the  equation 

z  =  Z  +  c, 

where  c  is  an  arbitrary  constant,  is  an  integral  of  the  equation 

p-\-U{j:,Xi,  ....  j„,  Pi,  ....  pn)  =  0. 
Accordingly,  the  process  may  be  stated  as  follows : — 
To  obtain  an  integral  of  the  equation 

p  +  H{a;,Xi,  ...,Xn,pu  . . . ,  p„)  =  0, 
form  the  canonical  system 

dxi_dH        dpi  _     dH 

dx'dpr       dx~~d^i'  i^=h^...n\ 

of  ordinary  equations,  and  construct  their  complete  set  of  integrals 

a^.=  ^.•(•'■,  fli,  ...,  a„,  6i,  ...,  6,,)) 

p,=  7r,(a:,  a,,  ...,«,„6„  ...,6„)J  '   ^'~    '•'"'• 

such  that  a:,,  ...,  x„,  p^,  ...,  pn  =  a,,  ...,  a„,  6,,  ....  6„  respectively, 
when  X  =  a.     Take  a  quantity  ^  defined  by  the  relation 

f-^(,l,''•■S-^)''^^!,"•■*•■^ 

ami,  substituting  f, f„.  tt, 7r„ /or  the  variables  under  the 

sign  of  integration,  effect  the  quadrature  which  gives  ^  as  a  functixm 
of  X,  ff,,  ...,  «^,  6,,  .,.,6,,.    From  X,  eliminate  a,,  ...,  a„  by  means  of 

the  equations  .r,  =  ^, .r„  =  |^„,  and  let  the  resulting  function  of 

X,  Xj,  ...,  Xn,  b^,  ...,  b,t  be  denoted  by  Z ;  then 

z  =  Z  +  c, 
where   c  is  an  arbitrary  constant,   is   an    integral  of  the  paHial 
differential  equation,  and  manifestly  it  is  a  complete  integral.    More- 
over, a  complete  set  of  integrals  of  the  canonical  system  is  given  by 

dZ  ?Z 

dxr^'''   rbr'''' 

for  1=1,  ...,  n,  the  constants  «,,  ...,  a„  being  arbitrary. 
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151.  It  is  easy  to  see  that  the  complete  integral  thus  obtained 
is  an  integral  which,  when  x  =  a,  acquires  the  value 

For  Z  is  the  value  of  f  when  a^,  ...,  an  are  eliminated  from  ^ by 
means  of  a^i  =  ^i ,  . . . ,  ^n  =  ^n  I  and  therefore  the  value  of  Z,  when 
X  =  a,  is  obtained  from  that  of  ^  when  x  =  a  (which  value  is 
Oi&i  +  ...  +  «w&n)  by  eliminating  a^,  ...,  cin  through  the  forms  of  the 
equations  x^  =  ^-^,   ...,  Xn  =  ^n,  when  x  =  a:   and  these  forms  are 

The  complete  integral  is  therefore  somewhat  restricted,  though 
it  contains  the  appropriate  number  of  arbitrary  constants :  its 
relation  to  any  other  complete  integral,  say 

2  =  <p  (^X,  Xi,   . . .  ,  Xn ,  K\,   •  ■  • ,  fCn)  +  C, 

can  be  simply  obtained.  In  the  case  of  this  complete  integral,  a 
set  of  integrals  of  the  canonical  system  is  given  by 

dxi  dki 

for  t=  1,  ...,  n.     Let 

4>o  =  4>  {(',  «i .  •••,  a»,  ^'i,   ■■■,  ^n)  ', 

then  as  Oi,  ...,  cin,  h, ...,  bn  are  the  values  of  x^,  ...,  x^,  Pi,  •••, Pn, 
when  x  =  a,  we  must  have 


Now 


hence 


900  _    7  ^  _ 

da,-^''       dki-"'- 

dH     dx{        90  _  TT         90 

dpi       dx '      dxi     ^^'  dx  ' 

i=l  J  a   \OXi  dx        OX  J 

11 

2  iiihi  +  0-00- 


1=1 


The  constants  Atj  ,  . . . ,  k^  are  such  that 

90  _  900  _ 

■dk'"''     dk'"'' 


25—2 
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that  i.s,  such  that 

dki  ~  d/ci  ' 

f»>r  i=l n:   let  their  vahies  be  determined  and  substituted 

in  ^.     In  order  to  obtain  Z  from  ^,  the  constants  «,,  ...,  (/„  must 
be  eliminated ;    their  vahies  are  given  by 

in  connection  with  the  preceding  vahies  of  A-,,  ...,  A*„ :  and  so  Z  is 
the  value  of  f  when,  from  the  equation 

n 

»=i 

the  quantities  a^,  ...,  «„,  A-j,  ...,  kn  are  removed  by  means  of  the 
equations 

for  t  =  1,  ...,  n.     Hence  the  complete  integral  in  the  theorem  can 
be  derived  from  any  given  complete  integral*. 

Ex.  1.     The  detailed  working  can  Ije  shewn  by  thus  solving  the  equation 

-  +       H =  1, 

P     Pi      Pi 

which  clearly  ha.s  an  integral 


where 


l+i,+^  =  2- 


The  value  of  H  for  the  form  /<  +  //=0  is 

^7^    ■^PiPs_ 


PlVt+piXi-piPi 

The  canonical  system  i.s 

dxi xxxp^ dx^i  _  xXfPt* 


dx        (piX-i+p^Xi-piPi)^'     dx        ipyXi+p^Xi-piPi)** 

dp\  ^  ^PiPi^ dpi  ^  m^Pi . 

dv      {piXi+p^Xi-ptp^)^'    dx      {piXi+piXi-piPi)*' 

and  integrals  are 

pi  =  axi,    p.,  =  b.r.^,    .c,2  =  ^^j.»-24-"',    x.^  =  ^x^  +  b', 

*  The  whole  of  the  precedinR  exposition  follows  that  which  is  given  by  Mayer, 
Math.  Atni.,  t.  ill  (1871),  pp.  434 — 452. 
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where  «,  b,  a',  h'  are  arbitrary  constants,  and 

ah 
c= , J  . 

a-\-b—ab 

Hence,  taking  «!,  02,  ^1,  ^i  as  initial  values  when  x=a,  we  have 

«!   '  a2  '       «         62«l  +  ^l«2-^1^2'       6  ~62ai  +  &i«2  — ^1^2  ' 

and  the  integrals  are 

W  ho 

If  we   require   the   integral  which   becomes   biX\  +  biX.,  +  y,  when  x  =  a, 
we  take 

C=a,b,+a,h,  + j  ^i^p,  ^+p,  ^-  Bj  dx 

=  ai  61 + ag  &2 + 5^2  (a-2  -  o2)  ; 
and  the  required  integral  is  given  by 

where  Z  is  given  as  a  function  of  x,  x^,  x.^,  by  the  elimination  of  «-,  and  a-i 
between  the  three  equations 

Z=aihi  +  a2ho  +  hy-{x''--a% 

r.2 


C 
Xi^  -  «1^  =  "2  (^^  -  a2) 


h) 


:r22-«22  =  p(.,;2_a2) 

account  being  taken  of  the  values  of  a,  h,  c  in  terms  of  ai,  a^,  ^i,  &2' 
To  derive  this  integral  from  the  integral 

z = kx^  +  ki  x(^  +  k.^x-:^ + c, 
where 

111. 

we  write 

(^  =  ^a;2  +  ^1  a;i2  +  ^2  ^2^> 

and  then  we  take 

f =ai6j  +  a2  62  +  0  -  0o- 

The  relations  between  the  quantities  aj,  02,  61,  h-i,  k,  ki,  k.^  (othc     than  the 
single  relation  between  k,  ki,  k.2)  are 

8a.i~  ^'  aa2~  '  a/f-i~a/{-i'  a/{-2~?-t2' 

account  being  taken  of  the  relation  between  ^-j  /-j,  X-2.     These  give 

6i  =  2^-iai,     62  =  2't2«2> 
*i2  {xi^  -  ai2)  =  y&2  (^,2  _  „2)^     ^^22  (^2^  -a.2^)  =  k^  {x^  -  a^) ; 
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We  eliminate  k,  /-j,  /-^  l^etweeu  the  etiuations 

h:'     bj 


^=2;^-^2ii+2^^(^-''^)^ 


}; 


and  then  the  integral  is 

The  verification  that  Z  becomes  bi.vi  +  b.,.r.,,  when  x=a,  is  immediate. 
£■*•.  2.     Obtain,  in  the  preceding  manner,  the  integral  of  the  equation 

such  that  q  =  c  when  x  =  a,  in  the  form 

z=xy+y  {x^  —  lac  +  c^y  +  y ; 
where  y  is  an  arbitrary  constant. 

Deduce  it  also  from  the  complete  integral 

Another  integral  is  given  by 

r  =  xy  +  K.r*-a«)Cy«-6«)}*; 
is  there  any  relation  between  this  integral  and  the  first  integral  ? 

Ex.  3.     Let 

z  =  (P{x,  .>• ,  .»•„,  l,f b„)  +  y 

be  a  complete  integral  of  tlie  differential  equation  in  the  text.     Shew  that,  if 

<^  =  0(a,  a,,  ...,  '/,,  />i,  ...,  b^\ 
and 

.fo=f{f' » 'O. 

and  if  Oi,  ...,  a„,  /»i,  ...,  />„  l>c  eliminated  between  the  equations 

^  —  ^^     'A  =  ^^ 

for  t  =  l,  ...,  M,  the  resulting  value  of  Z  is  also  an  integral  of  the  equation 
and  that,  when  x=a,  it  acquires  the  value /(.ri,  ...,  x^.  (Mayer.) 
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152.  The  discussion  in  §§  150,  151  related  to  a  resolved 
equation  in  which  the  dependent  variable  does  not  occur  ex- 
plicitly :  and  the  inverse  operations  required  consisted  of  the 
integration  of  a  system  of  2n  ordinary  equations,  followed  by  a 
quadrature. 

When  the  partial  differential  equation  involves  the  dependent 
variable  explicitly,  and  when  it  can  be  resolved  so  that  it  may  be 
taken  in  the  form 

p  ^f{z,  X,X^,   ...,Xn,Pi,   . . .  ,  Pn)  =  0, 

then  the  corresponding  result  is  as  follows : — 

Form  and  integrate  the  equatioiis 

dx^^dl       dpi^_^_      df       ch^^       dl_ 
dx      dpi '     dx         dxi     ^*  dz '     dx     iZi      dpi 

determining  the  arbitrary  constants  hij  the  conditions  that  x^,  ...,  x^, 
i>i,  •••,  Pn,  z  acquire  the  values 

a-i,...,an,  h^,...,hn,  c  +  aj^i  +  ...  +  a„^,i 

respectively,  when  x  =  a.     Among  this  integral  system  of  2«  + 1 

equatimis,  eliminate  a^,  ...,  «„,  p^,  ...,  Pnl   <^ind  let  Z  denote  the 

resulting  value  of  z,  which  is  a  function  of  x,  x^,  ...,  Xn,  b^,  ...,  &„,  c. 

Then 

z  =  Z 

is  a  complete  integral  of  the  partial  differential  equation;  and 

dZ  dZ         dZ  „ 

d^r^''  db-r"''d^'  "^  ' 

for  i=\,  ...,  n,  the  constants  a^,  ...,  an  being  arbitrary,  are  a  set  of 
integrals  of  the  2n+  1  ordinary  equations. 

This  result  may  be  deduced  from  the  former  case,  or  it  may  be 
obtained  directly ;  we  shall  leave  the  establishment  as  an  exercise. 
It  will  be  noticed  that,  in  the  present  case,  the  inverse  operations 
required  are  the  integration  of  a  system  of  2?i  +  1  ordinaiy 
equations,  as  contrasted  with  the  slightly  simpler  inverse  opera- 
tions in  the  former  case  constituted  by  the  integration  of  a  system 
of  2n  ordinary  equations  and  a  quadrature. 

Lastly,  it  may  happen  that  the  partial  differential  equation 
contains  the  dependent  variable  explicitly  but  that  it  cannot  be 
resolved,  or  cannot  conveniently  be  resolved,  in  terms  of  any  of 
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the  derivatives.     In  such  a  case,  a  similar  process  exists:  and  the 
result  has  already  been  stated*. 

The  Poisson-Jacobi  CombixaxVt  (0,  yp-). 

153.     The  determination  of  a  complete  integral  of  a  partial 
differential  equation 

p  +  H{x,a:,,  ...,Xn,pi,  ...,;;„)  =  0, 

and  the  determination  of  a  full  set  of  integrals  of  the  associated 
canonical  system 

—'  =  ^      i&  -  _  ^-^ 

for  1=1,  ...,  „,  have  been  shewn  to  be  practically  equivalent 
problems.  It  is  known  that,  if  two  equations  compatible  with  the 
original  differential  equation  have  been  obtained,  the  Poisson- 
Jacobi  combination  of  tho.se  equations  provides  another  equation 
(which  may  be  insignificant  or  may  be  evanescent)  also  compatible 
with  the  equation:  and  naturally  therefore  a  question  arises 
whether  the  same  combination  can  similarly  be  effective  in 
assisting  the  construction  of  the  integrals  of  the  canonical  system. 
Let 

<f>  =  (f>(w,x,,  ...,Xn,p„  ...,j^„)  =  constant 

be  an  integral  of  the  canonical  system  :  then,  in  connection  with 
that  system,  we  have 

d±^H^   V   ^t  ^-  .     V   ^  dpi_ 
dx     dx      ,ri  dxi  dx  "^  .f'l  dpi  dx~    ' 
and  therefore 

dx      ,ri  \dxi  dpi      dpi  dxj~^' 
that  is,  using  the  Poisson-Jacobi  syrnb..],  we  have 

analogous   with   a  corresix>nding  equation   (§  Uii)  in  theoretical 
dynamics.     Similarly,  if 

yfr  =  ylr(T,  .r, ^n,Pi.  ....  p„)  =  Constant 

•  In  Part  i.  §  lOfl,  of  the  present  work.     All  the  results  are  given  in  Mayer's 
memoir  quoted  <.n  p.  388,  foot-uote. 
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be  an  integral  of  the  canonical  system,  we  have 

It  is  natural  to  inquire  Avhether  (<f),  yfr)  also  is  an  integi-al  of  the 
canonical  system  :  we  have 

=  -  ((cf>,  H),  x/r)  -  {<!>,  if,  H))  +  ((</,,  f),  H) 
=  {{H,  <f>),  ir)  +  (if,  H),  (/,)  +  (((/,,  yjr),  H) 
=  0, 
on  account  of  the  identically  satisfied  relation  of  §  52.     Hence 

{(f),  -vl^)  =  constant, 

as  an  integral  equation,  is  compatible  with  the  canonical  system. 
Various  cases  may  arise,  as  in  the  former  investigation. 

It  may  happen  that  ((f),  yfr)  vanishes  identically:  no  new 
integral  is  provided. 

It  may  happen  that  {(f),  yfr)  is  a  pure  constant  not  zero ; 
instances  have  occurred  in  which  (</>,  -v/r)  is  equal  to  unity :  no  new 
integral  is  provided. 

It  may  happen  that  {(ft,  yfr),  while  a  function  of  the  variables, 
can  be  expressed  in  terms  of  </>  and  yfr  alone  (and  possibly  in  terms 
of  previously  known  integrals,  if  any) :  no  new  integi-al  is  provided. 

And  it  may  happen  that  {(f),  yfr)  is  a  function  of  the  variables 
which  cannot  be  expressed  in  terms  of  (f>  and  yfr  alone  (or  in  terms 
of  these  and  of  previously  known  integrals,  if  any) :  a  new  integral 
of  the  canonical  system  is  then  provided. 

JVote.     It  may  happen  that,  when  the  partial  dififerential  equation  is 
H{xi,  ...,  Xn,pi,  ...,jo„)  =  constant  =  /(, 
so  that  p  and  x  have  disappeared,  care  has  to  be  exercised  concerning  new 
integrals  of  the  canonical  system :   such  new  integrals  do  not  necessarily 
provide  equations  compatible  with  Zr=/i  and  with  equations  which  coexist 
with  it.     The  canonical  system  is  effectively  the  same  as  before,  for  it  is 

dxj       dpi    _^^. 
dpi  dxi 
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say,  for  j'=  1,  ...,  » ;  and  if 

</)  =  </>(•'• -^njlh,  •••,;'».  x)  =  con8tAnt, 

>/^  =  V('i>    ••.'•«, />i,  ...,/>„  a)  =  constant, 

are  two  integrals  of  the  system,  then 

(0,  >//^)  =  constant 

is  also  an  integral  of  the  canonical  system  ;  and  we  have 

{ir,<p)=o,   {H,^)=o,   (^,  (0,  V'))=o. 

But  if  we  are  proceeding  on  the  lines  of  Jacobi's  second  method,  as  explained 
in  Chapter  iv,  for  the  integration  of  tlie  partial  equation  77=0,  and  if  we 
have  associated  the  equations 

//=(>,     0  =  ,,,, 

where  c<i  is  arbitrary,  then  we  can  associate 

with  these,  only  if 

(</>,^)=0; 
and  we  can  associate 

(0,  y\r)  =  a3 
with  ^=0,  (f>  =  ai,  only  if 

(0,  («^,V'))=0; 

and  these  conditions  are  not  always  satisfied. 

Thus  if  the  equation  be 

ff=Pi'' + ?•?■  ^P:? ■^Pi' -f  (ri'  +  ^2*  +  x^\  x«)  =  0, 
integrals  of  the  canonical  system  are  given  by 

and  then 

X  =  (0'  ^)=-f^ipi-^2Pu 

which  leads  to  a  new  integral  (»f  the  canonical  system.     Now 

H=0,     0  =  a,, 
can  be  as.sociated,  because 

But  \lr  =  a.i  cannot  he  associated  with  these  two  equations;  for  though 
(//,  >/')  =  0,  we  have 

different  from  zero.     Again,  the  equations 

can  be  associated,  because 

(//,  ,/,)  =  0. 

Hut  <^  =  <'i  cannot  Ik;  associated  with  these  equations  because 
which  IS  not  zero.     Jiorcover, 

X  =  «3 
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cannot  be  associated  with  either  pair,  because 

But 
and  so 

can  be  associated. 

It  thus  appears  that,  while  the  Poisson-Jacobi  combination  of  two 
integrals  of  the  canonical  system  can  provide  a  new  integral  of  that  system, 
the  new  integral  cannot  necessarily  be  associated  with  a  retained  system 
compatible  with  the  original  equation. 

154.     It  will  be  convenient,  for  the  sake  of  brevity,  to  call  the 

Poisson-Jacobi   combination  (cf),  yfr),   of  two   functions  (f)  and  -v/r, 

their  coinhinant.     From  the  preceding  results,  it  is  clear  that  any 

integi-al   0  of  the  canonical   system,   which   does   not  involve  x, 

satisfies  the  equation 

(<^,  F)  =  0 

identically :  hence  the  combinant  of  H  with  any  such  integral  <^ 
leads  to  no  new  integral. 

Moreover,  when  the  function  H  in  the  canonical  system  does 
not  explicitly  involve  x  (which  corresponds  to  the  case  in  theo- 
retical dynamics  when  the  total  energy  of  the  dynamical  system 
is  constant),  the  combinant  of  H  and  of  any  integral  ^  of  the 
canonical  system,  that  does  not  explicitly  involve  x,  vanishes 
identically :    for  the  equation 

is  then  satisfied  identically,  so  that  (0,  H)  provides  no  new 
integi-al.  Also,  with  the  same  supposition  concerning  H,  the 
integrals  of  the  canonical  system  can  be  so  taken  that  2n  —  1  of 
them  are  relations  among  the  variables  x^,  ...,  x„,  j)^,  ...,  pn ,  '^i^d 
the  remaining  integral  can  be  taken  in  the  form 

U  ^  X       ^Q  +  'J  \Xi ,   . . . ,  X,i  y  P\,   . . . ,  Pn)  ^  "> 

where  a-o  is  an  arbitrary  quantity.     In  that  case,  the  equation 

is  satisfied  identically :  that  is,  {6,  H)  provides  no  new  integral. 
It  therefore  follows  that,  when  the  quantity  H  in  the  canonical 
system  does  not  involve  the  variable  x,  no  new  integral  can  be 
derived  by  combining  H  with  any  other  integral  of  the  system : 
in  fact,  the  quantity  H  is  useless  for  any  combinant  construction 
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with  any  integral  <f)  of  the  system  with  a  view  to  the  derivation 
of  new  integrals. 

It  thus  appears  that,  when  an  integi-al  of  the  canonical  system 
has  been  obtained,  no  new  integral  is  furnished  by  the  combinant 
of  H  with  that  integral.  Clearly,  when  H  is  explicitly  inde- 
pendent of  the  variable  x,  it  furnishes  an  integral  of  the  system : 
but  it  is  not  the  only  integral  of  the  system  which,  under  the 
combinant  construction,  leads  to  evanescent  or  unfruitful  results. 
Indeed,  earlier  results  obtained  in  connection  with  the  develop- 
ment of  Jacobi's  second  method  in  Chapter  iv  shew  that,  when  any 
integi-al  of  the  canonical  system  of  equations  has  been  obtained, 
other  integrals  exist  such  that  their  combinants  with  the  given 
integi-al  provide  no  new  integral  but  only  an  evanescent  result. 
For  let  0  be  a  given  integral  of  the  system :  and  let  i/r  denote 
some  other  integral,  distinct  from  H  in  case  H  should  not  involve 
X  explicitly :  then  (<f),  yfr)  also  satisfies  the  equations  of  the 
system.  If  (0,  ^fr)  vanishes,  or  is  equal  to  a  pure  constant,  or  is 
not  functionally  independent  of  <f)  and  yjr,  then  (<f),  yjr)  is  illusory  as 
providing  a  new  integial.  Rut  if  no  one  of  these  alternatives  is 
valid,  we  write 

(cf),ylr)  =  f,, 

and  we  proceed  (as  in  §  C2)  to  form  the  series  of  functions 

{4>,   ir,)  =  f,,      {c}>,   y|r,)  =  ^}r„    ...,   (<p,   >/r,_0  =  "»/r.-. 

Each  of  the  functions  i/r,,  yfr.,,  ...  is  an  integral  of  the  canonical 
system  :  and  the  set  of  such  functions,  that  are  independent  of  one 
another,  is  limited  in  number  because  the  canonical  .system  is  of 
finite  order.  Accordingly,  we  may  jvssume  that  the  series  of 
functions,  derived  through  combination  with  (f>,  terminates  with 
yfri'.  the  tenninatitm  can  coine  (§  ()2)  in  one  of  three  ways. 

(i)     If -v/^,  vanishes  identically,  then  >/r,_,  is  such  that 

(</),  >/r,_,)  =  0, 

identically,  that  is,  i/r.-^j  is  an  integral  of  the  type  indicated. 

(ii)     If  y}r,  is  a  pure  constant,  say  c,  then 

SO  that  as  i  is  greater  than  unity  (for  otherwise  i/r,  would  be  an 
integral  of  the  type  indicated),  then  i/r'-,.,  —  2cx|r,_2  is  an  integral 
of  the  type  indicated. 


154.]  AND    COMBINANTS  397 

(iii)  If  yfri  is  a  function  of  the  integrals  that  occur  earlier  in 
the  series,  say  6,  then  any  integral  (say  ■^)  of  the  system 

dyjr      dy\r^  _  d-\\ri^^ 

is  such  that 

(</>,  ^)  =  0, 

identically ;    and    so    ^V    is    an    integral    of    the    indicated    type 
belonging  to  the  canonical  system. 

The  process  of  combination  is  thus  seen  to  provide  a  number 
of  integrals :  but,  account  being  taken  only  of  integrals  that  are 
independent  of  one  another,  the  process  cannot  lead  to  all  the 
independent  integrals  because,  as  has  been  seen,  there  are 
integrals  which,  when  combined  with  a  given  integral,  lead  to 
an  illusory  result*.  We  shall  not  pursue  this  subject  further, 
and  shall  be  content  with  referring  the  reader  to  an  important 
memoir -f-  by  Bertrand. 

Ex.  Prove  that,  when  the  function  H  in  the  canonical  system  does  not 
explicitly  involve  x  and  when  an  integral  0  other  than  H  is  given,  the 
complete  set  of  integi'als  of  the  canonical  system  is  given  by 

H=h,     (f)=  constant, 
and  by 

(i)     an  integral  x,  ""t  explicitly  involving  x  and  such  that 

(ii)     an  integral  yjr,  where 

V'=5'(-^'l5  •••1^'n^Pu  •■■,Pn)-^, 
such  that 

(0,  V^)=0, 

(iii)     other  2n  — 4  integrals  ai,   ...,  a.2,(_4,  explicitly  independent  of  x, 
such  that 

for  1  =  1,  ...,  2;i-4.  (Bertrand.) 

*  Contrary  to  the  opiinou  formed  by  Jacobi  according  to  which  it  can  be  seen 
"in  omnibus  problematibus  mechanicis  in  quibus  virium  vivarum  conservatio 
"  locum  habet,  generaliter  e  duobus  integralibus  praeter  principium  illud  inventis 
"  reliqua  omnia  absque  ulla  ulteriore  integratione  inveniri  posse" :  Ges.  B^erke,  t.  v, 
p.  40.  The  original  theorem  due  to  Poissou  was  published  at  the  end  of  the 
year  1800  :  it  seems  that  Jacobi's  application  and  development  of  Poisson's  theorem 
were  made  about  1838. 

The  frequently  illusory  character  of  the  combinant  is  one  of  the  causes  which 
limit  the  number  of  the  general  algebraic  integrals  of  the  dynamical  problem  of  /( 
bodies  to  the  classical  integrals:  see  vol.  in  of  this  work,  chapter  xvii. 

t  Liouville's  Journal,  t.  xvii  (1852),  pp.  393 — 436.  Other  references  will  be 
found  in  Graindorge's  treatise,  already  quoted. 
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Contact  Transformations  and  Canonical  Systems. 

155.  In  the  last  chaiiter,  it  was  seen  that  the  theorj'  of 
contact  transformations  c<juld  be  applied  to  the  integration  of 
a  partial  differential  equation :  and  it  has  also  been  seen,  from 
various  points  of  view,  that  the  integration  of  such  an  equation  is 
bound  up  with  the  integration  of  a  canonical  system  of  ordinary 
equations.  It  is  therefore  natural  to  supjjose  that  the  theory  of 
contact  transformations  can  be  brought  into  relation  with  the 
integi-ation  of  a  canonical  system. 

Let  the  canonical  system  be 

dxi  _  dH      dpi  _     dH 
dx      dpi '     dx         dxi  ' 

for  i  =  1,  ...,  "  ;  and  suppose  that  JI  ilofs  not  explicitly  involve  x. 
Let  a  contact  transformation  be  given  which  passes  from  Xy,  ...,Xn, 
Pi,  ...,  pn  to  X,,  ...,  Z„,  Pi,  ...,  Pn,  such  that 

(Z,,X^)  =  0,     (P„.,P,)  =  0,     {X„,P^)  =  0, 

for  /A  and  7n=  1,  ...,  ti,  with  unequal  values  of  m  and  /* ;  and  let 
it  be  applied  to  transform  the  canonical  sj-stem.     We  have 

dx 


^      ,r=i\d^m  dx      dp^  dx] 

^  «  /dXim_dx^dH\ 


=  (Xi,H). 

When    the    variables    in    If   are    transformed,    let    the    resulting 
quantity  be  denoted  by  A' ;  then 

(A',.  /^)=  5^  [{X<,  X„,)^^  +  iX,,  PJ^^^j 

_dK 
dPi ' 

on   account   of    the    properties   of    the    contact   transformation. 
Consequently,  we  have 

dx      dPi' 
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and,  by  similar  analysis,  we  also  have 

dx  dXi ' 

Hence  the  contact  transformation  leaves  the  form  of  the  canonical 
system  unchanged.  But  this  is  not  the  limit  of  the  property :  it 
is  easy  to  see  that  any  transformation,  which  leaves  the  form  of 
the  canonical  system  (supposed  perfectly  general)  unchanged,  is 
of  the  contact  type.  For  taking  any  transformation  from  x^,  ..., Xn, 
p^,  ...,p,i  to  Zi,  ...,  Xn,  Pi,  ...,  Pn,  we  have 

if  H'  be  the  value  of  H  after  transformation  has  been  effected, 
then 

(X,,  H)  =  l^  |(X,,  X,J  1^^^  +  (X,,  P,,)  ^] , 

{P„  H)  =  i^  |(P,,  Z,„)  |£  +  (A,  A.)|^] . 

If  the  new  form  of  the  equations  is   still  canonical,  the   former 

Df-f'  7)H' 

of  these   must  be    ?r^  ,  and   the   latter  must  be  —  ^^^^ ,  for  all 

values  of  i:  hence,  as  H  and  H'  are  supposed  quite  general 
functions,  we  must  have 

for  all  values  1,  ...,n  of  m,  and 

(Xi,  XJ  =  0,     (Xi,  PJ  =  -  {P,„,  Z,)  =  0,     (Pi,  PJ  =  0, 

for  all  unequal  values  1,  ...,  n  of  i  and  m.  These  are  the  equations 
which  define  a  contact  transformation.  Therefore  a  canonical 
system  is  unchanged  inform  hy  a  contact  transformation;  and  every 
transformation,  which  co7iserves  the  form  of  a  quite  general  canonical 
system,  is  of  the  contact  type. 

There  is  an  immediate  practical  advantage  in  such  a  trans- 
formation, whenever  the  form  of  H'  is  simpler :  the  equations  may 
be  simpler  to  integi-ate. 

156.     In  the  next  place,  suppose  that  the  canonical  system  is 

of  the  form 

dxi  _  dH      dpi  _     dH 

dx      dpi '     dx  dxi ' 
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where  //  now  involves  x,  as  well  as  a*,,  ...,  a-,,,  p ,  p„.     In  this 

case,  we  have 

dll      ell       ,j,    jj^ 
ajc       dx 

_dH 

~  dx' 

hence  introducing  a  new  varialjle  p,  such  that 

(")  =  H  +  p  =  constant  =  0, 
we  have 

dj)__dH__dS 

du-  dx  dx ' 

dx_  _     9? 

dr  ~  ~      dp' 

dxi_      dj[_     dS 
dx         dpi  ~     dpi ' 

dpi^_dJH^_de 

dx  dxi  dxf ' 

so  that  the  canonical  system  may  be  replaced   by  the  amplified 

system 

dx        (1/1        dxi        (Ij)i 

ds  ^     aw  ^W)^     ?(-) ' 

dp  dx      dpi  dxi 

for    i=\,...,n.      Now    take   a   contact    transformation    changing 

the    variables  from  x,  .r,,  ...,  a",,,  p,  pi,  ...,  />«  to  A',  A",,  ...,  A„, 

P,  1\ P„:    then    denoting   x,  y>.  A",  P    by   x^,  p„,  X„,  P^    for 

convenience,  we  must  have 

(A,.i^)=l, 
for  1  =  0,  I,  ....  n,  and 

(A,-,  AO)  =  0,     (P„P,)  =  (),    (Xi.Pj)  =  0, 

for  unequal  values  of?  and  J  from  the  series  0,  1,  ...,n.  As  in  the 
earlier  case,  if  4>  be  the  transformed  value  of  0^,  the  amplified 
canonical  system  can  be  re])laced  by 

dX_  _  _dP_  _dXj^    dP; 

dT*      ~dX      dPi      ~dXi 

for  1=1,  ...,7/<.  Let  tl>  =  0  be  resolved  so  as  to  express  P  in 
terms  of  X,  A, ,  . , . ,  A^, ,  P, ,  . . . ,  P„  :  and  let  the  resolved  form  be 

K{X,X\,...,X„,P, P,.)  +  P  =  0. 
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Then 


dx 

dPdX' 

=  0, 

dXi 

dPdXi 

=  0, 

dPi 

dP  dPi ' 

=  0, 

for  i=\,  ...,  n.     The  preceding  system  can  now,  in  its  tum,  be 

replaced  by  the  equations 

ao 

dXi 

dPi 

dK 

dX~ 

d<t> 
dP 

dPi' 

dPi 

dXi 

dK 

dX       a^      dXi ' 
dP 

for  1=1,  ...,n,  which  again   are   a   canonical   system:    and    we 

also  have 

dP^__dK 
dX~     dX- 

It  thus  appears  that  a  contact  transformation,  applied  to 
a  canonical  system  even  when  the  function  H  involves  the 
variable  a,  changes  the  system  into  another  canonical  system. 

Conversely,  any  transformation  between  x,  x^, ...,  cc^, pi,  ...,  pn 
and  X,  Xi,  ...,  X,,,  Pi,  ...,  Pn,  which  changes  a  canonical  system 

dxi  _  dH      dpi  _     dH  /  •  _  i  \ 

where  H  involves  x  as  well  as  x^,  ....  Xn,pi,  ...,pn,  into  another 
canonical  system 

dX  ~  dPi '     dX  ~     dXi'  Kt-^,-->  n), 

is  a  contact  transformation  in  an  increased  number  of  variables. 
To  establish  the  result,  we  introduce  a  variable  p  such  that 

0=^  +  ^=0; 
hence 

dp^_dH 

d^  dx  ' 

F.  v.  26 


402  CONTACT  TRANSFORM ATIOXS   OF  [156. 

We  then  consider  any  transformation  which  changes  the  variables 
from  X,  p,  r,,  ...,  Xn,  pt,  ...,  pn  to  X,  P,  A',.  ...,  A'„,  1\,  ....  P„; 
and,  for  convenience,  we  write  x^,  po,  Xo,  Po  for  x,  p,  X,  P  respec- 
tively.    Then 

dXi  _  ^  dXjdx^     dXjdp^ 

dx         m  =  0^^m    d^         ^Pm    ^^ 

_  ;(.   /dXjdC")     dXidC-n 

=  {Xi,  0) 

=     —     ]\Xi,  X^)  ^Y       I"  (A,-,  Pm)  KfT 
111  =  0  (  C'^m  0^  m 

for  1  =  0,  1,  ...,  w;  and  similarly 
dPi 


dx 


=  ^   -{(-t  1,  A  ,„)  ^^     \-{I  i,  P,„)  ^-p- >■ 


Let  0  =  0,  after  substitution  has  been  made  for  p  and  in  H,  be 
resolved  so  as  to  express  Pq  in  terms  of  Xo,  X^,  ...,  Xn,  P, ,  . . . ,  P„ ; 
let  the  resolved  equivalent  be 

Po  +  A^  =  0. 

where  ^  is  a  function  of  Ao,  Z,,  ...,  X„,  Pj,  ...,  P„  ;  then 

90  _  90  dK  _ 
dX^     dPo  dXft 
for  /i  =  0,  1,  ...,  m,  and 

ae     90  ayy 
ap^    apo  ap^ 


=  0, 


ft)i-  /i=  1, //I.     Then,  for  t  =  1,  ...,  w,  we  have 

dXi     dXi     rfA'^o 
dX       dx    '    dx 

"  (  a0  a0 ) 

V     (A,,Xj4   +(A,.7^,.).y 
~   V    1/ Y    X   \  '"^'"*  +(  V     P  \  '^"^ 

m  =  0  (  0^\,„  f'i  ,„ 

(A,.P„)+(X,-.A„)'^+  i  |(A',-.Zj|^+(A^.Pj|^ 

(Ao,Po)  +  (Ao,  Ao)  Vy  +    —    ](Ao,  A„)»  ,,-  +(Ao,  i  m)^"r3~f 


aA^ 
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and 

We  are  in  quest  of  transformations  which  will  make  the  new 

system  canonical,  and  therefore  the  transformed  equations  should 

be  of  the  form  _  _ 

dXi_dK^      dPj  _      dK 

dX~dFi'    dX~     dXi' 

for  i  =  l,  ...,  m.  Hence,  in  order  that  the  preceding  equations  may 
be  of  this  type,  we  take 

where  a.  is  a  constant :  and  the  conditions,  necessary  and  sufficient 
for  the  purpose  when  the  system  is  of  the  most  general  type,  are 

(Xo,  Po)=(Xi,Pi)=  ...  =(X,j,  Pn), 

{Xi,Xj)  =  0,    (P,,P,)  =  0,     (Pi,Xj)  =  0, 

for  unequal  values  of  i  and  j  from  the  series  0,  1,  ...,  m.  These 
equations  are  characteristic  of,  and  define,  a  contact  transformation 
in  the  increased  aggi-egate  of  variables.     Moreover, 

dPo^dPo^  dXo 
dX       dx    '    dx 

__dK 

~    dX- 

Consequently,  even  when  the  function  H  in  the  general  canonical 

system 

dxi  _  dH      dp,-  _     dH 

dx      dpi '     dx  dxi ' 

involves  the  variable  x,  any  contact  transformation  of  the  amplified 
system  leads  to  a  new  canonical  system  ;  and  every  transformation, 
which  transforms  one  canonical  system  of  the  most  general  type  into 
another,  is  a  contact  transformation  in  the  increased  number  of 
variables. 

157.  But  it  may  be  asked  whether  a  contact  transformation, 
involving  only  the  variables  x^,  ...,Xn,pi,  ...,^rt,  will  transform 
one  canonical  system  into  another  when  H  involves  the  variable  x ; 
it  is  easy  to  see  that  such  a  transformation  is  possible  and  that  it 

26—2 
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is,  in  fact,  a  special  cfuse  of  the  contact  transfonnation  in  the 
amj)lified  number  of  variables.     To  verify  this  statement,  wc  make 

Zo  =  .To  =  iP,     Po  =  Po  =  p; 

then,  as  (Xq,  Po)  is  unity,  we  have 

(a  ,,  "i)  =  1,  ... ,  {X„,  I  „)  =  1. 

Now  the  equations 

(X,,Xi)  =  0,     (X„,P,)  =  0,     (Po,  X,)  =  0,     (Po,P.)  =  0, 

give 

dX,  _         dPi  _  ^      dXj  _         dPi  _  ^  . 

S^Jo  SjPo  OXo  dXa 

and  therefore  the  other  equations  are 

for  1  =  1,  . . . ,  ?^ :  also 

(Zv,P,„)=0,     (P,,P„.)  =  0. 

These  equations  clearly  define  a  contact  transformation  between 
Xi,  ...,  A^i,  Pi,  ...,  P„  and  .rj,  ...,  .i:„,  ;>,,  ...,  j[)„  alone:  and 
they  give  a  special  case  o\'  the  contact  transformation  in  the 
amplified  number  of  variables  conserving  the  form  of  the  cauonicjil 
system. 

158.  Returning  now  to  the  canonical  system  of  ecjuations  in 
the  simpler  form  in  which  the  quantity  H  does  not  involve  the 
independent  variable  of  the  system  explicitly,  and  denoting  that 
variable  by  t,  we  have  the  .system  in  the  form 

(Lvi  _  dH         dp,  _     dH 
~dt~dpi'        ~(H~~dFi' 

for  t  =  1,  ...,  n.  Here,  U  is  the  total  energj*  of  the  .system  antl  it 
remains  constant  throughout  the  motion ;  and,  with  the  variables 
ado])ted  for  the  construction  uf  the  canonical  system,  H  is  a 
function  of  a?, ^n,  P\y  •••>  Pn  al(»ne. 

We  have  seen  that  the  most  general  form  of  infinitesimal 
contact  transformation  is  given  (§  12!))  by 
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where 

^  _dU        _       _  9f ^  dU 

^'  ~  dpi '  '^'  ~  dxi  ^  ^''  dz  ' 

U  denoting  any  arbitrary  function  of  a-j,  ...,Xn,  Pi,  ...,  Pn,  z.  Let 
JJ  be  chosen  so  as  not  to  involve  z  explicitly :  then  the  equations 
become 

aC^  -7r=  — • 

or,  on  writing  e  =  8t,  the  equations  of  the  infinitesimal  contact 
transformation  may  be  taken  in  the  form 

dxi_dU       dpi^_dU 
dt       dpi'      dt  dxi' 

for  i=\,  ... ,  n. 

It  therefore  follows  that  the  equations  of  the  canonical  system 
are  the  equations  of  an  infinitesimal  contact  transformation,  applied 
to  the  variables  of  the  system  and  derived  from  the  energy  H  of 
the  originating  system ;  and  therefore  the  changes  in  the  variables 
of  the  system  can  be  regarded  as  the  changes  caused  by  the 
continued  application  of  the  infinitesimal  contact  transformation 
derived  from  the  energy  of  the  system.  It  is  known,  from  the 
theory  of  groups  of  transformations,  that  the  infinitesimal  contact 
transformations  determine  uniquely  the  finite  contact  transform- 
ations of  which  they  are  the  infinitesimal  expression :  moreover, 
what  is  the  equivalent  of  this  proposition  for  the  present  purpose, 
we  have  shewn  that  a  finite  contact  transformation  conserves  the 
form  of  the  canonical  system.  Hence,  if  we  denote  the  values  of 
the  variables  of  the  canonical  system  at  any  epoch  #o  by  «!,  ...,  ««., 
y8i>  •••>  ^n,  and  their  values  at  the  epoch  thy  X^,  ...,  A^i,  Pi,  ..., 
Pn,  there  is  a  contact  transformation  between  Xj,  ...,  Xn,  P\,  •••, 
Pn  and  «!,...,  a,i,  /8i,  ...,  /S,i;  and  therefore  the  variables  of  the 
canonical  system  change  continuously  from  their  initial  values 
under  the  continuous  domination  of  the  infinitesimal  contact  trans- 
formation determined  by  the  energy. 

This  result  includes  the  properties  established  by  Bertrand* 
as  regards  canonical  constants;  for  the  equations  defining  these 
canonical  constants  are  the  equations  expressing  the  contact  trans- 

*  Liouville,  t.  xvii  (1852),  pp.  393  et  seq. 
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formation  between  otj,  ...,  a„,  /9,,  ...,  ;9„  and  ^j,  ...,  Xn,  Pi,  ...,pn, 
viz. 

(a.,  /3.)  =  1 , 

(a,-.  a,)  =  0,     (ai,y9,)  =  0,     (/9.-, /9;)  =  0, 
for  1  and  j'=  1,  ...    ;;,  with  unequal  values  of  r  and  J. 

This  stage  will  mark  the  limit  of  our  discussion  of  the  canonical 
equations  of  theoretical  dynamics.  Their  detailed  proi)erties  con- 
stitute a  subject,  distinct  in  many  of  its  developments  from  the 
theory  of  partial  differential  equations ;  for  a  fuller  discussion, 
reference  may  be  made  to  the  authorities  quoted  at  the  beginning 
of  the  chapter. 


CHAPTER   XL 

Simultaneous  Equations  of  the  First  Order. 

The  present  chapter  is  a  discussion  of  systems  of  simultaneous  partial 
equations  of  the  first  order,  the  number  of  equations  being  the  same  as  the 
number  of  dependent  variables.     The  operation  of  integrating  such  equations 
is  an  inverse  operation  of  class  greater  than  unity  in  general,  that  is,  it  cannot 
generally  be  resolved  into  operations  of  the  first  order  such  as  the  integration 
of  a  number  of  ordinary  equations  each  of  the  first  order.     General  inverse 
operations  of  class  greater  than  unity  cannot  be  performed  in  finite  terms,  in 
the  present  state  of  analysis ;  those  particular  inverse  operations,  which  can 
be  resolved  into  operations  of  the  first  order,  can  however  be  performed,  m 
the  sense  of  the  methods  given  in  some  of  the  preceding  chapters.    Naturally, 
the   simultaneous  partial  equations  involving  several  dependent  variables, 
which  can  be  integrated  by  these  resoluble  operations,  are  subject  to  corre- 
sponding limitations  as  regards  generality  of  form :  and  consequently,  owing 
to  this  somewhat  particularised  character,  the  theory  of  these  equations  is 
not  so  fully  discussed  here  as  has  been  the  theory  of  equations  in  a  single 
dependent  variable. 

The  subject  appears  to  have  been  considered  first*  by  Jacobi :  as  presented 
in  this  form,  further  developments  of  Jacobi's  theory  are  given  by  Natauit, 
and  Zaja9rkowskiJ. 

A  different  presentation,  and  a  completely  different  class  of  equations, 
occur  in  Hamburgei-'s  treatment  §  ;  cognate  investigations  have  been  effected 
by  Konigsbergerll,  who  also  deals  with  the  existence-theorem  for  a  set  of 
equations,  the  number  of  which  is  equal  to  the  number  of  dependent 
variables;  and  Hamburger's  method  has  been  extended  by  von  WeberU  to 
the  case,  when  the  number  of  equations  is  greater  than  the  number  of 
dependent  variables. 

*  Ges.  Werke,  t.  iv,  pp.  3—15. 

t  Die  hbhere  Analysis,  pp.  3H9— 341. 

+  Gnuiert's  Ardiiv,  t.  lvi  (1874),  pp.  163—174. 

§    Crelle,  t.  lxxxi  (1876),  pp.  243-280,  ib.,  t.  xciii  (1882),  pp.  188-214. 

II    Crelle,  t.  cix  (1892),  pp.  261-340;  Math.  Ann.,  t.  xli  (1893),  pp.  260-285. 

H   Crelle,  t.  cxviii  (1897),  pp.  123—157. 
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A  class  of  equations,  the  minilter  of  which  is  an  exact  multiple  of  the 
numlier  of  dependent  variables  involved,  has  l>een  considered  by  KOnig*:  an 
account  of  his  method  and  of  his  results  is  given  in  the  course  of  the  chapter. 

Hamburger  has  shewn  that  it  is  possible  to  apply  the  method  to  jiartial 
differential  etjuations  of  the  second  order  and  of  higher  orders  in  one  dei>endeut 
variable  and  two  indei>endent  varialjles.  The  subsidiary  equations  obtained 
as  ancillary  to  the  integration  have  substantial  similarity  with  thase  obtiined 
in  the  method,  devised  by  Darboux  for  the  integration  of  such  equations 
and  developed  by  SiMJckrnan  and  others.  Accordingly,  an  account  of 
nanil)urger's  appliwition  of  his  method  to  the  integration  of  equations  of  the 
second  onler  and  of  higher  orders  will  not  be  considered  in  this  chapter  but 
will  be  deferred  until  the  stage  when  such  equations  are  being  generally 
considered. 

It  may  be  added  that  some  of  the  geometrical  proi^erties  that  can  be 
associated  with  the  simple.st  ca.se,  viz.  when  there  are  two  deixjndent  varialiles 
and  two  indc[)endent  variables,  are  considered  by  Biicklund  t.  As  the  processes 
of  integration  in  this  chapter  are  only  applicable  to  limited  cla-sses  of  equations, 
these  ge(jmetrical  Jis-sociations  are  not  discusseil  in  this  coiuiection  :  moreover, 
they  belong  more  properly  to  the  theory  of  equations  of  higher  orders  and, 
like  the  extension  of  Hamburger's  method  to  such  equations,  they  also  will 
be  deferred  for  consideration  in  connection  with  that  theory. 

159.  The  investigations  in  the  preceding  chapters  have  been 
concerned  with  the  integi-ation  and  the  general  theory'  of  partial 
differential  equations  involving  only  a  single  dependent  variable  ; 
no  restriction  was  laid  upon  the  number  of  independent  variables ; 
and,  when  more  than  a  single  equation  occurred,  the  conditions 
necessjiry  and  sufficient  to  secure  coexistence  were  obtained.  It 
was  shewn  how  to  deduce,  from  a  complete  integral,  other  chisses 
of  integrals  of  various  types :  the  aggregate  of  these  classes  was 
completely  comprehensive  for  some  types  of  equations  and  largely 
so  (the  exceptions  being  the  special  integrals)  for  the  remainder. 
The  construction  of  the  complete  integi-al  wivs  made  to  de]X'nd 
u]><)n  the  integration,  complete  or  incom})lete,  of  a  sinndtaneous 
system  of  onlinary  equations,  formed  from  the  jwirtial  differi'ntial 
equations:  the  integiation  r«Mjuired  depends,  in  ])nictice,  solely 
upon  the  ])ossibility  of  actually  effecting  genenil  inverse  pnx'essr'S 
of  the  first  onler.  Speaking  broadly,  we  may  sjiy  that  the  theory 
of  partial  differential  equations  of  the  first  onii-r  in  a  single 
dependent  variable  onn  be  considered  a  known  theory. 

•  Math.  Ann.,  t.  xxm  (1884),  pp.  520—526. 

t  M'lth.  Ann.,  t.  xvn  (1880),  pp.  285—328;  V>.  t.  xix  (1882),  pp.  387—422. 
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The  problems  which,  in  scale  of  difficulty,  lie  next  to  that  of 
partial  difterential  equations  of  the  first  order  in  a  single  dependent 
variable,  are  obtained,  on  the  one  hand,  by  increasing  the  number 
of  dependent  variables  and  keeping  the  equations  still  of  the  first 
order,  and  on  the  other  hand,  by  taking  equations  of  a  higher  order 
than  the  first,  still  in  a  single  dependent  variable. 

As  concerns  partial  differential  equations  of  the  second  order 
(and  of  higher  orders)  in  a  single  dependent  variable,  there  is 
a  considerable  body  of  theory :  moreover,  the  frequent  occurrence 
of  such  differential  equations,  in  subjects  such  as  geometiy  and 
many  of  the  developed  branches  of  mathematical  physics,  has  led  to 
the  discussion  of  detailed  properties  of  particular  equations  Avhich, 
once  known,  have  pointed  the  way  to  further  developments  of  the 
general  theory. 

But  as  concerns  sets  of  partial  differential  equations  of  the  first 
order  in  several  dependent  variables,  when  these  sets  are  not  the 
equivalent  of  a  single  equation  of  higher  order  in  a  single  dependent 
variable,  the  amount  of  finished  theory  that  has  been  obtained 
is  comparatively  slight.  Thus,  when  the  number  of  equations 
is  equal  to  the  number  of  dependent  variables  and  when  these 
equations  have  a  special  form  which,  among  other  limitations,  is 
linear  in  the  derivatives,  it  is  known  (§§  9 — 14)  that  integrals  of 
the  equations  do  exist,  satisfying  assigned  conditions  of  a  given 
type.  But  when  there  is  a  question  of  constructing  an  integral 
in  some  form  other  than  a  multiple  power-series  as  it  occurs  in 
the  establishment  of  the  existence-theorem,  methods  even  only 
theoretically  effective  for  the  purpose  have  been  devised  solely  for 
very  restricted  classes  of  systems  of  equations.  Accordingly,  before 
passing  to  equations  of  higher  order  in  a  single  dependent  variable, 
we  shall  deal  with  systems  of  equations  of  the  first  order  in  several 
variables,  so  as  to  indicate  such  general  methods  and  results  as 
have  been  obtained. 

As  in  the  early  stages  of  the  development  of  the  theory  of 
equations  of  the  first  order  in  a  single  dependent  variable,  some 
indications  of  results,  which  may  be  expected  to  hold  frequently 
in  simple  cases  though  far  from  universally,  can  be  obtained  by 
proceeding  fi-om  a  set  of  integral  equations.  Let  the  independent 
variables  be 

Xi,  . . . ,  iCji , 
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and  the  dependent  variables  be 


then  the  m  dependent  variables  will  be  given  by  ///  integral 
equations.  These  equations  may  contain  a  number  of  arbitrary 
constants:  let  this  number  be  N,  and  suppose  that  these  are 
essential  constants,  .so  that  they  cannot  be  expressed  by  a  number 
smaller  than  N. 

When  the  first  derivatives  of  these  equations  are  formed,  by 
differentiating  with  re.spect  to  the  independent  variables  in  turn, 
and  are  associated  with  the  integral  .system,  the  total  number  of 
equations  then  possessed  is  ///  (n  +  1).  Suppose  that  all  the 
arbitrary  constants  can  be  eliminated  and  that  no  peculiarities* 
occur  during  the  processes  of  elimination  ;  then  the  number  of 
differential  equations  of  the  first  order,  emerging  after  the  elimi- 
nation, is  III  {n  4- 1)  —  iV^.  If  these  differential  equations  are  to  be 
conceived  as  capable  of  determining  the  m  dependent  variables, 
their  number  cannot  be  less  than  m ;  hence 

m  (n  +  1)  -  N  "^  771, 
that  is, 

thus  giving  an  upper  limit  for  iV. 

If  iV=7/i(7i  +  1  —  /•),  where  1  ^  /•<  7i,  and  if  the  same  suppo- 
sitions be  made  concerning  the  integral  system  in  the  passage  to 
the  difierential  ecjuations,  the  number  of  emerging  differential 
equations  is  rin. 

But  conversely,  unless  conditions  equivalent  to  the  revereibility 
of  the  prece.hng  process  are  sati.sfied  by  a  given  system  of  simul- 
taneous equations,  it  does  not  follow  that  their  integral  is  of  the 
assumed  initial  form :  indeed,  if  the  number  of  equations  in  the 
simultaneous  system  be  greater  than  the  number  of  dependent 
variables,  it  does  not  follow  that  the  system  possesses  any  integral 
at  all.  In  order  that  the  ecjuations  in  such  a  system  may  coexist, 
conditions  will  have  to  be  .satisfied, 

•  Such,  for  instance,  as  occur  wlien  a  partial  differential  equation  in  a  single 
dependent  variable  is  tlins  constructed  from  its  (general  integral  wliich  may  contain 
any  number  of  arbitrary  constant^'.  The  supposition,  adopted  in  the  face  of  such 
an  instance,  is  enough  to  destroy  any  contidence  as  to  more  than  possibility  in  the 
inferences  that  can  be  drawn. 
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KoNIG's    COMPLETELY    INTEGRABLE    EQUATIONS. 

160.  The  conditions  just  indicated  can  be  set  out  in  the  case 
of  certain  classes  of  equations  of  simple  types :  one  such  class  is 

discussed*  by  Konig.     Let 

_  dzj 

for  i  =  1,  ...,  m,  and  J  =  1,  . . . ,  n:  suppose  that  the  system  contains 
rm  equations  and  that  they  can  be  resolved  so  as  to  express  the 
derivatives  of  the  in  dependent  variables  with  regard  to  one  and 
the  same  set  of  r  independent  variables,  in  terms  of  the  remaining 
quantities  of  the  system.  Let  these  r  independent  variables  be 
Xi,  ...,  Xy',   then  the  rm  equations  may  be  taken  in  the  form 

for  i=l,  ...,  m,  and  J  =  l,  ...,  r;  the  arguments  of  fij  are  the 
variables  x^,  ...,  x-n,  ^i,  ...,  z,^,  and  also  the  derivatives  Pk^.,  where 

\=\,  ...,  m,     ^l  =  r -\-\,  ...,  n. 

Then  Konig's  theorem  is  as  follows : — 

When  appropriate  formal  conditions  are  satisfied,  the  system  of 
equations 

Pij  —Jij 

possesses  an  integral  equivalent  Zi,  ...,  z^  such  that,  when  initial 
values  Ci,  ...,  Cr  are  assigned  to  x^,  ...,Xr  respectively,  the  functions 
Zi,  ...,  z^n  heconie  functions  of  Xf+i,  ...,  Xn,  tvhich  are  regular 
functions  in  a  certain  domain  and  otherivise  can  be  arbitrarily 
assigned. 

Denote  by  Sj  the  aggregate  of  the  m  differential  equations  in 
which  the  second  suffix  is  j ;  and  let  Sj  denote  the  set  made  up  of 
the  aggregates 

Consider  the  aggregate  Sr'.  it  contains  no  derivatives  with 
regard  to  x^,  ...,  Xr-i,  which  therefore  may  be  regarded  as  para- 
meters during  processes  of  integi-ation.  It  thus  is  a  system  of  ni 
equations  involving  the  m  dependent  variables  and  the  n  —  r  4- 1 
independent  variables  Xr,  x^+i,  ...,  x^;  and  it  is  resolved  with 
respect  to 

dXf '  " ' '  dxj.  ' 
*  Math.  Ann.,  t.  xxiii  (1884),  pp.  520—526. 
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It  thus  is  of  the  class  to  which  Madame  Kowalevsky's  pr(K)f  of 
Cauchy's  existenco-theoivrn  can  Ix-  applied,  if  the  fornml  condi- 
tions imposed  for  the  theorem  are  sjitisfied.  Assuming  that 
these  ct)nditions  arc  satisfied,  the  system  ])<>ssesses  a  set  of 
integrals  2,,  ...,  z,,,  which,  when  j-r  =  Cr,  bectjme  Jissigned  functions 
of  :r^^., ,  ...,  .r„,  taken  to  be  regular  in  a  definite  domain  and  other- 
wise arbitrarily  jussigned.  The  variables  .r, ,  ...,  j-^_,  are  j)arametric 
throughout ;  the  integrals  of  the  aggregate  Sr  are  a  set  of  functions 
satisfying  the  conditions  jissigned  in  the  theorem  as  stated,  when 
we  make  x, ,  . . . ,  Xr-i  equal  to  Ci ,  . . . ,  c^-i . 

Next,  consider  the  aggregate  of  ecjuations  represented  by  Sr-i : 
it  contains  no  derivatives  with  regard  to  a;,,  ...,  ar^_,,  a-^,  which 
therefore  may  be  regarded  as  parameters  during  prt>cesses  of 
integration.  It  is  a  system  of  m  equations  in  the  m  dejK'ndent 
variables  and  the  n  —  r+  \  independent  variables  x^-i,  Xr+i>  •••>  ^n  > 
and  it  is  resolved  with  respect  to 

dz^  dz„, 

A])plying  Cauchy's  existence-theorem  to  this  system,  on  the 
assumption  that  the  formal  conditions  are  satisfied,  we  infer  that 
the  system  possesses  a  set  of  integrals  z^,  ...,  z,„  which,  when 
x^_,  =  Cr-i ,  become  the  assigned  fimctions  of  Xr+i,  ....  Xn-  The 
variables  Xj ,  ...,  Xr-^,  Xf  nrv  parametric  throughout:  the  integrals 
of  the  aggregate  Sr-^  are  a  set  of  functions  satisfying  the  conditions 

assigned  in  the  theorem  as  stated,  when  we  make  .r, ■»^r-«.  «^r 

equal  to  c,,  ...,  Cr-^,  Cr. 

And  so  on,  for  each  of  the  aggi-egates  in  turn:  in  the  Civse  of 
each  of  them,  we  obtain  a  set  of  integi'als  which  s;\tisfy  the 
initial  conditions  jvssigned  in   Konig's  th«'orem  ius  stateil. 

But  though  the  integials  of  the  aggregate  <SV_i  satisfy  the  sjime 
initial  conditions  jvs  the  integrals  of  the  aggregate  Sr,  it  does  not 
follow  that  they  are  the  same  functions  of  the  variables;  and, 
d  fortiori,  it  does  n«>t  follow  that  the  integrals  of  the  aggregate  Sj 
are  integmls  of  all  the  succeeding  aggregates,  that  is,  are  integrals 
of  tht'  set  Sj. 

It  may  however  liajipen  that  the  integrals  determined  for  the 
aggregate  Sj  are  integrals  for  the  set  2j.  When  this  is  the  case 
for  all  values  of  J  and,  in  ])articular.  tor  j=l,  it  is  clear  that  the 
original  system  of  equations  possesses  a  set  of  integrals  with  the 
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properties  stated  in  the  theorem.  In  that  case,  the  system  is 
said  t(j  be  completely  integrahle:  it  will  therefore  be  necessary 
to  determine  the  conditions  which  are  necessary  and  sufficient 
to  seciu'e  the  complete  integrability  of*  the  system. 

161.  We  have  assumed  that  the  formal  conditions,  which 
justify  the  application  of  Cauchy's  theorem,  are  satisfied.  These 
conditions  relate  to  the  form  of  the  functions /ij,  and  require  those 
fimctions  to  be  regular  within  a  domain,  which  belongs  to  the  values 
C],  ...,  c,.  of  a-j,  ...,  ./>  and  to  initial  values  assignable  at  will  to 
Xr+\ ,  . . . ,  x^:  it  is  within  such  a  domain  that  the  functions, 
postulated  in  the  initial  conditions,  are  regular.  Moreover,  the 
determination  of  ^i,  ...,  z^,  for  any  aggregate  Sj,  as  regular 
functions  of  the  variables  is  unique  under  the  assigned  initial 
Conditions;  so  that  integrals  are,  or  are  not,  possessed  by  the 
system  in  accordance  with  the  initial  conditions  according  as,  for 
all  values  of  j,  the  integi-als  of  the  aggi-egate  Sj  are,  or  are  not, 
integrals  of  the  set  2j+i.  And,  in  particular,  it  is  sufficient,  in 
order  to  secure  that  the  integrals  of  the  aggi'egate  Sj  are  the  same 
as  the  integi-als  (if  any)  of  the  set  Sj+:,  that  the  integi'als  of  Sj 
should  satisfy-  the  equations  in  the  set  2;+i. 

The  conditions  of  complete  integrability  are  therefore  such 
that  the  integrals  of  Sj  should  satisfy  the  equations  in  Sj+j,  for  all 
values  1,  ...,?'  — 1  of  J.  In  order  that  the  integrals  of  Sj  may 
satisfy  the  equations  in  the  set  Sj+i,  it  is  necessary  and  sufficient 
that,  when  they  are  substituted  in  those  equations,  they  should 
make  each  of  the  equations  an  identity.  Let  ^  =  0  be  any  one  of 
the  equations  in  the  set  2j_,-i,  thus  made  an  identity :  then  we  have 

3^  =  0.  ...,?^  =  o 


n 


in  virtue  of  those  integrals  and  of  the  equations  of  the  system. 
Now  in  Sj  and  Sj^-i  there  are  no  derivatives  with  regard  to 
x^,  ...,  Xj^i ;   consequently,  the  conditions 

V,  ~  V,      .  .  .  ,     -  v. 


dxj_-i        '      dxj^.2       '        '  dxi 

can   be   held   over   for   consideration  with    the   aggregates   *Sj_i, 
<Sj_o,  ...,  Si  respectively.     Also,  the  conditions 

1^  =  0,      »^  =  0,  ....  -3^  =  0.     ?^  =  0, 

^'^j+i  (^"^j+i  C^'n— 1  OXn 
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cjiii  be  regankd  as  satisfiitl,  on  the  hyjM)thesi.s  that  2j+,  possesses 
integrals;  and  therefore,  at  the  stage  of  considering  whether  the 
integrals  of  Sj  satisfy  the  equations  in  the  set  2^+,,  it  is  sufficient 
to  take  the  conditions 

where  E  is  any  equation  of  the  set  ^j+i.  These  conditions  must 
be  satisfied  in  virtue  of  the  equations  of  the  system:  and  they  are 

^  (pi-  -fia)  _  Q 

for  t  =  1 ,  . . . ,  »,  and  a  =  J  +  1 ,  . . . ,  r. 

Now,  when  the  integrals  are  substituted,  wo  have 

^  ^  d  (pia  -fia)  ^  dpu  _  dfia. 

dxj  dxj       dxj 

dxa       dxj 

_  dfij  _  clfu 
dxa        dXj  ' 

dXa         dXa         A^l  9-2A.  p^l  ^  =7  + 1  f^/>PM     ^-^a    ' 


Here 


and 


dxa      dxu 


dXf, 

_¥p^,  '^^  9^„    .  ;•     ^    ¥^^P« 


while 
hence 


dxu 


/^Ao  — /ao  ; 


=  1  dz,, 


r  =  l  T=r+1  (^P<rT    f^^M   ' 


dxa     dxa     x=idzx'    "      p=i  M=~+i  ^iV9«^M 


+  i  ^    :i 


dfj  a/p. 


A=l  p=l  M  =  r+1  ^PfH^    ^^k 


p^ 


+  2    i:    i;    s 


¥i)  ¥1^  ^Po 


p  =  l  M  =  r  +  1  «r=l  T  =  r+1  5/J«»  9^«rT    9-^^ 
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Similarly, 

dXj  djCj         A  =  l  9^A         ^        p  =  l  ;ii  =  r+l  SjJp^   Bc^V 

+     —       -*  ^        5  5 pXii. 

\  =  1  p  =  l  fi  =  r  +  l  Cpp^ii  OZk 

4-2      2      "^2      ^^°  5^'"-'  ^"•^ 


p= 


)  =  1  /Lt  =  )-+1  a  =  l  T  =  r+1  9PpM  ^i^ar    9^p 

Consequently,  as  our  condition  is 


we  have 


9A-     ^U^s   (  /   ^/"o-     ,• .  ¥i'^ 


)« 


p=l^  =  r+l  V9i>pf*  S-^V       9/V  9^M 


+  22 

p  =  l  ,ti^r+l  A= 


.=1  IWp,.  92a      9jjp;,  dzj  ^^''j 
=1  ^=7+1  (7=1  T=r+i  IWp^c  9^JaT     9j9p^  9/>„J  9a;^i 


Now 


9paT_9p^ 

9ic^       9a^T 


while  /u-  and  r  =  r-\-\,  ...,  n  in  the  last  summation;  and  the 
preceding  condition  is  to  be  satisfied,  either  identically  or  in 
connection  with  the  equations  of  the  original  series 

Pij=h' 
for  /=1,  ...,  m,  and  j  =  l,  ...,  r.     The  quantities  y^;;  involve  the 
quantities  jpx^,  ^^r,  but  they  do  not  involve  /—  ;  and  no  deriva- 
tives   of    the    equations    in    the    original    system    involve    only 
derivatives  of  j9ffT  for  T=r  +  1,  ...,  n,  with  respect  to  a;^  or  only 

derivatives  of  p„y^,  for  /x  =  r  +  1 n,  with  respect  to  Xy,  because 

such  derivatives  of  the  equations  would  introduce  derivatives  of 
Paa,  where  a  is  less  than  r+\.     The  preceding  condition  therefore 
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must  be  satisfied  without  the  assistance  of  the  equations  of  the 
original  system:  and  therefore  the  relations 

djCa  djTj         A^l\        °?^A  ^^dZx 


m 
V 


7+1   A   -1     i\f^7>PM    f^^A  ?/V    9^a/  ) 


and 


p  -  1  n  =  r  + 
\dPf,u.  dpar         ^/>pu  9y>ar         f'/>PT  dpeu         dp„  dp„J 


p  =  l\dpp^dp„r         (>Pp,.dp„r         dp^rdp„^         dpprdp„^y 

the  latter  relation  arising  from  the  combination  of  the  ct»efficients 
of  the  equal  quantities  ^'-  and  ^"',  nmst  be  satisfied  identiwilly. 

The  iii-st  of  these  identiciil  relations  holds  for 
a=  j +],...,  r;     i  =  \,  ...,  m. 

The  second  of  these  identical  relations  holds  for 

a=j  +},...,  7' :     i  and  <t  =  1 in-. 

fi  and  r  =  r+\,...,u: 

the  subscripts  /j,  and  t  may  have  the  same  value,  in  which  case 
there  is  a  superfluous  factor  2  ;  or  they  may  have  different  values, 
and  then  only  the  pair  of  values  from  the  series  r  +  1,  ...,  «  need 
be  taken.  T^-istly,  as  a  is  grt-ater  than  /.  the  preceding  tjxle  of 
relations  holds  for 

j=l '•-!. 

Note  1.     Tlirie  are  three  extreme  cases. 

(i)  Let  ;•=  1:  there  is  no  possible  value  of  J,  and  so  there  are 
!!(»  conditions.  In  this  «i.se,  we  have  a  system  of  m  equations  in 
m  de]>en(h'nt  variables:    they  are  of  the  form 

9z,  ?z,  dz,„      , 

where  0,,  ...,  0„,  inv«)lve  all  the  variables  and  all  the  derivatives 
except  those  on  the  left-hand  sides  of  the  equations.  It  is  clear 
that  such  e(juations  can  coexist  without  the  necessity  of  submitting 
<f>,,  . . . ,  <^„,  to  conditions. 
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(ii)     Let  m  =  1,  so  that  there  is  a  single  dependent  variable : 
the  system  of  equations  is 

2)j  ^^Jj  \Zy  ^"i )  •••  y  ^n>  pr+i 5  •  •  •  >  Pn)> 

for  j=l,  ...,  r,  and  thus  it  belongs  to  the  type  of  Jacobian 
systems. 

The  first  set  of  conditions  is 
dxa      dxj^'^dz      ^^  dz 

for  a  =  1,  ...,j  —  1,  and  j  =  1,  ...,  r;  and  the  second  set  of  con- 
ditions, being 

is  evanescent.  The  aggregate  of  these  conditions  constitutes  the 
aggregate  for  a  complete  Jacobian  system. 

(iii)     Let  r  =  n,  so  that  there  is  a  system  of  inn  equations  of 
the  form 

Pij  ^^Jij  \^i  5  •  •  •  >  ■^W)  '^ij  •  •  •  J  "^n)) 

for  t  =  1,  ...,  m,  and  J  =  1,  ...,  «.  As  the  functions  fij  involve  no 
derivatives,  the  second  set  of  conditions  does  not  appear ;  and  the 
first  set  becomes 

for  t  =  1,  ...,  m:  a  =  1,  . . . ,  J  —  1 ;  and  j—\,...,n.  This  is  Mayer's 
system  of  completely  integrable  equations*. 

Note  2.     The  first  set  of  conditions  is  sufficient  to  secure  that 

dz- 

^  =  Pij,  for  I  =  1,  . . . ,  m,  and  j=\,  ...,  n; 

^  =  -^ ,  for  ^■  =  1,  . . . ,  m  :  ^  =  1,  ...,  n;  p  =  1,  ... ,  r ; 

and  the  second  set  of  conditions  is  sufficient  to  secure  that 

dpir^dpi^ 
dx^       dxr  ' 

for  i  =  1,  . . . ,  7n  ;  /j,  and  t  =  r  +  1,  . . . ,  n. 

*  They  are  discussed  fully  in  vol.  i  of  this  work,  §§  34 — 42. 
F.  V.  27 
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162.  SupiM^se  that  all  the  conditions  for  complete  integnibility 
are  satisfied ;  then  the  theorem  is  established,  according  to  which 
the   completely  integrable   system   of  rm  equations   jx)ssesses   a 

set  of  integrals  2, z,„;    when  x^,  ....  x,  are  made   equal  to 

Ci,  ...,Cr,  these  integrals  become  functions  of  Xr+i,  ...,^n  which, 
subject  solely  to  the  condition  of  being  regular  within  an  assigned 
domain,  may  be  arbitrarily  assumed.  As  alrea<ly  stated,  it  is 
necessjvry,  in  addition  to  the  conditions  for  complete  intcgrability, 
that  the  (piantities  /{j  should  be  regular  functions  of  their  argu- 
ments within  the  domains  considered. 

Moreover,  the  argument  shews  that,  in  order  to  obtain  the 
integrals  required,  it  is  necessary  to  integrate  an  aggregate  of 
m  equations.  In  practice,  instejvd  of  beginning  with  a  selected 
aggregate,  it  is  convenient  to  effect  Mayer's  transformation  adopted 
(§  43,  Note  1)  for  a  complete  Jacobian  .system  in  a  single 
dependent  variable.     For  this  purjwse,  we  write 

x,-a^  =  (y,  -  Oi)  y„ 


Xr-ar  =  {j/i-ai)yr, 
leaving  the  other  variables  unaltered :  then,  taking 

for  1  =  1,  ...,  m,  and  j  =  l,  ...,  r,  we  have  an  equivalent  set  of 
equations  in  the  form 

P'ii  =fn  +  i/i/w  +  . . .  +  Vrfir  =  Oil , 

p'xp  =  (!/i-»i)fip, 
(or  p='2 r,  and  i  =  1 ,  . . . ,  ».     The  first  aggregate  is 

Pii=9ix, 

for  1  =  1 n:  suppose  it  po.ssible  to  obtain  a  set  of  integrals  of 

this  set  of  m  equations  such  that,  when  y,  =  a,,  the  integrals  become 

functions  of  Xr+i a-„  only.       These  integrals  siitisfy  the  other 

equations,  by  the  preceding  argument :  and  as  regards  initial  con- 
ditions for  those  equations,  we  see  that 

p'i,  =  0,  (f>=2 r), 

when  //,  =  <',,  that  is,  when  .y,  =  a,,  the  integrals  are  not  to  involve 
y^^  ...^  »/«— a  set  of  conditions  actually  satisfied  by  the  form  of  the 
functions  jussigned  to  the  integrals  when  yi  =  a,. 
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Hence  the  integration  of  a  set  of  rm  completely  integrable 
equations  of  the  resolved  type  indicated  can  be  effected,  if  the 
integration  of  a  set  of  only  m  equations  of  that  resolved  type  can 
be  effected. 

Different  kinds  of  Integrals:  their  Relations. 

163.  Before  proceeding  to  the  discussion  of  systematic 
attempts  at  the  integi-ation  of  simultaneous  equations  involving 
more  than  one  dependent  variable,  it  is  Avorth  noting  that  two 
kinds  of  integrals  of  simultaneous  equations  have  been  indicated. 
In  one  kind,  the  arbitrary  element  consists  of  arbitrary  constants ; 
in  the  other,  it  consists  of  arbitrary  functions  introduced  through 
initial  conditions.  We  have  seen  that,  in  the  case  of  equations  in 
a  single  dependent  variable,  it  is  possible  to  connect  the  two  kinds 
of  integrals  organically ;  and  it  is  natural  to  inquire  whether  the 
organic  relation  can  be  extended  to  the  integrals  of  systems  of 
equations  involving  several  dependent  variables. 

It  has  appeared  that,  in  a  general  sense,  mn  is  the  greatest 
number  of  arbitrary  constants  that  can  be  eliminated  from  a 
system  of  'iii  integral  equations,  in  m  dependent  and  n  independent 
variables,  so  as  to  lead  to  m  partial  differential  equations  of  the 
first  order :  and  conversely,  it  is  natural  to  expect,  also  in  a  general 
sense,  that  mn  is  the  greatest  number  of  arbitrary  constants  that 
can  occur  in  the  integi'al  equivalent  of  the  system  of  in  partial 
differential  equations.  On  the  analogy  of  the  case  when  m  =  1, 
such  an  integral  involving  this  greatest  number  mn  of  arbitrary 
constants  is  called  the  complete  integral.  Let  mn  be  denoted  by  jjl, 
and  suppose  that  the  integral  equations  are  resolved  so  as  to  express 
each  of  the  dependent  variables  explicitly  in  terms  of  the  inde- 
pendent variables  and  the  arbitrary  constants :  the  complete 
integi'al  then*  is  of  the  form 

Z^  =  (J I  {^Xi ,   ..,,  X,i,  Cii,   ...  ,  Clfi) 


Zjfi       ffjii  \^Xi ,  . . . ,  5''jj ,  (li,    •  • . ,  (-I'fi) 

To    deduce    other   integrals,    if    possible,    from    the   complete 
integral,  lot  the  customary  Lagi-angian  method  be  adopted.     The 

*  The   following   discussion   is   partlj'   based   upon    that   which    is    given    by 
Kcinigsberger,  Crelle,  t.  cis  (1892),  pp.  303  et  seq. 
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qujintities  a^,  ...,a^  aiv  iiiaclc  variable,  subject  to  the  condition 
that  the  in  diflferential  equations  are  unaltered  in  form  ;  and  this 
condition  will  be  satisfied  if  the  expressions  for  the  values  of  the 
derivatives  pij,  for  i  =  l,  ...,  m,  and  j=  1,  ....  n,  are  unaltered. 
Hence  we  must  have 

rti  dcir  dXj 
for  the  specified  values  of  i  and  j;  autl  these  are  the  equations, 
inn  in  number,  to  be  satisfied  by  the  mn  quantities  a.     As  these 
quantities  ttj,  ...,  «^  are  variable,  being  functions  of  ar,,  ...,  a'„,  we 

may   take   n  of  them   as  equivalent  to  x^ Xn\    let  these  be 

«i,  •  ••.  «n.  and  let  the  remainder  a„+i,  ...,  a^  be  regarded  aa 
functions  of  o,,  ...,  «„.     The  preceding  equations  now  become 


n 

2 


for  I  =  1,  ...,  m,  and  j=  1,  ...,  ». 

Out  of  this  set  of  inn  equations,  let  that  aggregate  be  selected 

which  is  obtained  by  taking  one  value  of  i  and  all  the  n  values 

of  J  ;  it  is 

9a, 


P., 


?.ri 


d.r. 


c^x, 
+  ^  '"  dx,     " 


y 


where 


p.  ?^.p.^+       +p.  ?^'  =  0 


The  /i  eijuations,  contained    in  this  aggregate,  are  homogeneous 
and   liiicnr  in  the  (jiiantities  i^-,,  i^,, P,„ ;  hence,  eithiT 

i\,  =  0,     P.,  =  0.  ...,P.„  =  0, 
or  else 

O  \Xi ,  ...,  Xft) 

The  latter  result  implies  a  functional  relation  between  «,,  ...,«« 

without  the  intervention  of  quantities  other  than  pure  constants: 

let  it  be 

an  =  F{a^,  ...,  On-,). 
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Multiply  the  n  equations  in  the  aggregate  by  dxi,  ...,  dxn  re- 
spectively, and  add :    then 

PiidOi  +  PiidUo  -1- ...  -1-  PindUn  =  0, 

so  that,  in  conjunction  with  an  =  F  {a^,  ...,  a«_i),  we  must  have 

dF 
P-  4-P-     -  =0 

for  J  =  1,  . . . ,  n  —  1,  and  ?"  =  1,  . . . ,  m.  There  are  thus  tAvo  ways  of 
satisfying  the  selected  aggregate  of  equations :  either 

or 

o  =  p..  +  p.  ^ 

where  j  =  1,  ...,  w  —  1  in  the  latter  set.  And  then,  taking  all  the 
aggregates  which  can  thus  be  selected  so  that  we  use  the  full  set 
of  mn  equations,  we  see  that  the  two  sets  of  equations  in  virtue  of 
which  the  mn  equations  can  be  satisfied  are  (i)  the  system  of 
equations 

P^j  =  0, 

for  t  =  1,  . . . ,  m,  and  j  =  1,  ...,  n  ;  and  (ii)  the  system  of  equations 

an  =  F{ai,  ...,  a,i_i), 

dF 

daj' 
for  1  =  1,  ...,  m,  and  j  =1,  ...,  n. 

The  alternatives  must  be  considered  separately. 


0  =  Pij  +  Pin  ' 


164.     I.     For  the   first  alternative,  we    have    the    system    of 
7)171  equations 


where 


Py  =  0, 


p..  =  M+     2     (^  — 


These  equations  contain  the  variables  Xi,  ...,  x^  and  the  mn 
parameters  «i, . . . ,  o^.  When  the  variables  are  eliminated,  n  (m  —  1) 
equations  survive  as  the  eliminant ;  and  these  are  partial  differ- 
ential equations  of  the  first  order,  in  which  (tn+i,  ■■•,  «m  ^^'^ 
n{m  —  l)  dependent  variables  and  a^,  ...,  a,t  are  n  independent 
variables.     Now 

n(m  —  1)  >  m, 
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except  in  three  cases;  in  the  first  case  of  exception,  7/j  =  l,and 
then  we  hjvve  the  usual  Jacobian  theory  of  jwrtial  diffiivntial 
equations  in  a  single  dependent  variable;  in  the  second  case  of 
exception,  71  =  1,  and  then  we  have  a  system  of  ordinar}*  equations ; 
the  third  case  of  exception  is  given  by  the  equality  of  the  numbers 
n(nt-l)  and  )ii,  and  then  the  only  possible  values  are  11  =  2, 
111  =  2. 

Hence,  when  m  ^  2  and  n  ^  2,  the  derivation  of  the  values  of 
«n+i.  •••,  "m  through  Pij  =  0  exacts  the  integration  of  a  system  of 
simultaneous  partial  equations  in  a  number  of  dependent  variables 
gieater  than  the  number  in  the  original  system  of  equations ;  and 
therefore  the  process  of  deducing  new  integrals  from  the  complete 
integral  by  means  of  the  equations  Pij  =  0  is  of  more  elaborate 
extent  than  the  process  of  integrating  the  original  system.  There 
is  one  exception  to  this  result,  and  it  is  given  by  m  =  2,  w  =  2  ;  in 
that  case,  the  two  processes  are  of  the  same  degree  of  difficulty. 

II.    For  the  second  alternative,  we  have  the  in{n  —  1)  equations 

for  j=  1,  ...,  7J  —  1,  and  i=l,  ...,  wi,  together  with  the  relation 

As  a,,  ...,  On  are  now  connected  by  a  relsition,  they  are  no  longer 
eligible  as  a  set  of  n  independent  quantities.  We  therefore  choose 
some  other  set,  say  (/„+,,  a,,  ...,  «„_,,  as  the  n  independent 
quantities  equivalent  to  ;r,,  ...,  .r„ ;  and,  in.stead  of  using  the 
vi(n—l)  equations  associated  with  an  =  F,  we  return  to  the 
equations,  which  secure  the  absence  of  change  of  form  in  the 
derivatives  and  therefore  conserve  the  form  of  the  differential 
equations.  The  quantities  r/„,  (/,,+a,  Qn+s,  ....  a^  are  now  functions 
of  «,,  ..,,  o„_,,  On+i :  so  that,  writing 

Q..  =  M  +  %  ^^  +     i     ^  ^^ 
'•'      dttj      diin  diij     ,=ir+2  da,  daj ' 

for  j'  =  1 ,,..,/}  —  1 ,  and 
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for/  =  71  +  1,  we  have  these  equations  in  the  form 

for  ?'  =  1,  . . . ,  m,  and  ^•  =  1,  . . . ,  ??. 

Proceeding  as  before,  these  equations  can  be  satisfied  in  two 
different  ways.     We  may  have 

for  1  =  1,  ...,  m,  andj  =  l,  ...,  n  —  1,  n  +  1,  being   a   system  of 
7)171  equations;    or  we  may  have  a  rehxtion  of  the  form 

a^+i  =  G(ai,  ...,  a,i_i), 
coupled  with  the  equations 

where /  =  w  +  1 ;  j  =  1,  . . . ,  w -  1 ;  i=l,  ...,  m. 

In  the  former  case,  we  eliminate  cc^,  ...,  Xn  from  the  system  of 
TTin  equations :  when  the  elimination  has  been  effected,  there 
remain  7i(in  —  l)  differential  equations  in  the  n  independent 
variables  «!,...,  «n_i,  an+i  and  the  n  (m  —  1)  —  1  dependent  variables 
a,i+2,  an+3,  ...,  «^,  the  value  of  «„  being  already  known.  As  the 
number  of  equations  is  greater  than  the  number  of  dependent 
variables  by  unity,  and  as  the  equations  are  formally  independent 
of  one  another,  the  system  can  coexist  only  if  conditions  are 
satisfied :  it  v/ill  not  unconditionally  determine  the  dependent 
variables. 

In  the  latter  case,  the  quantities  cii,  ...,  a„_i,  «n+i>  being  con- 
nected by  a  relation,  are  not  eligible  as  independent  variables ;  we 
proceed  to  choose  a  set  of  quantities  independent  of  one  another  as 
equivalent  to  x^,  ...,  Xn,  say  a^,  ...,  Hn-\,  0-11+2,  and  construct  the 
corresponding  equations.  The  equations  can  be  satisfied,  as  before, 
in  two  ways :  either  by  a  system  of  mn  equations  which,  on  the 
elimination  of  x-i,  ...,  Xn,  give  a  set  of  n  {m  —  \)  differential  equa- 
tions, involving  n  {711  —  1 )  -  2  dependent  variables  and  therefore  not 
unconditionally  determining  those  variables  :  or  by  a  relation 

with  associated  equations. 
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Pursuing  the  latter  alternative  to  the  extreme  end,  we  have,  at 
that  end,  a  number  of  relations 

for  s  =  n,  »  +  1,  ...,  fi.     Writing 

for  r=  1,  ...,  in,  and^'  =  1,  .,.,  //  —  1,  the  equations  to  be  associated 
with  thr  II  (ill  —  1 )  +  1  relations  are 

These  in  (n  —  1)  equations,  together  with  the  n  (m  —  1)  +  1  relations, 
make  up  2m»  —  m  —  »  +  1  equations  to  be  aasociated  with  the 
original  ni  equations :  they  are  more  in  number  than  the  mn 
unknown  quantities  a ;  and  therefore  they  cannot  unconditionally 
be  satisfiofl,  for  they  are  formally  independent. 

Sumniing  up  the  various  results  we  see  that,  e.rce';;^  iu  the  sinf/le 
case  III  =  2,  }i  =  2,  it  is  not  possible  with  unconditioned  equations  to 
vse  the  Loffranf/ian  process  of  variation  of  constants  for  the  derivation 
of  integrals  from  the  complete  integral  without  integrating  a  set  of 
differential  equations  of  more  elaborate  extent  than  the  original 
system:  when  this  set  can  be  integrated,  the  integrals  tJius  provided 
are,  in  general,  the  only  integrals  that  can  be  derived  from  the  com- 
plete integral.  In  the  case  of  exception,  the  equations  to  be  integrated 
are  of  the  same  order  of  diffculty  as  the  original  system. 

165.  h  is  perhaps  superHuous  U)  point  out  that  such  integmls 
as  can  be  obtained  may  belong  to  various  chis-ses.  When  they  are 
derived  through  the  n{m  —  l)  partial  ditterential  equations  which 
determine  the  n  (m  -  1)  quantities  a„+,,  ....  c^  •"  terms  of  a  and  6, 
thi-rc  will  l)f  as  many  kinds  of  integrals  of  the  original  equations 
thus  provided  ;vs  there  are  ditierent  tyi)es  of  integrals  of  these  new 
equation.s.  Thus  .some  integrals  will  involve  arbitrary  functional 
forms:  the.se  will  correspond  t(>  one  or  other  of  the  cla.s.ses  of 
general  integrals.  We  know  already  that  all  the  demands  an- 
satisfied  by  having  a,,  ...,  a^  constant:  we  then  have  the  comj)l(tr 
integnil.  There  may  be  equations  of  intermediate  tyjx's  in  which 
.sonif  arbitr.iry  functional  forms  occur  and,  at  the  .s;\me  time,  som<' 
ot  the  varied  arbitrarv  constants  mav  survive  merely  as  constants, 
by  arising  .-us  trivial  constant  integrals  .satisfying  the  partial  diHer- 
cntial  ecpiations. 
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Ex.  1.  Such  systematic  processes  as  have  been  devised  for  the  integration 
of  particular  systems  of  simultaneous  equations  will  be  discussed  almost 
immediately.  Meanwhile,  the  special  case  can  be  illustrated  by  an  example 
given*  by  Konigsberger  in  the  form 

ypi-xq.,  =  0,     a:qi-yp-,=0, 

where  ^i ,  Zo  are  the  dependent  variables,  x,  y  are  the  independent  variables, 

and 

dzi  dzi  dzo  dzo 

^=PU      ^=qi,      ^=P2,      -=?2. 

The  actual  integration  of  the  equations  happens  to  be  easy.     We  have 

dzi  =pi  dx  +  qx  dy 

=  \qodxAr\pidy\ 

the  right  hand  side  must  be  a  perfect  diflferential,  so  that 

that  is, 

1  A  A  ?!2\  _  1 A  /1 3f2\ 

X  dx  \x  dxj     ydy\^dyj^ 
and  therefore 

s,  =  F  (a-2  +y^)-G  {x^  -  y^'), 

where  /  and  g  are  arbitrary  functions  of  their  arguments.  It  is  then  easy  to 
deduce,  by  means  of  the  values  of  pi  and  qi,  that  the  value  of  Zi  is 

z,  =  F{x^-+f-)  +  G{^^-f-). 

Now  a  set  of  integrals  containing  four  arbitrary  constants  (and  therefore 
constituting  a  complete  integral)  is 

Zi  =  a  +  ax^  +  by^) 

z.i=^  +  bx^  +  ay^]' 

where  a,  b,  a,  ^  are  arbitrary  constants.  To  deduce  other  integrals  if  possible, 
we  make  a,  (3,  a,  b  variable  quantities,  being  functions  of  x  and  y ;  and,  in 
the  first  place,  we  make  a  and  b  equivalent  to  x  and  y,  and  can  therefore  use 
them  as  independent  variables.     Then  if 

the  values  of  pi,  qi,  p.,,  q-i  will  be  unaltered  if 

.   "ha      „  f>b     ^       ,   da      n  96      . 

,   da      r,  db     ^       .da      n  db     ^ 
^^3^  +  ^^^=^'     ^^3-^ +  ^^37  =  ^' 

*  Crelle,  t.  cix,  p.  319 :  the  integral  selected  is  simpler  than  Konigsberger's. 
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which  jirc  c<{uation8  for  the  dctemiiuation  of  u  and  6.     They  can  be  satisfied 
in  various  ways. 

(i)     Tlicy  are  satisfied  if 

da     ^     da    ^      cb     ^     db     ,^ 

a^=°'  ai;=^'  ^7r=°'  dj,-'''' 

then   rt,   b   (and   therefore  a  and  $,   which  are  functions  of  a  and  b)  are 
constants.     We  return  to  the  couii>letc  integral. 

(ii)     They  are  satisfied  if 

^,=0,     Bi  =  0,     A2=0,     Di  =  0. 
From  A  1  =  0,  Bi  =  0,  we  have 

and  from  Bi=0,  A2=0,  we  have 

db     da' 
Hence 

so  that 

a=f{a+b)+g{a-b), 

wiiere/and  </  are  arbitrary  functions  of  their  arguments;  and  then  it  easily 
follows  that 

P=/{a  +  b)-if^a-b). 

Also  from  Ay=0,  Zfi=0,  we  now  have 

-x^J^=fia  +  b)+g'{a-b\ 

da 

'db' 
so  that 

-  i^+y')  =  2/'  (a  +  b),      -  (..-2  -  y2)  =  2g'{a-  b). 

Hence  a  +  h  is  an  arbitrary  function  of  .f'+j/',  and  a  —  b  is  an  arbitrary 
function  of  .»'^— y*,  say 

Thus 

=  e(.r»+y»)  +  *(.i-»-.V»), 
ij=;3  +  6.r»  +  ay'' 
=/{<J (.c»+y»)} -^  {(^  (.i-»-y2)} +  i  (x^+y*)  ^  (.r«+y»)  -  i (x*-y»)0  (.r»-y*) 
-G(.r»+y»)-*(.r«-y»), 
where  0  and  *  are  arbitrary  functions  of  their  arguments. 


-.>i  =  -"=f(a  +  b)-g'{a-b), 
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(iii)  The  equations  necessary  in  order  that  the  forms  of  pi,  qi,  p2,  qi 
may  be  conserved  can  be  satisfied  by 

that  is,  by 

h  =  h  (a), 

where  h  is  any  function  of  its  argument,  together  with 

As  a  and  h  are  not  now  independent,  we  return  to  the  equations ;  and  we 
make  a  and  a  the  independent  variables. 

Proceeding  as  before,  we  find  that  the  alternative  to  the  integral  obtained 
in  the  last  case  is 

a=k  (a), 

where  k  is  any  function  of  its  argument,  with  associated  equations. 

To  deal  with  the  latter  alternative,  we  again  return  to  the  initial  equations  ; 
and  we  make  /3  and  a  the  independent  variables.  A  similar  process  leads  to 
the  result  that  the  alternative  to  the  integral  already  obtained  is  given  by 

/3=Z(a), 
with  the  associated  equations. 

We  thus  have 

b=h{a),     a=k{a),     ^=l{a); 

and  the  associated  equations  are 

These  can  coexist  only  in  two  cases.     In  the  first  case, 

/t'(a)  =  l, 
and 

the  corresponding  integrals  are 

being  particular  forms  of  the  integrals  already  obtained.     In  the  second  case, 

h'{a)=-\, 
k'{a)=-l'{a)=-{.v^-f); 

the  corresponding  integrals  are 

being  particular  forms  of  the  integrals  already  obtained. 
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Hence  the  most  general  integrals  that  can  thiw  be  derived   from   the 

complete  iiitegr.il.s  are 

^2  =  e(a-2+.y2)-*(x»-y»). 
Ex.  2.     Generalise  .similarly  the  integrals 

2,=     a+(a  +  y)j:2  +  (a-y)y2  +  /3(x»+/)2, 
2.,  =  -  a +(a  -  y)  j:«  +  (a  +  y)  y2  4-^  (^^  +y2)8, 

of  the  same  equations 

ypi  -  xq-i = 0,    xq^  -  yp.,  =  0. 

(Konigsberger.) 

Ex.  3.     Construct  the  diftbrential  equations  of  the  first  order  satisfied  by 

2,  =  d?x + 6y + <?xy + tcx^, 

Z2=ay  +  b^x +cx  +  Py, 

where  a,  b,  c,  k  are  arbitrary  constants. 

Generalise  the  integrals  so  jvs  to  deduce  others  from  this  complete  integral. 
In  particular,  shew  that  anotlier  integral  i.s  given  by  keeping  c  and  k  constant, 
and  by  making  a  and  b  functions  of  x  and  y  such  that 

4ab.i^  =  }f\ 
where  a  is  an  arbitrary  constjint.  (Konigsberger.) 

Hammurger's  Linear  Equations. 

166.  It  h.us  apjR'JUvd,  from  the  discus.sion  of  the  chisses  of 
siinuitanetdis  equation.s  already  con.sidered,  that  the  construction 
of  a  system  <»t"  integrals  can  lie  made  to  depend  on  the  construc- 
tion of  the  integrals  of  a  set  ot  simultaneous  equations  the 
number  of  which  is  the  .same  as  the  number  of  dei>endfnt 
variables  involved.  Tht-  oidy  indication  of  any  systematic  method 
of  obtaining  the  integrals  is  furnished  in  the  proof  of  the  existence 
theorem  ;  they  are  obtained  in  the  form  of  converging  power- 
siries  in  the  independent  variables.  What  is  usually  desire-d  for 
the  purpose  is  an  expression  for  the  integrals  in  some  form  more 
compact  than  multiple  power-series. 

A  method,  which  has  been  found  effective  for  a  limited 
number  of  classes  of  equation.s,  hjvs  been  devised*  by  Hamburger. 

•  CrfUe,  t.  i.xxxi  (1876).  pp.  24.3 — '280,  the  equations  being  linear  in  the 
derivatives  of  the  dependent  variables;  i7».,  t.  xriii  (1882),  pp.  188—214.  the 
equations  not  being  necessarily  linear  in  those  derivatives. 

See  also  a  paper  by  Konigsberger,  Math.  Ann.,  t.  xli  (1893),  pp.  260—285. 
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Denoting  the  independent  variables  by  iPj,  ...,  x^,  the  dependent 
variables  by  z^,  ...,  z,n,  and  the  derivatives  of  the  dependent 
variables  by  pij  as  before,  where 

_dzi 

we  first  consider  a  set  of  iu  algebraically  independent  equations 
which  are  linear  in  the  derivatives.  We  also  assume  that  they 
can  be  resolved  so  as  to  express  the  derivatives  of  the  m  dependent 
variables  with  regard  to  one  and  the  same  independent  variable : 
let  this  variable  be  x^,  so  that  the  system  may  be  taken  in  the 
form 

m      n 
j=l  s=2 

tor  i=l,  ...,  m:  the  quantities  iTi  and  0jsi,  for  all  values  of  i,j,  s, 
are  functions  of  the  variables  ^i,  ...,  z^,  ^i,  ••-,  oCn.  Multiplying 
the  equations  by  X.j,  ...,  X,„,  a  set  of  provisionally  indeterminate 
multipliers,  and  adding,  we  have 

m  m  m       n  /  m  \ 

2  XiTTi-  2  \iPn-{-  2    2  pjs[  2  \idj,i]  =  0. 

i  =  l  i  =  l  j=\    s  =  '2  \i  =  l  I 

The  values  of  the  derivatives  must  be  such  that  the  differential 
relations 

dzi  -  2}iidj\  -  p)iidx^  -  ...  - pindxn  =  0, 

for  1  =  1,  ... ,  m,  must  be  satisfied  :  consequently,  the  relation 

m  n  m       n 

2  Xidzi  —  dxi  2  ^iPh—  2    2  pjs\jdxg  =  0 

t  =  l  ^•  =  l  j  =  l  s=2 

also  must  be  satisfied.  Comparing  this  differential  relation  with 
the  preceding  composite  equation  and  having  regard  to  the 
ordinary  subsidiary  equations  constructed  in  connection  with  a 
single  partial  differential  equation,  we  construct  the  set 

2  Xidzi 

izl =  dx,=  ^^^^i^ 

2   XiTTi  2   XiBjsi 

i=l  f=l 

of  ordinary  equations,  to  hold  for  all  values  of  J  and  s. 
In  this  system  of  ordinary  equations,  let 

dxg 

d^r^" 
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80  that 


1=1 


for  all  values  of  J  ami  s.  Selecting  those  of  the  equations  given 
by  one  value  of  s  .and  the  m  values  of  j,  we  can  eliminate 
Xj,  ...,\m  determinantally ;  and  we  obtain  an  equation  sjitisfied 
by  fig.  For  each  root  /z,  of  this  equation  we  obtain  a  set  of  ratios 
X,  :  Xa  :  ...  :  \m,  the  values  of  these  ratios  depending  ujxm  the 
coefficients  djn,  where  *  is  the  same  for  all  the  coefficients  in  the 
tableau. 

If  there  be  more  than  one  value  of  s,  say  if  a-  be  another  value, 
then  certain  combinations  of  the  coefficients  dj^i  must  be  the  same 
as  those  combinations  of  the  coefficients  djn,  in  order  to  secure  the 
same  values  for  the  ratios  Xj  :  X,  :  ...  :  X,„.  This  requirement 
would  impose  conditions  upon  the  equations  which  would  not,  in 
general,  be  satisfied :  though  it  might  be  of  interest  to  construct 
classes  of  equations  for  which  the  appropriate  conditions  are 
satisfied,  we  shall  assume  that  our  equations  are  not  thus  con- 
ditioned.    Accordingly,  there  will  be  only  one  value  of*,  say  s  =  2. 

167.  Thus  for  the  present  purpose,  we  restrict  ourselves  to 
the  consideration  of  equations  in  two  independent  variables,  which 
will  be  denoted  by  x  and  >/.     Writing 

we  may  take  the  equations  in  the  form 

in 

;)i  =  7r.+  21  auq,, 

for  1  =  1,  ...,  m.     In  connection  with  the  differential  relations 

dzi  —  pid.v  —  f/jrfy  =  0, 
we  form  the  set  of  ordinary  equations 

m 


=  du-  =  - 


m 

Zt    XfTT,-  —    X,'ffi, 

.=1  1=1 

for  *  =  1,  ...,  Jii.     Take 

dy  =  fidx, 
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for  5  =  1,   ...,  m,  and  eliminate  the  quantities  Xi, 
these  equations :  then  fju  satisfies  the  equation 


©  =  [  ail  +  /i,      O21    , 


a 


31       )     •  •  •  ) 


ttl2       )     C^22    I    A*")  ^32       ) 


,  \„i  among 


which  is  of  order  m. 

When  yu,  is  a  simple  root  of  this  equation  0  =  0,  the  preceding 
equations  determine  a  unique  set  of  values  of  X,  :  Xo :  •  •  •  :  \n  J  then, 
when  we  take 

-:^ —  =  CLi,  {i=\,  ...,m), 

i  =  \ 

the  quantities  «!,  .,.,  a^^  are  uniquely  determinate.  Hence  we 
have 

dy  =  /j,dx)  ' 

that  is,  there  are  two  linear  equations  for  each  simple  root  of 
@  =  0. 

Next,  let  yu,  be  a  multiple  root  of  the  equation  0  =  0,  and 
suppose  that  it  occurs  6  times ;  then  t  of  the  m  equations  that 
lead  to  0  =  0  are  deducible  from  the  remainder,  where 

The  ratios  Xi  :  X-,  :  . . .  :  X.,„  are  no  longer  determinate :  the 
quantities  Xj,  Xo,  ...,  X,n.  are  expressible  in  terms  of  t  arbitrary 
quantities  Ki,  ...,  Kt  by  equations  of  the  form 

for  ?•  =  !,  ...,  711,  the  quantities  yn,  ...,  jrt  being  determinate. 
The  equation 

2    Xrdz;r  =  \    X    XrTT^r)  dx 


)•  =  !  \r  =  l 
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now  becomes 

m       t  m        t 

r  =  l  1=1  r=l  1  =  1 

and  therefore,  as  the  quantities  /c,,   ....  «•,  ;iic  arbitrary,  wc  have 
the  t+1  linear  equations 


S    yridZr={    S    7r,Tr      dx, 
r=i  \r=l  ' 

for    i  =  1 ,    . . .  ,    i. 

168.     The  extreme  case  among  multiple  roots  is  that  in  which 

the   (piantity  Cr)   is   then  the  77ith  power  of  a  linear  factor:    the 

coefficients  (tn,  (t^,  ...,  amm  have  a  common  value,  say  a;  and  all 

the  coefficients  «,j,  for  unequal  values  of  i  and  j,  are  zero.     The 

equations  are 

/>f  =  TT,  +  07,; 

and  the  associated  subsidiary  equations  are 

dx  _dy  _  rfz,  _       _  (/2,rt 

1  ~  -  a      7ri  7r,n  * 

The  equations  in  this  extreme  case  were  considered  by  Jacobi*, 

independently  of  the  preceding   mode  of  origin  :    he  a})proached 

them  from  the   stage  of  integral   relations  with    any  number  of 

dependent  variables  and  any  mnnber  of  indi'pendent  variables,  and 

the  particular  set  just  given  are  his  equations  when  there  are  two 

independent  variables. 

When  n  is  a  multiple  root  of  order  6,  the  most  important  case 
is  that  in  which  t  =  6\  th<'  conditions-f-  are  connected  with  the 
elementary  divisors  (or  elementary  factors)  of  the  determinant  B. 
They  will  not  be  set  out  in  detail  bt-cause  the  method  devised  by 
Hamburger  will  be  sufficiently  illustrated  for  the  equations,  to 
which  it  can  be  applied,  by  a  discussion  of  the  simplest  cases. 

The  integral  of  the  Jacobian  set  can  easily  be  obtained.  Let 
{/,,  ...,  u,n+\  be  a  complete  set  of  independent  integi-als  of  the 
7/1  +  1   onlinary  equations 

dx  ^  dy  _  dzi  _        _  dz^ 

1         —  a        TT,  7r„  ' 

•   (U-f.  Werke,  t.  iv,  p.  7;   CrelU,  t.  11  (IH'27),  p.  321. 

t  For   this  theory,    see  Weierstrass,    Oen.    Werk^,   t.   n,   pp.    19 — 44.     Other 
references  are  given  in  vol.  iv  of  the  present  work,  p.  42,  foot-note. 
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which  are  subsidiary  to  the  system 

2)i  =  7ri  +  aqi, 
for  r=  1,  ...,  m:  then  the  diiferential  relation 

dllr   7  dUr    7  dUr    t  du^     7  ^ 

_d.+  g^rfy  +  g- &,  +  ...  +  — rf.,„  =  0 

is  satisfied  in  virtue  of  the  above  set  of  ordinary  equations,  and 
consequently 


dllr  dUr  dllr  dllr        ^ 

OiC  0_y  d^'j  d2,n 


holding  for  r  =  l,  ...,  m  +  1. 
Now  take  any  equation 

regarded  as  one  of  a  system  of  m  equations  to  express  m  dependent 
variables  ^-j,  ... ,  ^^w,  in  terms  of  x  and  y.     We  have 

rri   9%    (9?/  ■''9^1        ■■■  9^mj 

multiplying  the  latter   by  a,  subtracting  from   the  former,   and 
using  the  partial  equation  satisfied  by  the  quantity  Ur,  we  have 

.5a   9^p-"^-"^^^9^  +  ---+(^'"-"--«^^->9i;i  =  ^- 
Now,  when  we  A\Tite 

d±i  _  "'4;^  d^  dur 
dzg       ,^\  dii,.  dzg ' 

so  that  -^  is  the  complete  derivative  of  i/r^  with  regard  to  Zg,  this 
equation  is 

(ih  -  TTi  -  0!(/i)  -^  +  . . .  +  ijim  -  TTm  "  «'i  w)  ;7~-  =  0. 
ttZi  ClZjji 

Accordingly,  take  m  equations 

F.  V.  28 
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for  ?'=  1,  ...,  in,  imk'iK'ndent  of  one  another  and  determining*  the 
in  quantities  r,,  ...,  2„, ;  then  the  equation 

(Pl  -  77,  -  wji)  '^'  +  . . .  +  (/;„.  -  7r„,  -  aqm)  -^  =  0 

is  satisfied   for  each   of  the   vahies   t  =  l,    ...,  m.      Also   as   the 
equations   arc    independent   of  one   another   and   determine  the 

quantities   2,,    ..,,  Zm,  the   determinant  of  the  quantities  -v-^  . 

for  i  and  y  =  1,  ...,  f/i,  does  not  vanish:   consequently 

Pj  -  TT,  -  afjj  =  0, 
for  j  =  1,  ...,  7n. 

Hence  the  m  equations 

>/r,(Ui,  ....  »,„+i)=0, 
for  I  =  1,  ... ,  ni,  give  integi'als  of  the  Jacobian  set ;  and  this  is  true 
however  arbitrary  the  functions  i/r  may  be,  provided  only  that  they 
are  independent  of  one  another. 

It  can  be  proved,  as  in  the  case  of  a  single  dependent  variable 
(^  31 — 33),  that  the  preceding  integrals  (when  yfri,  ....  yjr,„  are 
kept  sxs  arbitrary  as  possible)  include  all  integrals  that  are  not  of 
the  t}ije  called  special  in  the  simpler  c;ise.  Such  special  integrals 
could  occur  in  connection  wifh  zeros,  with  branch-values,  and  with 
singularities  of  the  quantities  a,  tt,,  ....  tt,,,. 

•  There  cannot  be  an  identical  relation  between  (/,,  ...,  1/,,,+,  which  leads  to 
an  equation  independent  of  ^j,  ...,  r,„.  If  such  an  equatiou  were  possible  ia 
a  form 

tf(M,,     ....     M,„+i)  =  '^. 


then  as 


we  should  then  have 
Also 


">+>  de  du.      lie  de     . 

r_i  OH,,  ox     ^'  dZj  ^"*  dz„ 

"•+1  cd  cii.       (Id  de     . 

r-iCUf  ry      ^*dz,  dt^ 

•"+'  de  cuf  •»+>  be  our     . 

r-1  OMr   CX  r^i  OUj.  Oy 

dti       r-\  f  "r  «"i 


(or  1  =  1,  ....  m:  consequently,  if  some  of  the  derivatives  i— ,  ...,   = do  not 


cu 


m+l 


vanish, 

^("1 *■»+') -0       ^<"» "'"+''  =  0 

S(«i,  ....  «i„,a-)       '      c(z^ .-^,  y) 

which  are  not  true  because  t/,,  ...,  m^^,  are  a  set  of  independent  integrals  of  the 
subsidiary  system. 
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Ex.  1.     Integrate  the  equations 


Zl  —  z., 

\-Zo(x  +  y)\ 
po  +  q-2  = ^       ^'\ 

Z-2-Zl  I 

The  subsidiary  equations,  taken  according  to  the  preceding  explanations,  are 

d.v  _dy  _  dzi         _  di., 

1  ~"   1  ~  \-Zi{x  +y)  ~  l-Zj  {x+y) ' 

Zl  —Zi  Z^  —  Zl 

Three  independent  integrals  of  this  system  are  easily  obtained  in  the  foi'm 

ui  =  x-y  =  a, 

U2  =  Zi+Z.2  +  X1/=b, 
U3  =  ZiZ2  +  X  =  C, 

where  a,  b,  c  are  arbitrary  constants ;  and  therefore  a  set  of  integrals  of  the 
partial  diflFerential  equations  is  given  by  the  equations 

Zi  +  z.,  +  xy  =  <t){x-y)) 

ZiZ2  +  x  =  ylr(x-9/)) 

where  <j)  and  yp-  are  arbitrary  functions.    These  equations  constitute  a  general 
integral. 

Ex.  2.     Integrate  the  equations 

,     fy  —  x     y-\-x\\ 

obtaining  a  general  integral  in  the  form 

where /and  g  are  arbitrary  functions. 

State  also  a  complete  integral :  and  from  it  deduce  the  general  integral. 

Hamburger's  Equations  in  Two  Dependent  Variables. 

169.  The  simplest  case  of  the  general  problem  occurs  when 
there  are  two  dependent  variables  and  two  independent  variables, 
so  that  the  equations  may  be  taken  to  be 

Pi  =  yi  +  aiqi  +  hiq.) 

pi^Ji  +  Uiqi  +  h.q. ) 

The  subsidiary  ordinary  equations  are 

Xidzi  +  \zdz2  _  7  ,  _     —  '^idy     _     —  \ndy 
Xi7i  +  X273  Xi«i  +  \0a.2      Xi^i  +  \J)i ' 

28—2 
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Hence,  if 


we  have 

consequently 
and  therefore 


dy  =  fidx, 

X,  ((/j  +  fx)  +  \.j«5  =  0, 
X,6,  +X,{b.,+  fi)=0: 

fjL-  +  fi  [ill  +  b..)  +  (i^b.^  —  a.,bi  =  0, 
2/x  +  «!  +  62  =  [(a,  -  b.y  +  4,a,bi]^. 


Thus,  if  the  radical  docs  not  vanish,  there  are  two  values  of  /t. 
Denoting  either  of  these  values  by  /j,,  we  have  the  subsidiary' 
equations  in  the  form 

aidzi  +  a2dz.,=    djc] 

dy  =  fidx  J 
where 

«!  _  Hj  _  1 

Oj  ~  -  (o,  +  fi)     «27i  -  (Oi  +  m)  72  * 

Let 

u  {x,  y,  Zi ,  z.)  =  constant 

be  an  integral  of  these  differential  relations :  then  the  relation 

9m  ,       du  ,       du  ,        du  , 
^  dx  +  ;^  dy  +  :r-  dz^  +  -^r-  dz. 
ex  oy  oZi  dz2 

=  p  (Oj  dzi  +  CL,dz2  —  dx)  +  a  {dy  —  fidx) 
must  be  identically  satisfied,  so  that 

du         du  du     „  \ 

du         du  du     ^  I 

dz.         dx  dy        } 

It  is  easy  to  see  that  these  two  ecjuations  are  not  generally 
a  complete  system:    for  if  they  were,  and  if 

ti  (.r,  y,  r, ,  Z3)  =  constant 

were  an  integral,  we  should  have 

du      du  du 

dx-^dz/^^dz/'-  =  ^' 
that  is, 

1  X  9m  ,  ^M       - 
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an  equation  which,  in  general,  cannot  be  satisfied  identically. 
Writing 

.  dti  du  du 

.  du  du  du 

dz-i  dx  dy 

we  have 

Ai{A^u)  —  A^_{-^^ii) 

=  [A,  (a,)  -  A,  (a,);  ||  +  {A,  (cL.f.)  -  A,  (a./x)]  ?^  ; 

and  therefore,  if  a  common  integral  of  the  two  partial  equations 
for  u  exists,  we  must  have 

{A,  (a,)  -  A,  (a,)]  ~  +  [A,  (a,/.)  -  A,  (a,/*)}  ?^  =  0. 

When  this  is  associated  with  the  other  two,  the  three  may  make  a 
complete  system :  in  that  case,  there  is  one  integral  of  the  com- 
plete system  of  three  equations  in  four  variables,  which  may  be 
denoted  by 

u=u(x,  y,  z^,  ^o). 

Similarly,  from  the  other  value  of  /i,  there  may  be  an  integi-al : 
let  it  be  denoted  by 

v  =  v{x,y,z^,z.^. 
Then  the  equations 

u  =  constant,     v  =  constant, 

give  an  integral  system  of  the  original  equations. 

It  may  hoAvever  happen  that  only  one  of  the  values  of  /x  may 
lead  to  an  integral  equation  of  the  form 

ti  =  u  {x,  y,  z-i ,  Zo)  =  constant. 

In  that  case,  we  can  use  the  equation  thus  obtained  to  eliminate 
one  of  the  dependent  variables  and  its  derivatives  from  the  original 
equations :  and  it  appears  as  follows  that,  if  one  of  the  original 
equations  is  then  satisfied,  the  other  also  is  satisfied  so  that,  in 
fact,  the  integral  can  be  used  to  reduce  the  two  original  equations 
to  one  only. 

The  integi-al  u  =  constant  is  the  one  integi'al  common  to  a 
complete  system  of  three  equations,  which  may  be  taken  in  the 
form 

1  du  _  1  9"  _  1  ^"  _  S" 

6  dy      ^  dzi     yfr  dz^     dx ' 


so  that 
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and  it  also  is  an  integral  of  the  system 

Uidzi  +  a.Mzj  =    dx) 
dy  =  fidx  ) 

du         du  ?" 

dZi         dx         ^  dy 

du         du  du     -, 

and  therefore 

</>  +  a,  (1  + /i^)  =  0,     f  +  a,{l+fj.e)  =  0. 

Now  if  u=  u{x,  y,  Zy,  Zi)  is  to  be  used  to  eliminate  z,  pi,  qi  from 
the  original  equations,  we  have 

du         du         du  _  „ 
dx     ^'  dzi     ^'  dz2 


du         du  .       du      „ 

dy-^^^dz.  +  'i^dlr^' 

as   the   equations   giving    the    values    of    the   derivatives:    and 

therefore 

1  +  (f>Pi  +  i^p,  =  0, 

that  is, 

1  -  (a,;),  +  a,p.,)  (1  +  fi6)  =  0, 

0  -  (ot,7,  +  a,q.,)  (1  +  fiO)  =  0. 

When  by  means  of  these  two  relations,  we  eliminate  ja,  and  ^i  from 
the  original  equations,  they  become 

iihe  "  "'''■')  I  =  ^'  ^  '^i  (i  +'*">  -  '■')  +  '■'" 
^'  =  ^'  +  »'(i +%-='*)  +  ''*■ 

respectively ;  and  these  are  ejisily  proved  to  be  one  and  the  same 
equation,  in  virtue  of  the  relations  between  the  quantities  a,  a.  y, 
fi.  Eliminating  z,  from  either  of  them,  we  then  have  a  single 
partial  equation  of  the  fii-st  oi*der  involving  only  z.  and  its 
derivatives;   its  integral  can  be  associated  with 

ti  =  II  (.r,  y,  Zi ,  Zi)  =  constant, 

and  the  two  equations  constitute  an  integi-al  equivalent  of  the 
original  equations. 
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It  is  an  immediate  consequence  of  this  analytical  investigation 
that,  if  the  two  equations  can  be  combined  in  any  way  with 

u  =  u  {x,  y,  z^,  Z2)  =  constant, 

so  as  to  lead  to  a  new  integral  equation  independent  of  u  =  con- 
stant, then  the  new  integral  can  be  combined  with  u  =  constant  as 
above  to  provide  an  integral  equivalent  of  the  original  system, 

Ex.  1.     As  au  example*,  consider  the  equations 
2x  +  2y  (2,-20) 

—x+y(5zi  —  2z.,)      ^  ^         \ 

^--        T-2I,       -^-2^igi-2--^g^J 

The  equation  for  fi  is 

-zi  +  fi,        -2zi      =0, 

—  Z-)      ,         —  2^2  +  /A 

so  that  there  are  two  values  for  fi,  viz. 

^=Zi  +  2z2,     /i  =  0. 
Taking  the  value  fi  =  Zi  +  2z2,  the  associated  values  of  aj  and  0-2  are 

-^1 


Or 


'x  +  1/{Zl  +  2Z2)' 


and  then  the  equations  for  «  are 


Also 
so  that 


821  A' +2/{h  +  2%)  V-v  ^  ^  '        -^  cyj       ' 

z-2  (dic     ,       „    .  cxC\ 

--,  -T^ — ;r^i— +  (21+222)  — ^  =  0. 

822  -f + y  (m  +  222)  \cx  ^  ^  1  ^    ^^  c^J 

Ji  (J2«*)--^-'(-4i«)=7 — ; — 7 — .  %    x>o  (  -3^5-+'^'^"    > 
*''''''        -^    1    '      A'+y(2i+222)}2\    -^  dv        ryy 


,         Bit 


8?t _y^u  ^ 
"by     X  'bx  ' 

and  then  the  other  two  equations  are 

dii      zx  du 
dzi  ~  X  dx^ 

dtt  _  z-i  cu 
dz-i  ~  X  cx ' 

The  system  for  u  is  complete :  it  has  the  single  integral 

w=.v-'+.y-  +  Ji-+22'. 

*  It  is  given  by  Konigsberger,  Math,  Ann.,  t.  xli  (1893),  p.  264. 
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Next,  taking  the  value  ^=0,  (and  this  implies  y =con8tant,  as  an  integral 
of  the  subsidiary  system),  we  have 

"'     5.1— y(2,  +  2z,)' 

a  -(z2-2zi)       . 

and  the  equations  for  u  are 

du         2(i2-22,)     du 
czi      5j;  -  y  (zi  +  zzj)  Cx 

/?.,?<  =  ^—  +  ; — -^^ — ^r-c5-=0, 
C22       o.c  -  )f  {Zx  +  2z2)  dr 

clearly  satisfied  by  u=y,  which  however  is  not  an  eflfective  integral  for  our 
purpose.     Also,  the  equation 

Bx{B.iU)-B.>{Bxu)  =  Q 

is  satisfied  only  in  virtue  oi 

and  the  other  two  equations  then  are 

Clearly  no  integral  that  is  eftective  can  be  derived  through  /i=0. 
We  thus  have  only  one  integral  of  the  original  system,  viz. 
?/  =  0^  +y2  +  ij«  +  z.^  =  constiint. 

A.s  explained  in  the  text,  this  integral  can  l)e  used  to  eliminate  one  of  the 
dependent  variables  and  its  derivatives  from  the  two  original  equations: 
when  this  elimination  has  been  eflfected,  the  resulting  equations  are  one  and 
the  same :  and  the  integral  of  this  la.st  equation  will  complete  the  integnil 
equivalent  of  the  original  equations.  Or,  also  as  explained  in  the  text,  it  can 
be  used  so  as,  in  combination  with  the  origiujil  equations,  to  construct  a  new 
integral,  independent  of  m  =  constant.  The  latter  process  hapi)ens,  in  the 
present  example,  to  be  the  simpler.     We  have 

When  this  is  combined  with  the  first  of  the  equation.s,  we  find 

yz-i  -  2.r 

z-i  -  2ij 

and,  when  it  is  combined  witli  the  second  of  the  equations,  we  find 


These  two  are  equivalent  to  one  another  in  virtue  of 

v-\-Zipi  +  ZiPi=0, 

as  derived  from  the  integral  already  obtained :  and  so  they  can  be  replaced 
by  any  relation  which  is  a  combination  of  the  two.     Such  a  relation  is 

/'i+2;>2  +  y  =  0, 


169.]  SIMULTANEOUS    EQUATIONS  441 

an  integi'al  of  which  will  serve  to  complete  the  integral  system.     An  integral 
is 

where  0  is  an  arbitrary  function. 

Consequently,  an  integral  equivalent  of  the  two  original  equations  is 

where  a  is  an  arbitrary  constant,  and  0  is  an  ai'bitrary  function. 

It  is  also  possible  to  obtain  the  integral  from 

X  -  yzi     ^ 

by  substituting  {a-X'-y^-z.?Y  for  zi  and  integrating. 
Ex.  2.     Obtain  an  integral  system  of  the  equations 


x+y^ 


hj 


in  the  form 

n  -  hv^  -  'ixy  -  f  3/3 = a,    2o  -  A-  - ,?/  =  6, 

where  a  and  h  are  arbitrary  constants.  (Konigsberger.) 

Ex.  3.     Obtain  an  integi-al  system  of  the  equations 

P\  +  X'  qx  -  ?■<-■  {x  -  3/)^  ?2 = 0 1 

Pi^xq^+xyq.i  =  <^) 
in  the  form 

where  a  and  h  are  arbitrary  constants.  (Konigsl.»erger.) 

Ex.  4.     Shew  that,  if  ?<i,  u-i,  ?<3  are  any  three  functions  of  x,  y,  Zi,  z.,,  the 
differential  equations  for  z^  and  22  that  correspond  to  the  integral  relations 

4>  («i >  «2,  u-i)  =  0,     y^  (?<i ,  «2,  «3) =0. 
where  0  and  >//•  are  arbitrary,  are 

(^i{piq-i-p2q\)+^iP\+y\q\+K2h+(iq>=C\\ 
(12  {piq-i-  Pi  qi ) + liipi + 72  ?i + s,./*,. + f  2  ?2 = C2  j 

(Hamburger.) 

What  are  the  limitations  on  Ux,  u->,  U3,  in  order  that  these  equations  may 
reduce  to  Jacobi's  set  ? 
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Hamburger's  Process  when  there  are  more  than 

Two  Equations. 

170.  When  the  number  of  dependent  variables  is  greater 
than  two,  and  ^  is  a  simple  root  of  the  critical  equation,  we 
proceed  in  a  similar  manner.     The  subsidiary  equations  are 

Oi  rf^i  +  . . .  +  a,„  dz,n  =  dx   \ 
dij  =  ^ldJ')  ' 

where  the  quantities  a,,  ...,  a„,  are  determinate.     Let 

u{x,y,z^,  ...,  z,n)  =  constant 

be  an  integial  of  these  relations ;  then  the  differential  relation 

dii  ,       dii  ,         ^  du  J 
5-  da:  +^  du+  2.  ^    dzi 

ox  dy    "^      i=\0Zi 


=  p  f  S  oiidzi - dx\  +<T{di/-  fidx) 


must  be  satisfied  identically,  where  p  and  a  are  independent  of  the 
differential  elements :  hence 

du  du  du      _ 

5-  +  a,-  ^  4-  a,- At  ^,  =  0, 
ozi        ex  dy 

for  1  =  1,  ...,  m.  This  is  a  system  of  in  equations  in  in +  2 
variables;  according  to  its  character  in  respect  of  completeness, 
it  may  po.ssess  two  independent  integnils,  or  only  <>ik\  or  none. 
The  most  general  integi-al,  which  it  p)sses.ses  and  which  involves 
any  of  the  dependent  variables,  provides  an  integral  of  the 
original  system. 

It  is  possible  that  such  an  integral  may  be  provided  by  each 
simple  root  of  the  critical  »(juation.  If  each  root  of  the  critic^il 
equation  is  simple,  and  if  an  integral  can  be  determined  in 
association  with  each  of  the  roots,  the  aggregate  of  all  the  inte- 
grals thus  obtained  is  an  integi-al  equivalent  of  the  original  system 
of  equations. 

But  an  integral  equivalent  will  not  thus  be  provided  if  it 
should  not  be  possible  to  obtain  an  integral  in  connection  with  a 
simple  root  of  the  critical  equation.  In  that  case,  we  take  such 
integrals,  say  m  —  fj,,  as  are  thus  provided:  and  we  use  them  to 
eliminate,  from  the  m  original  equations,  in  —  fi  of  the  deix-ndent 
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variables  with  their  derivatives ;  there  will  then  be  left  a  system 
of  fi  equations,  which  are  of  the  same  form  as  before  and  which 
involve  only  /x  dependent  variables.  The  problem  now  is  similar 
to  the  problem  in  its  initial  stage :  but  it  is  simpler,  because  the 
number  of  dependent  variables  has  been  decreased. 

Next,  consider  a  multiple  root  of  the  critical  equation,  and  let 
it  give  rise  to  a  system  of  differential  relations  represented  by 

dy  =  fidx 
S  ^udzi=[  S  7,s7ri)  dx 

for  s  =  1,  . . . ,  t,  the  system  thus  containing  i  +  1  relations. 

Let  the  last  t  relations  be  resolved  so  as  to  express  t  of  the 
elements  dz,  say  dz-^,  ...,  dzm,  in  terms  of  the  remainder,  so  that 
the  system  may  be  replaced  by  a  system  of  the  form 

di/  =  fjLdx  j 

dzg  =  7rsdx+    S     esa  ( 7r„  dx  —  dz^)  j 

for  5  =  1,  . . . ,  t.  The  modified  system  implies,  as  the  former  system 
implied,  that  t  of  the  equations 


m 


2  =  1 

for  /3  =  1,  ...,  7)1,  are  deducible  from  the  remainder,  the  quantities 
ttip  being  the  coefficients  in  the  original  set  of  equations 


in 


p  =  l 

and  the  quantities  \,   ...,  \„t  are  such  that  the  t  differential 
relations  arise  from 

m 

1  \;(dzi-7rid.i^  =  0. 

In  order  to  express  the  interdependence  of  some  of  the  equa- 
tions Ei  =  0,  ...,  Ejn,  =  0,  we  ^^Tite 

m 

Ei+    1    e,-jEj  =  0, 
for  I  =  1,  ...,  ^ ;  and  therefore  the  quantities  e,y  are  such  that 

m 
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for  all  values  of>  diflerent  from  {,t+  I,  ...,  in,  together  with 

m 

7  =  t4-l 
nt 

«y-  4-    S    e.pf'pj  +  ey  {ajj  +  /z)  =  0, 

where  the  summation  with  regard  to  p  excludes  p  =j,  while  i  has 
the  values  1,  ...,  t,  and  j  has  the  values  t+  1,  ....  ?/i.  With  these 
values,  we  have 

j,;  +  fiq  /  -  TT,  4-      II      €ij  {  fj  +  fJ/Jj  -  TTj) 
j  =  t  +  l 

=  «u9i  +  "i2'/2  +  . . .  +  (('u  +  fl)qi+  ■'•  +  "im  Qm 

+    S    eij  [aji qi  +  cipq^+  ...  +  {ajj  +  /M)qj  +  ...+  Uj,„ q^l 

=  0, 

because  the  coefficient  of  each  of  the  quantities  9, q,„  vanishes 

on  account  of  the  above  equations  in  the  quantities  6y. 

Thus  the  t  equations 

m 
Pi  +  tiqi-Tri+    S    €ij(pi  +  fiqj-'rrj)  =  0 

can  be  regarded  Jis  replacing  t  of  the  equations  in  the  original 
system :  other  m  —  t  equations  would  be  required  to  have  a 
complete  equivalent  of  that  system. 

Now  let 

0  {a^,  y,  2x - ». )  =  constant 

be  one  of  the  equations  in  the  integral  equivalent  of  the  subsidiary 

differential  relations;  and  lissume  that  the  differential  relations 

are  completely  integrable*,  so  that  there  are  t ->r  1   such  integrals. 

Then  the  relation 

ex  oy    "^      i=i  dZi 

is  consistent  with  the  t  +  \  differential  relations 
dy  =  fid  J', 

m 
dZj^TTjd.r  ->r       !£       ejaiTTad.!-  —  dZa)\ 

<T  =  t  +  \ 

•  TLe  ftssumption  is  a  distinct  limitation,  as  its  ju8ti6cation  requires  that  con- 
ditiona  aliould  be  satialied.  It  nuint  be  remembered,  however,  that  we  are  dealing 
with  equations,  restricted  in  form  and  in  the  number  of  independent  variables,  bo 
that  the  method  does  not  claim  to  be  general  ;  it  is  therefore  hardly  necessary  to 
deal  pencrally  with  all  the  minutiro  of  alternatives,  when  these  could  be  dealt  with 
in  any  particular  case. 
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and  therefore 

dZp      s=\     ''  dzg 
for  p  =  t+l,  ...,  m.     And  these  equations  must  be  satisfied  by 
each  of  the  functions  <f>. 

111.  Let  the  ^+1  functions,  supposed  to  be  thus  obtained,  be 
denoted  by  ^i,  ...,  (f)t+i]  and  let  t  arbitrary  combinations  of  these 
functions  be  taken  which,  when  equated  to  zero,  may  be  regarded 
as  t  equations  helping  to  express  z^,  ...,  z^  in  terms  of  x  and  y.    If 

fi{<f>l,   •••,  (f>t-rl)  =  0 

be  any  one  of  these  integral  equations,  then,  on  multiplying  by 
~-  the  ditferential  equations  which  determine  (f)i  and  on  adding 
the  results,  we  have 

ox         '^CXi         s  =  \\  <r  =  <-rl  I  CZ^ 


dza      o=i    '^^dz, 


y , 


p     5=1    ''dzg        I 


for  p  =  t-V\,  ...,  m.     But  when  /]  =  0  is  regarded  as  an  integral 
equation,  we  have 

dx      s^-i^^'dzs 

dy     5=1     ozs 
and  therefore 

dx^^dy^s=i^^'     '^^'■^dzr 

Substituting    in    this    equation    for   ^^  +  /iv"\    ^^^^    f^*i'   o~    l^**^^' 
p  =  t  +  \,  ...,  m),  we  have 


This  relation  holds  for  i  =  1,  ... ,  <;  and  the  functions /i, /]  are 

independent,  so  that  the  quantity 
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is  nut  evanescent ;  consequently,  the  equations 

m 
p,  +  /to,  -  TT,  +       S       6„  (/),  +  fiq^  -  TT,)  =  0, 

for  6=  1,  ...,  ^  are  satisfied.  And  these  equations  are  part  of  the 
system  equivalent  to  the  original  system :  the  set  of  integrals 
thus  obtained  effectively  satisfy  t  of  the  equations  of  the  original 
system. 

When  we  proceed  in  this  way  with  all  the  multiple  roots  of 
the  critical  equation  and  obtain  the  integrals  associated  with  them 
in  turn,  and  when  we  similarly  retain  all  the  integrals  associat^id 
with  the  simple  roots  of  that  equation,  we  obtain  an  aggregate  of 
integrals  of  the  differential  equations :  let  the  number  of  these  be 
T.  Then  these  t  equations  can  be  resolved  so  as  to  express  t  of 
the  dependent  variables,  say  z^,  ...,  z^,  in  terms  of  the  remainder 
and  of  ar,  y ;  and  they  are  such  as  to  satisfy  an  appropriate  set  of 
T  combinations  of  the  original  equations.  When  the  values  of 
r, ,  . . . ,  Zr  and  of  their  derivatives  are  substituted  in  the  m  —  r 
other  combinations,  which  (with  the  t  just  satisfied)  constitute 
an  algebraic  equivalent  of  the  original  system,  then  we  have 
a  simultaneous  set  of  m  —  t  equations  having  2,.,,  ...,Zr  for  the 
dependent  variables,  and  x,  y  for  the  independent  variables.  The 
problem  of  obtaining  the  integrals  of  this  new  set  of  equations 
is  similar  to  the  initial  problem :  but  it  is  simpler,  because  the 
number  of  dependent  variables  has  been  reduced  from  in  to  vi  —  t. 

As  already  remarked,  the  easiest  case  is  that  in  which  each 
root  fi  of  the  critical  equation  is  simple.  With  each  such  root, 
two  differential  relations  are  sati.sfied:  let  M,=constant,  Vj=constant 
be  their  integral  equivalent.     Then 

where  ^r,-  is  arbitrary,  is  an  integral  of  the  original  system ;  and 
a  full  set  of  integrals  of  the  original  equations  is  given  by 

9i (Ml,  Vi)  =  0,     ^'..(m,,  V,)  =  0,  ... ,  5r„ (m„,  v^)  =  0. 

where  f/i ,  . . . ,  g,„  are  arbitrarj-  functions. 

If,  connected  with  a  simple  root  fij  of  the  critical  equation, 
only  one  integral  (.'<ay  Uj)  can  be  obtained,  then 

Uj  =  constant 
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takes  the  place  of  gj  (uj,  Vj)  =  0.  And  if  no  integral  can  be  obtained, 
then  (as  already  explained)  we  use  the  known  integrals  to  reduce 
the  order  of  the  system  and  adopt  the  process  for  the  integration 
of  the  reduced  system. 

It  is  to  be  noticed  that  what  is  wanted  at  each  stage,  in 
connection  with  the  differential  relations  of  the  form 

aidzi+  ...  +  a„jC?2',„  =    do-) 
dtj  =  fidii] 

for  a  simple  root  fi  of  the  critical  equation,  and  of  similar  relations 
for  a  multiple  root,  is  not  a  complete  equivalent  of  each  set 
regarded  as  a  set  of  Pfoffian  equations  but  only  those  integral 
equations  (if  any),  which  arise  by  forming  an  exactly  integi-able 
combination  of  the  differential  relations  or  which  can  be  obtained 
by  some  equivalent  process. 

Further  it  is  clear  from  the  general  argument  that,  if  circum- 
stances make  the  use  of  an  obtained  integral  convenient  at  any 
stage,  the  integi-al  can  be  used  to  reduce  the  order  of  the  system 
at  once  without  determining  any  further  integral  or  integi-als 
connected  with  the  root  in  question,  or  with  any  other  root,  of 
the  critical  equation  in  fi. 

Ex.  1.     Integrate  the  equations 

1  y 

^'"2a-^  ~  ^'  ~  222+23)  +f,  ?2 
The  critical  equation  for  the  determinatiou  of  ^l  is 

,  y 


that  is, 


X 


y. 

'  x' 


y  =0, 

X 


0 


0 


M- 


l 

X 


I 

X 


y 


M^-^  H*^. 


so  that  /i=  —  -  is  a  simple  root  and  /i  =  -  is  a  rei)eated  root. 
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Taking  /x=  --.,  we  have 


HO  that 

The  subsidiary  equations  are 


—  A]  -  +  A3- —  -Aj, 

X,=0,     X,.  =  X.v 


0 


'  =  rf.r, 


''  X 

two  integrals  of  these  are 

Zn  +  ^3  =  constant,     xy  =■  constant : 
hence  an  integral  of  the  original  system  of  equations  is 

where /is  an  avl)itrary  function. 

Next,  taking  the  reiicated  root  /i  =  -,,  we  find  that  there  is  only  a  single 
relation  among  the  three  quantities  X :  it  is 

Xo  +  Xs^  Aj. 

The  subsidiary  equations,  on  the  substitution  of  this  value  of  Xj,  take  the 

form 

X.,  (rf.-i  +  (/:,.)  +  Xt  (rf.-i  4-  dz^  _  ^ ^. 

^(4:.  +  4:,)  +  ^;,2.,  +  2.3) 

hence  as  X... :  X3  is  undctcruiined,  we  take  the  subsidiary  equations  in  the 
form 

— ^' —  (rf*  J  +  cfcs)  =  dx 


V 


dy  =  dx 


Three  independent  integrals  of  these  equatitins  are 

-J— .V  ■^  =  constant. 


M  + 


1T*3 


sconstixnt. 


ti 

'-  =  constant ; 

.V 
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hence  two  integrals  of  the  original  system  are  given  by 

^/M_l.        £1  +  ^3        ^\ 

^   \    X^      ^         X       ^    x)         ' 

where  0  and  -^  are  arbitrary  functions  or,  what  is  the  same  thing,  two 
integrals  are  given  by 

where  g  and  h  are  arbitrary  functions. 

Hence  an  integral  equivalent  of  the  system  of  diflferential  equations  is 
given  by  the  three  equations 

zi  +  zz=f{xy) 


Yi 


where  /,  g,  h  are  arbitrary  functions. 
Ex.  2.     Integrate  the  equations 

1xj)i^7zi  +  Z2  +  2z3-y  {7qi  +  2q2  +  4q3) 
7xp2 =6z2-2z3-7/{5q2-  iqs) 
7xp3=  -3z2  +  Z3+y  {6q2  +  5q3) 

Alternative  Method,  with  Partial  Subsidiary  Equations. 

172.     In  the  preceding  investigation,  the  construction  of  the 
integrals  of  the  system 

ni 

Pi  =  TTf  +   2  aigqt,  (*  =  1,  . . . ,  w) 

s=l 

was  made  to  depend  upon  the  integration  of  a  subsidiary  set  of 
equations  homogeneous  and  linear  in  dififerential  elements.  As  is 
well  known  from  many  discussions  in  earlier  parts  of  this  treatise, 
the  integration  of  such  a  set  can  be  replaced  by  the  integration  of 
a  system  of  simultaneous  partial  differential  equations  in  a  single 
dependent  variable:  and  indeed,  in  §§  169,  170,  the  problem  was 
thus  actually  transferred  from  the  region  of  ordinary  equations 
to  that  of  partial  equations.  The  construction  of  these  partial 
equations  can  be  effected,  without  the  intervention  of  the  subsidiary 
equations  as  follows.     Let 

11=  u{x,  y,  z^,  ...,  z^)  =  constant 
F,  V.  29 
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be  a  momher  of  the  integral  equivalent  of  the  above  system  of 
partial  differential  equations :    then  the  equations 

—       V  —      =0 
dx     i=idzi 

not  merely  coexist  with  the  system  nf  m  equations  but  they 
are  not  independent  of  them,  qut\  equations  in  the  derivatives. 
Consequently,  when  substitution  in  the  prior  of  the  last  two 
equations  is  made  for  p^,  . . . ,  ;),„ ,  so  that  the  original  system 
has  been  completely  used  for  purjjoses  of  inter-relation  of  the 
whole  set,  the  two  equations 

oy     ,=1     dzi 

are  not  independent  of  one  another  so  far  Jis  concerns  the  deriva- 
tives. Comparing  the  coefficients  of  </,,  ...,  q^,  and  the  quantities 
not  involving  these  derivatives,  in  the  two  equations,  we  have 


S   Qi 


du  _         du 

du      ^       9m  _         du 
dx     j'Z\    •'  dzj  dy ' 

where  /j,  is  an  unknown  quantity  and  the  former  equation  holds 
for  i  =  1 ,  . . . ,  VI. 

The  //I  equations 


m 
V 


du 


du 


j^i^^dzj'     ^dzr 

for  1  =  1,  ...,  in,  are  homogeneous  and  linear  in  the  m  derivatives 
of  u  with  regard  to  ^, ,  ....  z,„:  and  these  do  not  all  vanish,  for 
w  =  constant  is  postulated  as  an  integral  equation.  Hence  /j.  is 
given  by  the  equation 


0  = 


a 


mi 


=  0, 


a, 


Ciji»     )  ''jiu    I    •••>    t'mm    I    ^ 
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being  the  same  equation  for  yu,  as  in  the  other  investigation  (§  167). 
According  to  the  character  of  ytt  as  a  root  of  this  equation  0  =  0, 
the  form  of  the  system  of  equations  for  u  alters. 

Let  /ji=  a  be  a  simple  root  of  0  =  0;  then  the  former  set  of 
m  +  1  equations  involving  the  then  unknown  quantity  fi  and  the 
derivatives  of  u  can  be  replaced  by  the  set  of  m  equations 

for  ^  =  1,  ...,  m,  the  quantity  fx,  now  being  knouni;  and  the 
quantities  a^,  ...,  a„i  are  given  by  the  equation 

771 

t    TTjOLj  =  -  1, 

and  by  any  m  —  1  of  the  ni  equations 

m 

2  ajiaj  =  —  cro-i, 

for  i  =  l,  ...,m.  The  set  of  m  equations  for  u  involves  m  +  2 
variables.  It  may  possess  no  integral  at  all  or  no  integral 
involving  any  one  of  the  variables  z^,  ...,  Zm',  in  that  case,  no 
integi'al  of  the  original  system  of  equations  is  derivable  through 
the  root  o-  of  0  =  0.  Or  it  may  possess  one  integral  involving  at 
least  one  of  the  variables  z^,  ...,  z^',  in  that  case, 

U  =  constant, 

where  U  is  the  integral  in  question,  is  an  integral  of  the  original 
system.  Or  it  may  possess  two  integrals  U  and  V,  one  at  least  of 
which  involves  one  or  more  than  one  of  the  variables  Zi,  ...,  Zm', 
in  that  case, 

where  (f)  is  arbitrary,  is  the  most  general  integral  of  the  original 
system  thus  obtainable. 

Similarly  for  each  simple  root  of  0  =  0. 

Next,  let  yu.  be  a  multiple  root  of  0  =  0  ;  then  the  m  equations 

m 

Ei=  2  a^iOy  + /xa,- =  0,  (i=l,  ...,  »0, 

i=i 

are  not  independent  of  one  another.    Let  them  be  such  that  t  (and 

not  more  than  t)  of  them  can  be  deduced  from  the  remainder,  so 

that  there  will  be  t  relations  of  the  form 

m 

29—2 
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for  s  =  1 t:  thus  the  quantities  e  are  given  by 


>/i 


(/„  +  /i  +       -       €»;">  =  0. 


m 


m 

where  the  firet  equation  holds  for  5=  1,  ...,  ^ :  the  second  holds  for 
5=1,  ...,  t,  and  j=t+  1,  ...,  ///,  and  in  it  the  summation  with 
regard  to  p  is  for  all  values  t  +  1,  ...ytn  except  p  =j ;  and  the  thirtl 
holds  for  the  values  s=l,  ...,t,  and  for  the  values  I,  ...,  t  except 
p,  =  s.  Proceeding  as  for  the  simple  root,  we  find  that  the  equations 
for  u  are 


da        4         ^"  —  0 
dZf,      t,7\  "'dzg 

for  p  =  i+l,  ...,  w,  being  the  same  equations  as  in  §  171.  This 
set  of  equations,  being  m  —  t-\-\  in  number  and  involving  m  +  2 
variables,  can  ha\  e  any  number*  of  integrals  from  0  up  to  <  +  1 ; 
let  these  integials  be 

L/i,    . . .  ,    LI f  , 

where 

Not  more  than  one  of  these  integrals  can  be  independent  of  all  the 
variables  z^,  ...,  z,„  :  if  there  be  one  such,  let  it  be  J7,. 
If  «  >  1,  then  the  equations 

where /i,  ...,/«_i  are  arbitrary  functions,  constitute  k  -\  integrals 
of  the  original  system ;  they  are  associatetl  with  the  nuiltiple  root 
fjL  of  the  equation  0  =  0. 

If  /c=  1,  and  if  [/",  involves  one  at  least  of  the  variables  ^,,  .... 

z,n,  then 

Ui  =  constant 

is  an  integral  of  the  original  system :    it  is  associated  with  the 

multiple  root  /x. 

•  The  conditions  as  to  number  depend  solely  upon  the  number  of  equations  in 
the  system  when  rendered  complete.  If  this  number  be  k',  where  «'  ^  m  4-  2,  then  the 
number  of  integrals  is  wi  +  2  -  k'. 
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When  K  =  1  and  f/j  does  not  involve  any  of  the  variables 
"3^1  >  •■■>  Zm,  and  when  /c  =  0,  no  integral  is  provided  for  the  original 
system  in  association  with  the  multiple  root. 

Similarly  for  each  multiple  root  of  the  critical  equation  ©  =  0. 

As  before,  the  integrals  can  be  used  to  eliminate  some  of  the 
dependent  variables  and  so  to  reduce  the  order  of  the  original 
system. 

Ex.     The  preceding  process  can  be  illustrated  by  being  applied  to  the 
equations  in  Ex.  1,  §  171,  viz. 

1  V 

1  y 

^2=2^(^1  +  22, - Zz)  +•-  qz 

Let  it  be  supposed  that 

u{x,y,  zi,  02,  Z3)  =  0 

is  an  integral  of  these  equations :  then  the  preceding  explanations  shew  that 

the  equations 

du     du  ( I   ,^       „  .     1/ ,  ,1 


and 


+|{i(-^^-2^^+^^)+l^=^' 


cu     du         die         dii 

9^  +  aTx?'  +  3^^^+9T3^^=^' 


quk  equations  in  qi,  q.,  and  qs,  are  one  and  the  same.     Hence 

dtc         y  du 
6  ^^-  —  —  o~  ) 

CZi  X  CZi 

.  3m  _  yd^i  y  du 

dz2  X  ?2i  X  dzz ' 

.8?i_  ydu  yZxij 

823  xdzx  xdz^ 

From  the  first  three  of  these  equations,  we  have 

=  0, 


X 

0  , 

0 

y 

X      ' 

6    , 

X 

y 

X     ' 

y 

x' 

6 
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that  is, 

•      "  ("-!■)  ('"-S)=<'. 

so  that  a  simijlc  root  is  given  by 


and  a  double  root  is  given  by 


X 


I.     Letd=-.     The  first  equation  gives 


and  the  other  equations  then  arc 


du      du 
—  _  _=o 

xcy      dx 

These  three  equations  are  a  complete  system :  they  possess  two  indei>endcnt 
integrals,  in  the  form 

M=r2+23,     u  =  xy\ 
hence  the  equation 

z.i  +  z^=F{xy\ 

where    F  is  an  arbitrary  function,   is  part  of  an  integral  of  the  original 
equations. 

II.     Let  6=  --,     The  first  equation  becomes  evanescent:  the  next  two 

equations  both  become 

du      hu      ^  _n 

8z,      dz-i     cz2~  ' 

ami  the  last  equation  is 

du        hi     ^ ,  .  ?M     ,  .du     - 

Tiie.sc  two  equations  are  a  complete  system:  they  possess  three  indei^emlent 
integrals,  in  the  form 

*i  +  ^2     *i+*3     y  . 
hence  the  equations 


'lf*2- 


^1  + 


••■-■"(!.). 


where  O  and  H  are  arbitrary  functions,  are  part  of  an  integral  of  the  original 
equations. 
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The  full  integi-al  of  the  original  equations  is  given  by  combining  all  the 

parts  obtained :    it  is 

z^->tz^==F{xy), 


Z1+Z2 


-'«(!.), 


Z,  +  Z3  =  Xn(^\ 

being  the  same  as  by  the  other  process. 

Hamburger's  Method  applied  to  Non-linear  Equations. 

173.  The  method  of  constructing  the  integi^al  of  a  system  of 
simultaneous  equations  in  a  number  of  dependent  variables,  as  just 
expounded,  depends  apparently  on  the  formal  property  that  the 
equations  in  question  are  linear  in  the  derivatives  of  the  dependent 
variable.  It  was  only  natural  to  expect  that  the  method  could  be 
extended  so  as  to  apply  to  equations  not  restricted  to  being  linear 
in  those  derivatives;  and  this  extension,  due*  initially  to  Ham- 
burger, was  effected  by  a  device,  (successful  specially  in  connection 
with  equations  of  the  second  order,  as  will  be  seen  later),  which 
replaces  the  non-linear  system  by  an  amplified  linear  system. 

Adopting  the  same  notation  as  before  for  the  independent 
variables,  for  the  dependent  variables  and  for  their  derivatives,  and 
assuming  that  the  number  of  partial  differential  equations  alge- 
braically independent  of  one  another  is  the  same  as  the  number  of 
dependent  variables,  we  take  these  equations  in  the  form 

fi(^,y,2i,   ••■,Zn,pi,   ■■■,Pn,qi,   •..,qn)=0, 

for  t=l,  ...,  ».  Were  the  integi-als  known,  and  the  values  of 
Zi,  ...,  Zn  and  of  their  derivatives  substituted  in  the  differential 
equations,  the  latter  would  become  identities ;  accordingly,  when 
we  take 

dx      dx      ,.^1  dzr  dy      dy      r=\  9^r 

the  integrals  of  the  equations  are  in  accord  with  the  further 
equations 

K=idpK  dx      ^=1  dq^  dy  dx' 

«=i  dp^  dx      «=i  dq^  dy         dy  ' 
*  For  references,  see  p.  407. 
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(k  =  \,  ...,  Jl). 


deduced  from  derivatives  ot  the  identities  by  using  the  necessiiry 
relations 

dx       dy ' 
Also,  because  of  the  necessary  relations 

dZg  dz, 

we  have 

These  equations  hold  for  i=l,  ...,  n:  they  thus  constitute  a 
system  of  3w  equations,  involving  Sn  dependent  variables  Zj,  ...,Zn, 
Pi,  •••,Pn,  <7i,  •••,  <jln',  and  they  are  linear  in  the  derivatives  of 
those  371  dependent  variables.  Hence  this  system  of  equatif»ns  is 
amenable  to  the  Hamburger  method  for  linear  equations  already 
expounded. 

To  apply  the  method,  we  introduce  n  quantities  /j,  ..,,  /„,  which 
are  functions  of  all  the  variables  and  which  (as  to  their  ratios)  will 
be  determined  subsequently ;  and  we  write 

.=1     op^ 

,=1     dx 

Then,  multiplying  the  preceding  typical  equations  by  /,•  and  adding 
for  all  values  of  i,  we  have 

,ri      "  dx      ,^1     '  dy 
.ti     *  dx     ,^1     *  dy 

"  dz  *^  dz  ** 
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Again,  we  have 

d(u  =  4^dx-\--$^  dy, 
ox  oy    '^ 

and  therefore,  if  \i,  ...,  \n  denote  another  series  of  quantities, 
which  are  functions  of  all  the  variables  and  which  (also  as  to  their 
ratios)  will  be  determined  subsequently,  we  have 

2  K^-^dx+  i  \.^pdy=  I  \Jp^, 

S  \.^-^dx^  i   K^^dy=  I   Xjq,, 
.=1       9^  .=1       dy    ^     ,=1        ^^ 

K=i       dx  ^=1       dy    -^     K=i 

In  connection  with  these  two  sets  of  equations  and  as  a  generalisation 
of  the  corresponding  step  in  the  earlier  process,  we  construct  a  sub- 
sidiary system  of  equations 


n 

X 

K  =  l 

Kdp^ 

n 

S   X^dq^ 

K  =  l 

n 

X^dz^ 

-X 

-Y 

Xidx 
-   p-  ... 

Xidy 

n 

2  (P« 

(C  =  l 

Xndx 
"     Pn 

Xndy 

Qn      ' 

p.  +  Qk 

q<) 

Take 
then 


dy  =  /jbdx ; 

Qr 

-^  r 


for  7'  =  1,  ...,  n,  that  is. 
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for  r=  1,  ...,  n.     Hence  /j.  must  satisfy  the  equation 


A  = 


9/ 
dqi 


3/. 


c'7.         ?/>i 


=  0. 


a/,      a/,       a/.      a/„ 

a</„  a7>„  dry,,  dj3„ 

When  /J,  is  determined  as  a  simple  root  of  A  =  0,  the  ratios 
li'.  ir.  ...:ln  are  those  of  first  minors  of  the  determinant.  When 
fi  is  determined  as  a  multiple  root  of  A  =  0,  sa}-^  of  multiplicity  6, 
then  the  quantities  /j,  ..,,  In  can  be  expressed  linearly  and  homo- 
geneously in  terms  of  t  independent  quantities,  where  t  ^  0. 
Moreover,  when  fi  and  the  ratios  of  the  quantities  l^,  ...,  /„  are 
known,  the  ratios  of  the  quantities  X, ,  ...,  \„  can  be  considered 
known ;   for  we  have 

X-i  _  _  An 

P^~^~Pn' 

and 

X,  _        _  X„ 

Q^~"^~Qn' 

these  two  sets  being  the  same  in  virtue  of  the  relations 

for  /•  =  !,  ...,  /(.     Being  concerned  only  with  ratios  of  X,,  ...,  X„, 

for  it  is  only  the  ratios  that  occur  in  the  subsidiary  system,  we 

take 

^   —  7^  \    —  P   ■ 

and  then  we  have  the  subsidiary  system  in  the  form 

A  =  0, 
ch/  =  fi  d.i\ 


—  Xdx, 

K  =  l 

n 

-  Ydx, 

n 

S  P,dz^=  1  [P.p.+  Q.q.]d,v 

n 

=  S  P^{]\+fiq^)dx 


K  =  l 

n 


=  :£  l\{p^dx-\-q^dy). 
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The  last  equation  can  evidently  be  replaced  by 

for  K  =  \,  ...,  n:  and  so  we  take  the  final  form  of  the  equations  of 
the  subsidiary  system  to  be 

A  =  0,     df/  =  fjLdx 

dz^  =p^doj  +  q^dy,     {k  =  1,  ...,n), 


K  =  l 


2  P^dpn  =  —  Xdx 
=1 

n 

S  Px  dq^  =  —  Ydx 


«=1 


This  set  includes  w  +  3  total  differential  relations,  which  involve 
the  3/1  +  2  variables  x,  y,  z^,  ...,  z^,  pi,  ...,  pn,  qi,  ...,  qn-  For 
each  simple  root  of  the  equation  A  =  0,  one  such  set  arises ;  and 
there  is  a  corresponding  set,  similar  in  form  but  larger  in  number, 
for  any  multiple  root  of  A  =  0.  The  application  of  the  method 
will  be  sufficiently  indicated  for  a  system  of  equations  such  that 
all  the  roots  of  A  =  0  are  simple  :  it  is  given  by  the  theorem  : — 

Assuming  that  all  the  n  roots  of  A  =  0  are  simple,  let  v=c  be 
an  integral  of  the  subsidiary  system,  distinct  from  fi  =  0,  . . . ,  /„  =  0, 
and  associated  luith  a  root  ^;  and  suppose  that,  on  taking  the 
n  roots  fjb  in  succession,  the  successive  subsidiary  systems  give 
integrals 

i'l  =  Cj ,    . . . ,    V)i  ^^^  Cji, 

these  equations  being  distinct  from  f  =  0,  ...,fn  =  0,  qua  functions 
ofpi,  ...,  pn,  qi,  ...,  qn-      When  the  2n  equations 

/i=0,    ...,/,i  =  0,       t'i  =  Ci,    ...,    Vn  =  Cn 

are  resolved  for  p„  ...,  p,„  q^,  ...,  r/„,  and  the  deduced  values  are 
substittded  in 

dz^=p^dx  +  q^dy, 

for  K=l,  ...,n,the  latter  n  equations  become  a  completely  integrable 
aggregate.  The  integral  of  this  aggregate  is  an  integral  of  the 
original  system  which,  as  it  contains  2n  arbitrary  constants,  is  a 
complete  integral. 
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174.     This   theorem,    which    is   duf    to    Hamburger,   can    be 
established  as  follows. 

When  v  =  c  is  an  integral  of  the  subsidiary  system  associated 
with  a  root  ft  of  A  =  0,  then  the  relation 

dv  =  0 

is  satisfied  in  consequence  of  that  system  :  that  is,  the  relation 

dv  ,       dv  J         "    /dv   ,         dv    ,         9"    ,    \      - 
dx  dy    "^     ,=1  \dz,  op,  -"       dq,    ^  J 

must  be  a  consequence  of  the  n  +  3  equations.  When  the  n+3 
equations  are  used  to  remove  dy,  dz^,  ....  dzn,  dp^,  dq^  from  the 
differential  relation  dv  =  0,  the  coefficients  of  the  remaining 
differential  elements  must  vanish ;   and  therefore 

9y  _  ^«  9w  ^  ^ 
dp,     P,  dpi 

dq,      P,  dq, 
for  s  =  2,  . . . ,  n,  together  with 


where 


/dy  ^     ^\  p  _  X  — -  -  F  —  =  0 
\dx         dy)     ^  dpi  dqi 

dv  _dv       ^   dv 
dx     dx     i^i  dzi  ^  " 


dv  _dv       ^  dv 

We  thus  have  2n  —  1  equations,  homogeneous  and  linear  in  the 
derivatives  of  v,  and  the  number  of  arguments  occurring  is  Sn  +  2: 
hence  the  number  of  integrals  common  to  the  system  may  be 
anything  from  zero  to  71  +  3,  according  to  the  extra  nimiber  of 
equations  required  to  make  the  system  complete.  We  shall 
Jissume  that  the  conditions  securing  the  existence  of  a  variable 
non-trivial  integral  are  stitisfied  :  and  we  shall  make  this  assump- 
tion for  each  of  the  roots  of  A  =  0 :  so  that  there  thus  will  arise 
n  equations 

Now  let  the  2ti  equations 

Ji^^^y    •  •  •  >  ./n  ^^  ">       'I'l  ^  C] V,i  =  Cn 
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be  resolved  so  as  to  express  p^,  ...,  p^,  q,,  ...,  q^  in  terms  of 
X,  y,  ^1,  ...,  Zn.  When  their  values  are  substituted  in  the  2n 
equations,  each  of  these  becomes  an  identity ;  and  therefore,  from 
each  equation  vi  =  Ci  thus  changed,  we  have    - 

dx      s^i  dps  dx      s=i  9^8  9^        ' 
9y      s=i  dps  dy      Zi  dqs  dy 

. ,  n.     Writing 

dvi_^  ^  dv^  dps  _^  ^  dvi  dqs  ^  ^ 
dx      g^i  dps  dx      ^^1  dq,^  dx        ' 


forj=l, 


we  have 


and  therefore 


dvi^  ^diHdps^  ^  ^dqs^^ 
dy      s=i  dps  dy      .Ci  dqs  dy 


dx^^dy'^.'T.dps  \dx'^^  dy)^  ,tr  dq,  U^  "^  ^  ^J  "  ^• 
When  the  formal   equations   satisfied   by  Vi   are   used,  and  the 

equivalent  values  of  ^  +  iJi  ^  and  ~ ,   ^ ,  as  given  by  those 

dx      '^  dy  dps     dqs'        ^  ^ 

equations,  are  substituted  in  the  last  relation,  it  becomes 


X+  S  P.('^'  +  M  J' 


s  =  l 


+ 


dq,  _ 


^-^Mf:^/f;,^ 


s=l 


dvj 
dpi 

and  this  relation,  when  regard  is  paid  to  the  equations 

Qi_         _Qn 
Pi 


0; 


P. 


■■l^> 


can  be  transformed  so  that  it  becomes 


dvi 
dpi  _ 


x+s  (p.^^+q/^'- 


s=l 


dx 


djh 


dy  J  J      dqi 


dqs 


^^Sl^'S^*^ 


dq 

dyJ] 


=  0. 


Further,  each  of  the  equations 


^•  =  0, 
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for  J  =  1,  ...,  n,  becomes  an  identity  when  the  values  of  /), ,  ....  /)„, 
^1  -  •  •  • ,  7n  «ire  substituted  therein.     Hence 

9a;     s=idpg  dx     g=\dq,  dx 

9y     .^1  dp,  dy      s=\  dq,  dy 

9^M      8=1  dps^^^^     g=\dq,dz^ 
for  /i  =  1 .   . . . ,  n  ',  iind  therefore 

rfy      *=i  9jt?«  ciy       s^i  dq»  dy 
Multiplying    those    equations    by   Ij,   and    adding    the    respective 
equations  for  all  values  of  j,  we  have 

,=1        ax      g=i       ax 

When  the  values  thus  given  for  X  and  V  are  substituted  in  the 
earlier  equation  which  is  homogeneous  and  linear  in  ^  -'  and  .— ' . 
it  becomes 

and  therefore,  as 

for  6'  =  1 ,  . . . ,  n,  we  have 

It   is    impossible,  owing  to   the   independence   of  v,,    ....    i'„, 
/i.  ••■,fn<  q'>i\  functions  «^f  /J,,  ... ,  ^J„,  71.  ... ,  7n,  that  the  quantity 

^  ^Px  9?! 

shall  be  evanescent.     For  let 

Px  m 
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and  therefore,  on  account  of  the  equations  satisfied  by  Vi, 

dvi 


for  s  =  '2,  ...,  n:  then,  if 


we  should  have 


dp, 


=  MPs, 


dVi         dvi 


dVi 


dvi 


and  therefore,  on  account  of  the  equations  satisfied  by  Vi, 

dvi 


for  s  =  2,  . . . ,  n.     Now 


^qs 


=  MQs, 


P,=  S  Ijp-,    Qs=i  lj%i\ 


3  =  1       ^11 

consequently,  we  should  have 

dVi  dVi     dVi 

dp,'  '"'  dpn  '  dq. 


j=i 


dp,- 

dvj 

^qn 

dqn 


=  0. 


dpi'  '"'  dpn'  dqi'  '"'  dqn 

Hence  Vi,  regarded  as  a  function  of  jpi,  ...,  pn,  q\,  •••,  qn,  would 
not  be  functionally  distinct  from  /i,  ...,  /„,  contrary  to  the 
h}'pothesis  as   to  the  actual   construction   of  I'j,    ...,   v».     Thus 

dvi  _(>Vi 
^  dpi     9^1 


^  —  ^  is  not  evanescent :   and  therefore 

that  is, 

s=\\\dy      dxj  j^iV  dpsJ] 
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The  quantities  Z,,  ...,  /„  are  proportional  to  the  first  minors  of  any 
row  of  constituents  in  A,  which  has  n  distinct  roots;   and  thus, 

taking  the  n  sets  of  quantities   Zj /„  associated    with    the 

71   roots   of    A  =  0    in   succession,   we    have   n   independent   sets 
such  that  the  quantity 

bl        ,      .  .  .  ,     1,1 


/  (n)  /    in) 

does  not  vanish,  where  Zi""',  ...,  Z,,""'  are  the  set  associated  with  the 
root  fir- 

We  thus  have  n  equations,  homogeneous  and  linear  in   the 
qiiantities 

dpt  _  (Iqy  (Ipn  _  dgn 

dy      dx  '  ■  ■  ■ '    dy       dx  ' 
The  determinant  of  their  coefficients  is 
/  <i>  Z  '" 

trj  ,         .  .  .    ,       tn 


J 


1  (n)  ;    (n) 

l\      ,     . . .  ,    c-n         I 

neither  of  the  factors  in  this  quantity  vanishes  :  and  therefore 

dpg     dqs  ^  Q 
dy       dx 

for  s  =  1 ,  ...,n.     Consequently,  the  n  equations 

dz-^  =  pidx  +  q^dy 


dzn  =  p„dx+qndy 

where  the  values  of  7),,  ...,  Pn,  </i,  •••,  7«  iir^?  given  by 

/  =  0,  ...,/„  =  0,    v,  =  c,,  ...,  v„  =  c„, 

are  a  completely  integrablc  system :  their  integral  equivalent 
contains  In  arbitrary  constants:  and  it  constitutes  a  complete 
integral  of  the  original  system 

/,  =  0,  ...,/„  =  0. 

Hamburger's  theorem  is  thus  cstablishod. 

Note  1.     When  the  complete  integral  has  thus  been  obtained, 
the    customary    Lagrangian    process    of  varying    the   parameters, 
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subject  to  the  conservation  of  form  of  the  equations,  can  be  used 
in  order  to  deduce  other  integrals  from  the  complete  integral. 

Note  2.     If  only  a  number  of  integrals 

Vj  =  Ci ,  • . . ,  Vfn  =  Cffi, 

v/here  m  <  n,  of  the  various  subsidiary  systems  are  known,  they 
can  be  used  to  eliminate  w  of  the  dependent  variables,  say 
•2'i,  ••.,  Zm,  and  also  their  derivatives,  from  /i  =  0,  ...,/„  =  0. 
The  integration  of  the  surviving  equations  is  a  problem  of 
simpler  extent  than  the  original  problem. 

Note  3.     The  preceding  theorem  requires  an  integral 

Vi  =  Ci 

of  a  subsidiary  system.  That  subsidiary  system  may  have  a 
number  of  functionally  independent  integi'als 

7,.(1)      7,.  (2) 

the  number  not  being  greater  than  ?i  4-  3  :  if  the  number  is  greater 
than  unity,  we  replace  the  equation 

Vi  =  Ci 

by  the  equation 

where  <f>i  is  arbitrary.     The  argument  then  proceeds  as  before. 

Note   4.     The   case,   when   the  equations   are    linear   in    the 
derivatives  and  are  of  the  form 

n 

fi  =  -  Pi  +  TT,-  +    S    tti^Qs  =  0, 
«  =  1 

for  i=l,  ...,w,  being  the  case  treated  in  the  earlier  sections  of 
this  chapter,  is  included  simply  in  the  general  case.  The  critical 
equation  A  =  0,  being 


becomes 


dgj     ^dpj 


=  0, 


On  +  P',  «]2      ,  •  •  •     =0, 

a.,i     ,     a.>2  +  .",..  • 


that  is,  0  =  0,  being  the  critical  equation  for  the  simpler  case. 
F.  v.  30 
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Note  5.     When   no   one   of  the   dependent   variables   occurs 
explicitly  in  the  original  system,  then 

dx      d.r  '     dy      dy' 

for  t  =  1 n,  so  that  the  equations  are  simplified.    In  that  case, 

it  may  be  possible  to  construct  i\,  ...,  ?•„,  so  that  no  one  of  them 

contains  any  of  the  dependent  variables  explicitly :  each  of  the 

equations 

dzr  =  prdjr  +  qrdy,  (r  =  l n\ 

is  then  completely  integrable  by  itself  without  reference  to  the 
other  equations. 

175.     Sometimes  a  member  of  the  final  integral  equivalent  can 
be  obtained  more  directly  jis  follows.     Let 

u{x,  y,  Zy,  ...,  2„)  =  0 

be  one  integral  relation  in  the  integral  equivalent  of  a  system 

/i  =  0,  ...,/„  =  0; 
then  the  equations 

^  +  1  /)i .     =  0, 
ox      ,  =  1      dzi 

o-  +  -  9.-  o-  =  0. 
oy      ,  =  1      CZi 

are  satisfied  in  connection  with  the  system.    If  then  the  quantities 
J!),,  ...,pn  are  eliminated  from  the  equation 

du       '1       du       - 
-  +  1  /;,•       =  0, 
ox      ,=1     dZi 

by  means  of 

/,  =  0 /„=0, 

the  resulting  equation  must  effectively  be  the  same  as 

du        ",       f*»      ^ 
dy     ,=i     dzi 

When  the  latter  equation  is  used  to  eliminate  any  of  the  (|uantitics 
7i.  •  ••,  (]n,  say  q„  (on  the  supposition  that  ^-  is  not  zero),  from  the 

OZft 

transformed  shape  of 

aw      ;■      du 
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the  result  must  be  an  identity:  the  necessary  conditions  that  it 
should  reduce  to  an  identity  are  a  number  of  relations  among  the 
derivatives  of  u,  which  accordingly  are  a  set  of  simultaneous  partial 
equations  for  the  determination  of  u. 

It  is  clear,  however,  that  the  process  is  only  of  limited 
application ;  for  instance,  if  «  be  a  function  of  x,  y,  z^  only,  it 
can  be  only  in  the  case  of  equations  of  exceedingly  special  form 
that  the  transformation  of  the  equation  • 


will  lead  to  the  equation 

du         du      _ 

in  a  way  that  gives  useful  relations  between  the  derivatives  of  u. 
Moreover,  just  as  in  the  classical  problem  of  the  three  bodies*,  it 
is  not  a  fact  that  any  integral  leads  to  an  identically  satisfied 
equation :  it  may  only  lead  to  a  relation  merely  compatible  with 
the  others. 

Should  the  method  fail,  then  it  is  necessary  to  fall  back  upon 
the  method  given  in  Hamburger's  general  theory. 

Ex.  1.     Let  it  be  required  to  integrate  the  equations 

Pi  {^9i  +H2  -  xy) + ?i  (y^  -  yq\  -  ^qi) = o ' 

Pi  (a-?!  +yq-i  -  ^-y)  +  ?2  {x"-  -  yq^  -  xq-i) = 0 

Pi  {xq\  +yqi-^)+ <n  Cv"  -yq\  -  ^?2) = o , 

To  test  the  method  just  suggested  in  ^  175,  we  assume  that 

U  =  u{x,y,  2i,  Z2,  23)=0 

is  an  equation  in  the  integral  equivalent :  then  we  have 

du         du         du         du 

■which  must  be  consistent  with  the  given  equations,  and  therefore 

,  .  du         du  ,  .,  . 

{xy  -  xq^  -  yqt)  ^+9i  ^^(y- yqi'  -^'q-d 

+  ?2  ^^  i-v  - yqx  -  xq.^-^qz  37  (y-  - y?i  "  xq-i)  =  0. 

*  See  vol.  Ill  of  this  work,  §§  265,  2G6. 

30—2 
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This  effectively  must  be  the  same  as 

du        dit         du         du 

aud  therefore  the  equation 


{xy-xq,  -yqo)  g^  +  9,  ^^ {'i^-yqx  - -ryj) 


/  o  X  /cm        du\ 

=^'-yqx--vq,)[^^+q,^). 

quJi  equation  in  qx  and  q.^,  must  1)C  an  identity.     Hence 

du       „  ?« 
xy  —  =  tr  -  - , 
^  ex    '    cy ' 

8m  _     cu 

~^dx        dz2~^  8ii~'^ciy' 

from  the  terms  independent  of  qi  and  q^,  from  the  coefficient  of  qi,  and  from 
the  coefficient  of  q^,  respectively :  the  other  terms  in  g,  and  qj  disapjiciir  of 
themselves.     These  three  equations  are  equivalent  to  the  two 

8m      8m     ^ 
8«2      0^ 

hi      cu     ^ 
^8T,  +  8i=^' 

which  are  a  complete  Jacobian  system :  they  have  three  indei>endent 
integrals,  viz. 

and  therefore  we  should  take 

Z2-Xl/=g{Z3\ 
2l=/(23), 

where  /  and  (j  are  arbitrary  functions. 

It  is  conceivable  that  there  should  be  an  integral   in   the  full   integral 
equivalent  which  docs  not  involve  ^3:    let  it  be 

v{x,y,  zi,  z.j,)>=0. 
Then  tlie  two  equations 

dv         dv         bv     ^ 

dv         dv         dv 

8y+«'8i;+^''?Tr ' 

must  be  treated  in  a  similar  manner.  We  substitute  in  the  first  for />i  and  pi 
by  means  of  the  original  equations  and,  after  substitution,  we  eUminate  q^ 
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by  means  of  the  second :  the  result  should  be  au  identity.     The  necessary 
conditions  are  easily  found  to  be 

dv       ^dv       I   /    dv        dv\dv  _ 
"  3a'        3y      dv  y  dx       dy)  dy 
dz2 
The  second  of  these  gives  either 

dv        ^^_n 
^ dx~^dy~  ' 
or 

dv        dv     ^ 

0^2         oy 
Using  the  latter  alternative,  the  first  condition  can  be  transformed  to 

/    dv      dv\  (    dv        dv\     ^ 

Vd-irry){^d-^-^r.)=^' 

If  we  could  have 

dv      dv     „ 

^dii~d-y=^' 
together  with 

^  dv      dv _ 
822     dy       ' 

then  completing  the  system,  we  should  have 

dzi' 

dv  dv 

and  so  ^5-  =0j  ;^— =0:  no  integral  would  be  obtained.     When  we  take 
dy  dz-i 

dv        dv     ^ 

dv      dv     ^ 
"ST2  +  81^=^' 

dv      dv     ^ 
x^  +  —=0, 
822     vy 

dv      dv     ^ 

the  system  already  used.      Thus   we   obtain    no    new   integral    from    the 
alternative 


together  with 
they  become 


dv      dv     - 
x^-{-^=0. 
0Z2     Oy 


Using  the  prior  alternative 


dv        dv     ^ 
2^  3:^-^3^=^' 
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the  first  equation  becomes 

the  two  equations  can  be  replaced  by 

"bv      do 
dzi      dx       ' 

dv      dv     ^ 

These  are  a  complete  Jacobian  system  :  they  have  two  indeijendent  integrals 

accordingly,  we  take 

where  Ic  is  an  arbitrary  function. 

Thus  an  integral  equivalent  of  the  original  equations  is 

Zx-\ {x^  +y^)  =  k {z-i),    z.i - xy  =g  (23),     z,  =/ (23), 

where  /,  g,  k  are  arbitrary  functions. 

Had  it  been  impossible  to  obtain  a  third  integral  by  the  preceding  prooees, 
the  known  integrals  could  have  been  used  as  follows. 

Owing  to  the  relation 

we  have 

/>i?3-i03?i=0; 

so  that,  when  this  integral  is  retained,  the  third  diflFerential  equation  is  a 

consequence  of  the  first  and  can  therefore  be  neglected.     Again,  eliminating 

«3  between 

Z2-xr/=g{z3),     zi^fizs), 
let  the  result  be 

z-.-.r}/  =  d{zi). 

It  is  easy  to  verify  that 

80  that  the  second  difl'erential  equation  is  sjitisfied  if  the  first  is  satisfied  ;  it 
need  not  be  retvined  when  the  first  is  retained.  Substituting  the  value  of  Sj 
in  the  first  equation,  we  have 

Px ?i  {x+yB' (m)} -  ?,« {y+xff  (m)} +(y« - x*)  q,  =0 

as  the  one  equation  to  be  satisfied,  or  neglecting  yi=0,  we  have 

Pi{x+y6'izx)}-gx{y+xd'{zi)}^j^-yl 

This  is  an  equation  of  Lagrangian  form.  To  integrate  it,  we  construct  two 
integrals  of  the  ordinary  equations 

dx        _         dy  _    dz-i     _ 

x+y&{z^)  ~  ^-x^l^)  ~  ^^  • 
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these  are  obtainable  in  the  form 

■^1  -  i  (•^''^  +y^)  =  constant, 
.a:y  +  ^  (zi)  =  constant ; 
and  therefore  a  general  integral  is  given  by 

zx-\{x'''  +  if)=k{xy  +  6{z{)}, 
where  k  is  an  arbitrary  functional  form.     Hence 

agreeing  with  the  former  result. 

Ex.  2.  As  an  illustration  of  the  general  method,  we  still  consider  the 
same  system  as  in  the  last  example.  It  is  easy  to  see  that,  as  the  equation 
for  /i  is 

PiX+y'^-'2.i/qx-xq.i-ix6,  PiX-yq<i  ,  PzX-yq^  ,  =  0, 

Pxy-xqx  ,     p.2y  +  x^-yqi-2xq2-fid,  Pzy  -  xq^  ! 

0  ,  0  ,     y^-yq^-xq^-y-O  . 

where  6  denotes  xqi+yq^-xy,  one  root  is  given  by 

lie=y'^-yqi-xq2. 
The  corresponding  sets  of  quantities  ^i,  l^,  I3  are  such  that 

h(pix-yqi)+h(p2x-yq2)+i3{p3x-yq3)=o, 
h  (piy  -xqi)+ k  {p-iy  -  ^q^) + h  ipsy  -  ^q^) = o : 

hence  we  may  take 

h=P2q3-p3q2,   h=P3qi-piq3,   h=p^q2-p2q\- 

But  by  the  given  equations 

P3qi-P\q3=0, 
so  that 

^2=0; 
and  then 

h         p3  ?3 " 

Again 

in  the  present  case.     Hence  the  equations  for  v  are 

^  =  0    --=0 

-^  +  £1^  =  0 
9j03        P3  ^Pl         ' 

.?!!.  + 2l^=0 

^?3     qz  9?i     ' 

{xqi+yq2-xy)  ^+(^^-^qi-^g'2) ^=0- 
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We  make  the  system  complete  :  it  then  is 

dzi      '   822      '  823      ' 

dv       Pi  cv      ^     dv      a,   cv 

,     +  ^'  -     =0,    ^  +  ^i  ,-  =0. 

op3      P3OP1  cq3      <f3Cqi 

The  two  integrals,  independent  so  far  an  these  equations  are  concerned,  are 

Pi  yi 

But,  from  the  original  system  of  equations,  psqi  -piq3=0:  hence  we  take 

^=a,    ??  =  a. 

Then 

dz3=p3dx  +  q3d)/ 

=  a{pidx  +  qidi/) 

=  adzi ; 
and  therefore 

23  =  02, +  6, 

an  integral  of  the  complete  type. 

The  discussion  for  the  other  values  of  ft  is  left  as  an  exercise. 

£!x.  3.     Integrate  the  equations 

^(?i+?2-y)i'i=y?i^+y?i?2-y-yi+(-'^-y^)?2 
*  (?i + ?2  -  y )  Pi =yq\  q-i  +yqi^  -  ^q-i 

[The  equation  for  ^  is 
/*^  (?i  +  ?2  -  y)  -  xpi  +  2j/yi  +^'72  -y\  -xpi  +yqi 

-J^Pi+yqi+-^-y-  ,     p-r:{q\-¥qi-y)-^Pi-\ryqi  +  2yqi-J^ 

=0; 
and  the  two  values  of  ^  are  given  by 

M^(?i  +  ?2-y)=  -^(?i+?2)+-»*. 

M^  (?i  +?2  -  y)  =  -  2y  (?i + 92) + J^  (i?!  +/>2)  +r- 

Integrals  of  the  complete  tyjie  are 


1 


2,  +  2,  =  a'.ty  +  6'         j 


and  integrals  of  the  general  tyi>e  are 

«.-i(^ +.'/')  =/(«2)      I 

where /and  ^  are  arbitrary  functions.] 
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Ex.  4.     Integrate  the  equations 

^i'i  =  ?i2'3(?iy  +  ?2)  ] 

J^ps  =  -  ?3  (1  -  qz)  {qi2/+ ?2)  J 

where  X  denotes  qi  (q2+xq3  —  x). 

Ex.  5.     Merely  as  an  indication  that  the  general  method  is  not  always 
effective,  consider  the  comparatively  simple  pair  of  equations 

f2=yp2+xq\-^=o 

The  equation  for  /x  becomes 

the  relation  between  the  quantities  li  and  U  is 

^2  =  ^lM* 

Also 

Pi=iix,  P2=ky, 

^=h{pi+qi),     T=l2(p2  +  q2). 
The  differential  equations  for  v  are 

dv  _  l^y  dv  _    1/  dv 
dp2     lix  dpi ~^  X  dpi ' 

dv         y  dv 
dq^        X  dqi ' 

^_^_     dv  _pi  +  q^di^_p^  +  q^dv^ 
dx     ^ dy  X     dpi  x      dqi~  ' 

First,  let  |x  =  l,  so  that  the  equations  are 

dp2     xdpi       '    dq2     wdqi       ' 

dv         dv  dv      dv         dv  dv 

3^+^ig^+;>29~  +  3^+?i3^+?2  9^ 

_Pi+qi  dv      p2  +  q2  ^v  ^q 
X      dpi  X      dqi 

When  we  complete  the  system,  it  becomes 

8v  3v  dv     r.     dv     ^     dv     ^     dv     ^ 

¥r^'  ¥r^'  dq-r""'  372=^'  e^=''  al^=^' 

dv      dv 

dx     dy~    ' 
the  only  integral  is 

v  =  vi=x-y, 
and  it  is  useless  for  the  application  of  the  process. 

Similarly,  when  /*=  - 1,  it  appears  that  the  only  derivable  value  of  v  is 

v  =  V2=x+y, 
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and  it  is  useless  for  the  application  of  the  process.     In  fact,  pi,  q\,Pi,qt 
cannot  be  deduced  from 

/i  =  0,    /!=0,     ri=c,,     ri=Ci. 

It  may  be  remarked  that,  if  wo  write 

2i  =  z  +  log(x+j/), 

and  eliminate  ^2  between  the  two  equations,  then  z  satisfies  an  equation  of 
the  second  order  which  (in  the  usual  notation)  is 

X  y 

This  equation  (jis  may  easily  be  verified)  does  not  possess  an  intermediate 

integral.     When  we  take 

ar+y  =  2«,     x-y  =  2f, 

the  equation  becomes 

8^2  u      "bz  V      'bz  _ - 

3m  8w     ?<^  —  »*  ?M     ?f*  -  v^  ^v      ' 

which  is  of  Laplace's  linear  type  having  equal  invariants,  hereafter  to  be 
considered. 


Can  the  Jacobian  process  ije  generalised? 

176.  The  preceding  investigations  of  Hamburger  shew  that, 
for  limited  classes  of  equations*,  it  is  possible  to  construct 
auxiliary  systems  suggested  by  the  analogy  of  the  subsidiary 
equations  constructed  in  association  with  a  linear  equation.  And 
it  is  precisely  this  linear  form  which  hjis  made  the  process 
effective  for  the  appropriate  equations.  Moreover,  when  the 
original  simultaneous  equations  propounded  for  integration  are 
not  linear,  Hamburger's  method  is  to  change  the  set  into  an 
am])lified  .set  with  an  am])lified  aggregate  of  dependent  variables, 
the  new  set  being  linear. 

It  is  natural  to  enquire  whether,  as  the  Liigrangian  subsidiary 
equations  for  a  single  linear  equation  in  a  single  dependent 
variable  have  thus  been  generalised  so  ;us  to  be  associable  with  a 
number  of  linear  equations  in  the  .sjime  number  of  dependent 
variables,  there  is  any  corresponding  ])()ssibility  of  generalising 
the  Jacobian  method  of  proceeding  with  a  single  equation.  It  is, 
however,  possible  to  see,  from  even  the  simplest  case,  that  the 

•  Tlio  liniitationfl  arc  imposed  by  the  liypolhcsis  tliat  the  equations  in  the 
auxiliary  Bystems  arc  so  far  consistent  with  one  another  as  to  posseea  one  or  more 
integrals  :   also,  there  are  only  two  indeiiendeut  variables. 
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generalisation  of  the  Jacobian  method  requires,  in  order  to  be 
effective,  a  process  which  is  of  too  high  an  order  for  the  applica- 
bility of  analysis  in  its  present  stage  of  attainment. 

Thus  let 

f=f{^i>  -2^2,  Pi,  qi,p2,  q2,  X,  y)  =  0, 

9^9  {zi,  Zo,  pi,  r/i,  7>2,  qi,  X,  y)  =  0, 

be  propounded  as  a  couple  of  equations,  algebraically  independent 
of  one  another ;  and  let 

h  =  h  (zi,  Zo,  pi,  qi,  p.,  q^,  x,  y)  =  constant 

be  an  equation  compatible  with  them.  Then,  denoting  the 
second  derivatives  of  z^  and  z.  by  ?■,,  s^,  t^,  and  r^,  s^,  U  respec- 
tively, we  have 

9pi   ^     9^1  ^     9i?2   "     dq..  '^     dx~    ' 

djOi         a^i         dp2         dq.,         dy 

dh  dh  dh  dh  dh      ^ 

5—  ri  +  ^—  Si  +  5—  7-2  +  5"  ^2  -I-  T-  =  0 ; 
opi         oq-i         dp.2         oq^         dy 

the  elimination  of  r^  and  r.,  leads  to  the  equation 

d(f,9,h)   ^^  ^     d(f,g,h)   ^    ^    d{f,g,h)  ^^ 

^(Pi,P2,qi)'    ^{pi,p-2,q-^  '    d(pi,p.„x) 

Similarly,  we  have  the  equation 

Hf.9J^)    .^  ,  ^9  (/>  9>  h)    „^  ^    d(f,  g,  h)^     ^ 


9(?i.<?2,  Pi)        9(^1,  ?2,B)'     ^{pi,Pi,x) 

It  is  generally  impossible  to  eliminate  s^  and  s^  between  these 
two  equations.  Thus,  by  associating  only  a  single  equation  with 
a  given  pair,  it  is  not  possible  to  generalise  Jacobi's  process. 

If,  however,  a  second  equation,  say 

k  =  k  {z^,  z.,,  jh,  qx,  p.2,  92,  X,  y)  =  constant, 

can  be  associated  with  the  first  pair  and  with  the  equation 
g  =  constant,  so  that 

dk  dk  dk   ^       dk  ^^^'_n 

dpi    ^     dqi  '      dp.   ^     9^2  ^      dx       ' 
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we  find 

8  (/.  5'.  K  k)    ^^  ^   d(f,g.h,k)  ^  ^ 
9(Pi,  9}, Pi,  q-i)  *     9(/?i,  -y,  Pi,  qt) 
d{f,g,h,k)  ^  _^  d(f,g,h,k)  ^  ^ 

9  (Pi ,  qi ,  Pi,  Va)  "^      5  (i>i ,  9i '  i^a .  ^) 
Similarly,  we  should  have 

ILIlO'J'J^I    s    I    'd{f.g,h,k)   ^^ 
d{f,g,Kk)    ^   ,    d{f,g,l>,k)   ^Q 

9(Pi.  7i.  i»J.  7a)    '       9(Pi.  7i.  y.  9a) 
Consequently, 

d(f,g,h,k)   ^   d{f,g^k)  ^  ^ 

3  (^,  i^i ,  i>a ,  7 j)    9  (y,  qi ,pi,qi) 
d(f,g,h,k)    ^    d(f,g,h,k)  ^^ 
(){x,p^,2h,qi)    ^{y,q2,Pi,p2) 

which  may  be  regarded  as  two  equations  for  the  determination  of 
h  and  k.     The  first  of  them  secures  the  relation 

9^  ^9^. 

the  second  secures  the  relation 

9^2^972. 
dy      dx  ' 

and  the  two  equations  are  thus  the  necessary  and  sufficient  condi- 
tions for  integrability. 

The  two  equations  are  also  two  equations  for  the  determination 
of /i  and  k,  being  lineo-linear  in  the  derivatives  of  these  quantities. 
They  are  simpler  in  form  than  the  original  equations  /=  0,  g  =  0: 
yet,  even  so,  the  integi*ation  of  the  two  equations  appears  to  be  an 
operation  of  the  second  order,  which  is  not  resoluble  into  opera- 
tions of  the  first  onler. 

Thus  the  Jacobian  process  cannot  be  generalised  when  there 
are  two,  or  more  than  two,  dependent  variables  without  requiring 
for  its  completion  op»'rations  of  higher  onler  than  are  required  for 
Hamburger's  generalisation  of  Ljigrange's  process. 

Note.     It  may  happen  th.it  three  equations 

./  =  ^,     9  =  ^,     ''  =  constant. 
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are  given :  conditions  as  to  coexistence  must  be  satisfied.  The  two 
preceding  equations  can  be  regarded  as  simultaneous  equations 
for  the  determination  of  one  dependent  variable :  the  conditions 
that  they  possess  a  common  integral  will  be  the  conditions  for  the 
coexistence  of  the  three  equations.  When  these  are  satisfied,  k 
can  be  determined  by  the  usual  processes:  and  then  the  equations 

f=  0,     ^  =  0,     h=  constant,     k  =  constant, 

give  values  oi p^,  q^,  p^,  q^  which  make 

dzi  =  p^  dx  +  qi  dy,     dz.,  =p2dx  +  q^dy, 

a  completely  integrable  system. 

Ex.     Shew  that,  if  n  dependent  variables  Zi,  ...,  2„  are  to  be  determined 

in  terms  of  two  independent  variables  .randy  by  means  of  n  partial  differential 

equations  of  the  first  order 

/i  =  0,  ...,/„  =  0, 

and  if  other  n  equations 

i'l=Ci,   ....   r„  =  c„, 

where  Cj,  ...,  c„  are  constants,  can  be  associated  with  them,  then  the 
equations 

8(/l,    •••,/»>   ^'l.   •■-,    O       I      9(/l,   ••■,/ni  »^l>   •••>  ^-n)     ^Q 
'^{x,Pr,Pi,qi,...,Pn,qn)       0  {l/,  q^,  Pi,  qi,  ...,  Pn,  qn)         ' 

for  r  =  l,  ...,  n,  derivatives  with  regard  to  qr  not  appearing  in  the  first 
expression  and  those  with  regard  to  pr  not  appearing  in  the  second  expression, 
are  satisfied. 

177.  In  a  preceding  example  of  very  simple  type  (§  175, 
Ex.  5),  it  was  seen  that  the  elimination  of  one  of  the  dependent 
variables  and  its  derivatives  led  to  an  equation  of  the  second 
order.  This  result  is  partly  due  to  the  special  form  of  the  equa- 
tions there  given :  that  it  is  not  true  in  general  for  two  equations 
of  the  form 

fi^i,  2-2,  Pi,  Pi,  qi,  q».,  X,  y)  =  0, 

9{zi,  2-2,  pi.  Pi,  qi,  q^,  X,  y)  =  0, 

can  easily  be  seen.     Taking  the  derivatives  of  the  first  order  of 
both  equations,  we  have 

dx        '     dy        '     dx        '     dy 

which,  with  /=0  and  g  =  0,  are  six  equations:  and  as  regards  Zo 
and  its  derivatives,  the  quantities  that  occur  in  them  are  z^,  p^, 
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5's»  '*2>  *i.  ^2,  iri  the  usual  notation.  Six  quantities  cannot  usually 
be  eliminated  between  six  ecjuations;  and  therefore  we  c;innot 
infer  that  Zj  is  usually  deterniint'd  by  an  equation  of  the  second 
order.  But  if /*=0  and  //  =  0  du  not  explicitly  involve  the  de- 
pendent variables,  then  only  five  quantities  occur  for  elimination : 
in  that  case,  there  survives  a  single  equation  of  the  second  order. 

In  the  more  general  case,  when  the  dependent  vari.ables  do 
occur  explicitly,  we  associate  with  the  preceding  six  t'(juations 
the  set 

dx"       '     dxdy       •     dy^        '     daf       '     dxdy       '     df       ' 

thus  making  twelve  in  all.  There  are  ten  quantities  to  be 
eliminated :  and  therefore  two  equations  will  survive  atler  the 
elimination,  being  two  equations  of  the  third  onler  satisfied  by  Zj. 

£.v.  Prove  that,  if  there  l>c  m  dependent  variables  and  two  indejHiudent 
variable.s,  and  if  there  be  m  partial  differential  equations  of  the  first  order 
involving  the  dependent  variables  e.\i>licitly,  then  u.sually  the  lowest  orxler  of 
diflFerential  equation  sati^stied  by  a  .single  variable  is  2wj  -  1,  and  that  usually 
the  number  of  equations  of  that  order  .sjitisfied  by  the  single  variable  is  m. 

We  shall  return  to  the  discu.'ision  of  this  matter  in  Chapter  XXl. 
Meanwhile,  these  results,  as  well  as  other  considerations,  indicate 
that  we  require  the  theory  of  equations  of  order  higher  than  the 
first ;  accordingly,  we  proceed  to  the  consideration  of  that  theory. 


OAHBRtDOB  :     PBINTKD    BT   JOHN    CLAT,    M.A.    AT   THK    nNIVKKBXTT    PRESS. 


